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Abstract

Exact and asymptotic distributions of some statistics based on spacing having minimal length
are investigated. The behaviour of a sequence of independent identically distributed random
variables with respect to a record threshold is studied. c© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

This work is an attempt to study the properties of a sequence of observations that
fall in some random interval based on order statistics and record values. As such, it
relates to the theory of tolerance limits and exceedance statistics. The latter obviously
examines a sequence of subsequent random samples that fall in an interval based on an
original sample, with all the samples coming from an identical distribution. Our study
is also akin to the theory of invariant con�dence intervals which contain the main
distributed mass or future observations. Invariant con�dence intervals which involve
future observations are similar to, but not identical with, the approach of tolerance lim-
its. Tolerance limits are originally introduced by Shewart (1931). Needless to add that
tolerance limits and exceedance statistics are widely discussed by Wilks (1941,1942),
Robbins (1944), Gumbell and von Shelling (1950), Epstein (1954), Sarkadi (1957)
and Siddiqui (1970) along with others. Further detailed discussion can be found in
David (1981), Leadbetter et al. (1983) and Johnson et al. (1992). A recent interest in
the subject lies in the work of Wesolowsky and Ahsanullah (1999).
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Invariant con�dence intervals containing the main distributed mass were introduced
in 1990 (cf., Bairamov and Petunin, 1991). We mention here the de�nition and some
results concerning invariant intervals. Let X1; X2; : : : ; Xn be a random sample of size
n with distribution function (d.f.) F ∈I , I is some class of d.f.’s. f1(:) and f2(:)
are assumed to be two Borel functions satisfying f1(x1; x2; : : : ; xn)6f2(x1; x2; : : : ; xn);
∀(x1; x2; : : : ; xn)∈Rn. The random interval (f1(X1; X2; : : : ; Xn); f2(X1; X2; : : : ; Xn)) is
called an invariant con�dence interval containing the main distributed mass (or invari-
ant con�dence interval containing the future observations) for class I , if ∃�∈ (0; 1)
such that

P{Xn+1 ∈ (f1(X1; X2; : : : ; Xn); f2(X1; X2; : : : ; Xn))}= �; ∀F ∈ I :

The quantity � is the same for all F ∈I and is called a con�dence level of
an invariant interval. Let I =Ic be the class of all continuous d.f.’s. It is known
that under some natural conditions any invariant con�dence interval for the class
Ic can be generated only by the order statistics, so that f1(X1; X2; : : : ; Xn) = X(i);
f2(X1; X2; : : : ; Xn) = X(j), 16i¡ j6n, where X(1)¡X(2)¡ · · ·¡X(n) are order statis-
tics generated by X1; X2; : : : ; Xn, which is de�ned with probability 1 (cf., Bairamov and
Petunin, 1991), and

P{Xn+1 ∈ (X(i); X(j))}= j − i
n+ 1

: (1.1)

Let Y1; Y2; : : : ; Ym be a sample of size m with d.f. G. Throughout the paper we are
considering X1; X2; : : : ; Xn and Y1; Y2; : : : ; Ym as an independent observation on an inde-
pendent pair of random variables (r.v.’s) X and Y , respectively. Let Y(1)¡Y(2)¡ · · ·
¡Y(m) be the order statistics generated by Y1; Y2; : : : ; Ym. It is clear that, under hypoth-
esis H0: F = G, (1.1) may be rewritten as follows:

P{Yk ∈ (X(i); X(j))}= j − i
n+ 1

; 16i¡ j6n; k = 1; 2; : : : ; m:

Let Srsm denotes the number of observations Y1; Y2; : : : ; Ym falling into interval
(X(r); X(s)). If F = G then Srsm =m has the limiting distribution P{Wrs6x}, where Wrs =
F(X(s))−F(X(r)) (cf., Bairamov, 1997). Wrs has the probability density function (p.d.f.)
(cf., David, 1981)

f(wrs) =

{
1

B(s−r;n−s+r+1)w
s−r−1
rs (1− wrs)n−s+r if 06wrs61;

0 otherwise:

