25 points | 25 points | 25 points | 25 points | 100 points
1 2 3 4 Total
MATH 153 CALCULUS I 07.11.2009

[zmir University of Economics Faculty of Arts and Science Department of Mathematics

FIRST MIDTERM EXAM

IName: ...

Student NoO: ... ..

Department: ......... ... ... ... ... ...

Section: Check for your instructor below:

Murat Adivar

Sevin Gumgim

Burcu S. Yantir

Bedia Akyar Moller




1. (a) Evaluate the following limit

lim (x4 Va2 —6z+1)

T—r—00

Solution.

2 . _ W/ r2 _
z——00 z——00 (x — Va2 —6z+1)

-2+ 6z —1

= lim
r—=00 (x — /2?2 — 6z + 1)
. 6z —1
= lim
v——00 (r — /22 — 6z + 1)
. 6r —1
= lim
T (@ ey 1= 24 )
. 6x — 1
= lim
6— 1
= lim L = 3.

(b) Find a and b so that

22 —1
1 ;o< —1
_ x
(@) = a+22? ; —1<z<?2
br—1 ; x>2

is continuous for all z.

Solution. If .
hmazﬂfl f($) = f<_1)
lim,, ., f(z) = f(2)
are satisfied then f(x) is continuous for all .
Continuity at © = —1;
lim, , ;- f(x) =lim,_, ;- <z;—:11> =lim, , -(x—1)=-2
lim, ., 1+ f(z) = lim,_,_1+(a +22?) =a+2

So,
lim, . 4+ f(z) = lim, . ;- f(z) =a+2=-2= a=-4
Then lim, . f(x) = f(—1), if a = —4.
Continuity at © = 2;
lim, o- f(z) = lim,_»-(a + 22%) = a + 8
lim, o+ f(x) = lim, o+ (bx —1) =20 —1
So,
lim, 1+ f(z) = lim,, - f(z) =a+8=2b—-1= b=2

Then lim, ., f(z) = f(2),if b= 3.



2.

(a)

Use the limit definition of derivative to find the equation of the straight line
tangent to the curve y = sin (3x) at x = 0.

Solution. Let f(z) = sin(3xz) then by the definition of the derivative

f0) = limp —f(0+h,1_f(0)

f(h)—1(0)
T h
hmhﬂo smELSh)

sin(3h)
3h

= hmh_,g

3 - hmh_,o
= 3

Since limy,_ Sin;zh) = 1. So, the slope of the curve f(z) = sin(3x) at the point

x = 0 is m = 3, then the equation of the tangent line to the curve f(z) at
(0,0) is

y = m(z— )+ Yo
y = 3x—=0)+0
y = 3x
Find the equations of tangent and normal lines to the curve zy®+tan (z 4+ y) =
T

1 at the point <4 0).

Solution. We use implicit differentiation to evaluate the slope of the tangent
line.
Y’ +3y%y'r + (sec® (z+y)) - (L+y) =0

Hence we have

y® +sec? (z +y)
3zy? +sec? (z +y)

Y (3ry® +sec? (z +y)) = —y’ —sec® (v +y) = ¢ =~
Therefore the slope of the tangent line is

2
, sec” /4

So the equation of the tangent line at the point (3,0) is x +y = 7.
The slope of the normal line is 1. The equation of the normal line at the point

(3,0) is given by x —y = 7.



3.

(a)

2
Use the Mean Value Theorem to show that cosx > 1 — % for z < 0.
Solution. Let f(z) = cos(x) + % Then f(x) is continuous and differentiable

for all . Applying Mean Value Theorem to the function f(z) = cos(z)+ ’”—; on
the interval [z, 0] yields that there exist a constant ¢ € (x,0) such that

f(z) = £(0)

xr —
S\

= Jf(¢)

= —sin(c)+c

&-i-o

Since sin(z) > z for all x < 0, then —sin(c) 4+ ¢ < 0 for ¢ € (x,0) and hence

cos(x) + & —1
2 = —sin(c)+c¢<0
T

2 x2

this implies cos(z) + % — 1> 0, since x < 0. Consequently, cosz > 1 — Ch

Use the Intermediate Value Theorem to show that 323 4+ 22 — 1 = 0 has one
solution in [0, 2].

Solution. Let f(x) = 323+ 2x — 1. Since f(x) is a polynomial function then
it is continuous everywhere, so it is continuous on the given interval [0, 2].

Check

F0) = —1<0

f(2) = 271>0
Since f(0) < 0 < f(2), by Intermediate Value Theorem there exist s € [0, 2]
such that

fls) =0

That means f(z) has one solution in [0,2].



4.

(a)

Solve the initial value problem
{ y/ — __1 + lx_2/3

Where the solution is valid?
Solution. To find the solution, we must take the antiderivative of 3/’

y = [(5+327%)da
y = 1+ +c

for any constant c. Substituting into y(—1) = 0; y(—1) = —=24+¢ =0, So c = 2.
Then the solution is

1
y=—+a342
x

which is valid on (—o0,0).

1
Calculate enough derivatives of the function f(x) = 5 to enable you to
x

guess the general formula for the nth derivative of f. Then verify your guess
using mathematical induction.

Solution.

—~
&
~—
I
[\o}
|
8
e

[P = gt )
To prove it, we use the mathematical induction.
Forn=1, f'(x) = ﬁ is satisfied.
Assume that fW(r) = ——2— is true for n = k, then by differentiating

)
F¥ (),

. ) k! (k4 DR (k+1)!
f(k-l— )((L’) = (f(k‘)) ({L‘) = (m) = (2 — m)(kJrZ) = (2 — $>(k+2)

So we have found that

Uity K+ 1)
which is equivalent to f**1(z) by substituting k+1 instead of n in (x). Hence,

we proved
n!

n) _
F0 () = (2 — z)n D)