When F is not necessarily equal to G the following assertion is also valid:

Theorem 1. For any r and s satisfying 16r ¡ s6n; it is true that

lim
m→∞ sup

06x61

∣∣∣∣P
{
Srsm
m
6x

}
− P{G(X(s))− G(X(r))6x}

∣∣∣∣= 0:
Theorem 1 is extended for any random interval (f1(X1; X2; : : : ; Xn); f2(X1; X2; : : : ; Xn))

and in this case the limiting distribution of Srsm (cf., Bairamov, 1997; Bairamov and
Gebizlioglu, 1998) is equal to P{G(f2(X1; X2; : : : ; Xn))− G(f1(X1; X2; : : : ; Xn))}6x.
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Let H0 is true, i.e. F = G. Then from Theorem 1 it follows that for 26i6n

lim
n→∞ lim

m→∞ sup
−∞¡x¡∞

∣∣∣∣P
{
nSi−1; im

m
6x

}
− F0(x)

∣∣∣∣= 0;
where F0(x) = 1− e−x; x¿0.
This paper has a two-fold purpose. First, we investigate the distributional properties

of some statistics based on the so-called minimal spacing, i.e. the di�erence of adjacent
order statistics having minimal length. Next, we present some results on exact and
asymptotic distributions of some useful statistics in a record threshold model.
Let {Xn}n¿1 be a sequence of i.i.d. random variables with continuous d.f. F(x). Let

X(1)¡X(2)¡ · · ·¡X(n) be the almost sure (a.s.) de�ned order statistics generated by
a X1; X2; : : : ; Xn. The main result of Section 2 of the paper (Theorem 3) states that if
F(x) = 1− exp(−�x); x¿0; �¿ 0; then, for s= 0; 1; : : : ; m,

P{Xn+1; Xn+2; : : : ; Xn+s ∈ (X(�−1); X(�)); Xn+s+1; : : : ; Xn+m 6∈ (X(�−1); X(�))}

=
2

n+ 1

m−s∑
i=0
(−1)i

(
m− s
i

)
n+ s+ i + 1
s+ i + 2

(( n(n+1)
2 + s+ i
s+ i

))−1
;

s= 0; 1; 2; : : : ; m; (1.2)

where � is the index of the a.s. unique spacing (X(k−1); X(k)); k=1; : : : ; n, having minimal
length. Note that X(0)=0: If s=0=m, the left-hand side (l.h.s.) term in (1.2) is interpreted
as P{Xn+1; Xn+2; : : : ; Xn+m ∈= 6∈ (X(�−1); X(�))}. Let Sm be the number of k, k ∈ {n +
1; : : : ; n + m}, such that Xk ∈ (X(�−1); X(�)). Denote by A(m; n; s) the right-hand side
(r.h.s.) in (1.2). An almost straightforward consequence of (1.2) is that (Theorem 4)

P{Sm = s}=
(
m
s

)
A(m; n; s); s= 0; 1; 2; : : : ; m: (1.3)

In Section 3 we consider a general continuous d.f. F and prove that (Theorem 5)

lim
m→∞ sup

06x61

∣∣∣∣P
{
Sm
m
6x

}
− P{F(X(�))− F(X(�−1))6x}

∣∣∣∣= 0
(X(0) =−∞).
In Section 4, a result similar to (1.3) is established, considering the sequence of

record values {Xu(n)}n¿1 generated by a sequence of i.i.d. r.v.’s {Xn}n¿1 with a general
continuous distribution function F , where

u(1) = 1 and u(n) = min{j: j¿u(n− 1); Xj ¿Xu(n−1)}; n¿ 1:

Let 16k6n be �xed and �m be the number of l; l ∈ {u(n) + 1; : : : ; u(n) + m} such
that Xl ∈ (Xu(k−1); Xu(k)).
The subsequent result (Theorem 6) consists in the formulation: for r = k − 1 and

s= k (k = 2; : : : ; n), it is true that

P{�m = j}=
(
m
j

) m−j∑
i=0
(−1)i

(
m− j
i

)
1

(j + i + 1)k
; k = 2; : : : ; n:
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The last results of this section (Theorem 7) consist essentially in establishing the
following limit distributions for �m=m and (�m − E(�m))=�(�m):

lim
m→∞ sup

06x61

∣∣∣∣∣P
{�m
m
6x

}
− 1
(k − 1)!

∫ x

0

[
ln
1
u

]k−1
du

∣∣∣∣∣= 0
and

lim
m→∞ P

{
�m − E(�m)
�(�m)

6x
}
=

1
(k − 1)!

∫ ax+b

0

[
ln
1
u

]k−1
du;

where

E�m = m=2k ; Var(�m) = m(1=2k − 1=3k) + m2(1=3k − 1=22k);
a=

√
1=3k − 1=22k and b= 1=2k .

From an application point of view, the �ndings of this paper can be used to test
goodness of �t or homogeneity of data.

2. Statistics based on minimal spacing

Let X1; X2; : : : ; Xn be a sample from nonnegative continuous distribution with d.f. F .
Also, let X(1)¡X(2)¡ · · ·¡X(n) be the order statistics constructed on the basis of this
sample. Consider the spacings X(1)−X(0); X(2)−X(1); X(3)−X(2); : : : ; X(n)−X(n−1) with
X(0) = 0. De�ne a random variable � as follows: �= k i� X(k) − X(k−1)6X(i) − X(i−1);
i = 1; 2; : : : ; n. It is clear that � is the index of a spacing having minimal length.
It is well known that if the underlying distribution is exponential with parameter �,

then X(k)−X(k−1), k=1; : : : ; n; (X(0) =0) are independent, X(k)−X(k−1) are exponential
with parameter (n − k + 1)�. Furthermore, vector of spacings (X(1); X(2) − X(1); X(3) −
X(2); : : : ; X(n)−X(n−1)) does not depend on order statistics X(1); X(2); X(3); : : : ; X(n−1) (cf.,
e.g., Arnold et al., 1992). The following theorems can be concluded from these results.

Theorem 2. Let F(x) = 1− exp(−�x); x¿0; �¿ 0. Then

P{�= k}= 2(n− k + 1)
n(n+ 1)

; k = 1; 2; : : : ; n:

Theorem 3. Let Xn+1; Xn+2; : : : ; Xn+m be the next m observations obtained indepen-
dently of X1; X2; : : : ; Xn from the same population with d.f. F . If F(x)=1− exp(−�x);
x¿0; �¿ 0; then

P{Xn+1; Xn+2; : : : ; Xn+s ∈ (X(�−1); X(�)); Xn+s+1; : : : ; Xn+m 6∈ (X(�−1); X(�))}

=
2

n+ 1

m−s∑
i=0
(−1)i

(
m− s
i

)
n+ s+ i + 1
s+ i + 2

(( n(n+1)
2 + s+ i
s+ i

))−1
;

s= 0; 1; 2; : : : ; m: (2.1)
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Proof. One observes that the probability of the event

{Xn+1; Xn+2; : : : ; Xn+s ∈ (X(�−1); X(�)); Xn+s+1; : : : ; Xn+m 6∈ (X(�−1); X(�))}

can be calculated as follows:

P{Xn+1; : : : ; Xn+s ∈ (X(�−1); X(�)); Xn+s+1; : : : ; Xn+m 6∈ (X(�−1); X(�))}

=
n∑
k=1
P{Xn+1; : : : ; Xn+s∈(X(k−1); X(k)); Xn+s+1; : : : ; Xn+m 6∈(X(k−1); X(k)); �= k}:

(2.2)

Consider the summand probability at the r.h.s. of (2.2). By using the independence of
spacings this probability can be calculated as follows:

P{Xn+1; : : : ; Xn+s ∈ (X(k−1); X(k)); Xn+s+1; : : : ; Xn+m 6∈ (X(k−1); X(k)); �= k}
=P{Xn+1; : : : ; Xn+s ∈ (X(k−1); X(k)); Xn+s+1; : : : ; Xn+m 6∈ (X(k−1); X(k));
X(k) − X(k−1)6X(1); : : : ; X(k) − X(k−1)6X(k−1) − X(k−2);
X(k) − X(k−1)6X(k+1) − X(k); : : : ; X(k) − X(k−1)6X(n) − X(n−1)}

=
∫ ∫

P{Xn+1; : : : ; Xn+s ∈ (X(k−1); X(k)); Xn+s+1; : : : ; Xn+m 6∈ (X(k−1); X(k));
X(k) − X(k−1)6X(1); : : : ; X(k) − X(k−1)6X(k−1) − X(k−2);
X(k) − X(k−1)6X(k+1) − X(k); : : : ; X(k) − X(k−1)6X(n) − X(n−1) |
X(k) − X(k−1) = t1; X(k−1) = t2}

×dFX(k)−X(k−1) (t1)dFX(k−1) (t2)=
n!

(k−2)!(n−k)!�
2
∫ ∞

0

∫ ∞

0
(e−�t2 (1−e−�t1))s

× (1− (e−�t2 (1− e−�t1 )))m−se−
n(n+1)
2 �t1 (1− e−�t2 )k−2(e−�t2 )n−k+2 dt1 dt2

=
n!(n(n+ 1)=2− 1)!

(n− k)!
m−s∑
i=0
(−1)i

(
m− s
i

)
(n− k + s+ i + 1)!

(n+ s+ i)!

× (s+ i)!
(n(n+ 1)=2 + s+ i)!

:

Therefore,

P{Xn+1; : : : ; Xn+s ∈ (X(�−1); X(�)); Xn+s+1; : : : ; Xn+m 6∈ (X(�−1); X(�))}

=
2

n+ 1

m−s∑
i=0
(−1)i

(
m− s
i

)
n+ s+ i + 1
s+ i + 2

( n(n+1)
2 + s+ i
s+ i

)−1
:

The theorem is hence proved.
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As a special cases of Theorem 3 we have the following corollary:

Corollary 1. If F(x) = 1− exp(−�x); x¿0; �¿ 0; then

P{Xn+1 ∈ (X(�−1); X(�))}= 43
(n+ 2)

(n2 + n+ 2)(n+ 1)

and

P{Xn+1; Xn+2; : : : ; Xn+m ∈ (X(�−1); X(�))}= (n(n+ 1)=2− 1)!m!n(m+ n+ 1)(n(n+ 1)=2 + m)!(m+ 2)
:

Now, de�ne the following random variables:

�i =
{
1 if Xn+i ∈ (X(�−1); X(�));
0 if Xn+i 6∈ (X(�−1); X(�)); i = 1; 2; : : : ; m; X(0) = 0 and Sm =

m∑
i=1
�i:

Note that the random variables �1; �2; : : : ; �n are dependent. It is evident that Sm is the
number of Xn+1; Xn+2; : : : ; Xn+m falling into (X(�−1); X(�)). Remember that we denote by
A(m; n; s) the right-hand side in (2.1). We prove the following theorem.

Theorem 4. Let F(x) = 1− exp(−�x); x¿0; �¿ 0. Then the distribution of random
variable Sm is

P{Sm = s}=
(
m
s

)
A(m; n; s); s= 0; 1; 2; : : : ; m:

Proof. From the de�nition of Sm immediately follows:

P{Sm = s}=
∑
i1 ;:::; im

P{Ai1 ∩ Ai2 ∩ · · · ∩ Ais ∩ Ais+1 ∩ Ais+2 ∩ · · · ∩ Aim}; (2.3)

where Aij = {Xn+ij ∈ (X(�−1); X(�))}; j = 1; 2; : : : ; m and Aij is the complement of event
Aij .
The number of summands in (2.3) is equal to (ms ) and each member of the sum has

the same value A(m; n; s).
The proof of the theorem is thus completed.

3. Asymptotic distribution of Sm for continuous distributions

Let X1; X2; : : : ; Xn be a sample with a continuous distribution F and Xn+1; Xn+2; : : : ;
Xn+m be the next m observations obtained from the same population independent of
X1; X2; : : : ; Xn. Consider the spacings X(1)−X(0); X(2)−X(1); X(3)−X(2); : : : ; X(n)−X(n−1)
(X(0) =−∞). De�ne a random variable � as in Section 2: �=k i� X(k)−X(k−1)6X(i)−
X(i−1); i = 1; 2; : : : ; n; i.e. � is the index of spacing having minimal length. Let Sm be
de�ned as earlier, i.e. Sm be a number of observations Xn+1; Xn+2; : : : ; Xn+m falling into
random interval (X(�−1); X(�)).
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Theorem 5. The asymptotic distribution of Sm=m for large m is

lim
m→∞ sup

06x61

∣∣∣∣P
{
Sm
m
6x

}
− P {F(X(�))− F(X(�−1))6x}

∣∣∣∣= 0: (3.1)

Proof. By de�nition

Sm =
m∑
i=1
�i =

m∑
i=1
I(X(�−1) ; X(�))(Xn+i); (3.2)

where

IB(x) =
{
1 if x ∈ B;
0 if x 6∈ B:

Using representation (3.2) one has

P
{
Sm
m
6x

}
= P

{
1
m

m∑
i=1
I(X(�−1) ; X(�))(Xn+i)6x

}

= P
{∫ ∞

−∞
I(X(�−1) ; X(�))(u) dF

∗
m(u)6x

}
; (3.3)

where F∗
m(u) is the empirical distribution function constructed by the sample Xn+1; Xn+2;

: : : ; Xn+m of size m. Note that F∗
m and X1; X2; : : : ; Xn are independent random variables

and X1(!); X2(!); : : : ; Xn(!); Xn+1(!); Xn+2(!); : : : ; Xn+m(!); : : : is considered as a se-
quence of i.i.d. random variables de�ned in probability space {
;I ; P}, where 
, as
usual, is a set of sample points, I is a �-�eld of subsets of 
, and P is a probability
measure given on (
;I ). Denote

G∗(F) =
∫ ∞

−∞
I(x;y)(u) dF(u) (x¡y; x; y are �xed);

G(F) =
∫ ∞

−∞
I(X(k−1) ; X(k))(u) dF(u);

G(F) = G(F)(!) is a random variable de�ned in a probability space {
;I ; P}. By
using Glivenko–Cantelli theorem one can observe that G∗(F∗

m)→ G∗(F) almost surely.
From (3.3) it follows that

P
{
Sm
m
6x

}
=

n∑
k=1
P
{∫ ∞

−∞
I(X(k−1) ; X(k))(u) dF

∗
m(u)6x; �= k

}
: (3.4)

Repeating the same arguments for {�= k} as in the proof of Theorem 3 and obtaining
the limit as m → ∞ in (3.4), one can see that (3.1) is an almost trivial consequence
of Glivenko–Cantelli Theorem.

4. Distribution of statistics based on record values

Let {Xn}n¿1 be a sequence of i.i.d. r.v.’s with continuous distribution function F .
De�ne a record times of this sequence as follows: u(1)=1; u(n)=min{j: j¿u(n−1);
Xj ¿Xu(n−1)}; n¿ 1. Let Xu(1); Xu(2); : : : be the corresponding record values.
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The d.f. and probability density function (p.d.f.) of record values can be expressed
in terms of

R(x) =−ln(1− F(x)) and r(x) =
d
dx
R(x) =

f(x)
1− F(x) :

It is known that the distribution of nth record value is

Fn(x) = P{Xu(n)6x}=
∫ x

−∞

Rn−1(u)
(n− 1)! dF(u); −∞¡x¡∞:

The joint p.d.f. of Xu(i) and Xu( j) is

f(xi; xj) =
(R(xi))i−1

(i − 1)! r(xi)
(R(xj)− R(xi))j−i−1

(j − i − 1)! f(xj); −∞¡xi ¡xj ¡∞:

The details of record theory can be found in Galambos (1987), Nagaraja (1988),
Nevzorov (1988), Ahsanullah (1995) and Arnold et al. (1998) among others.

4.1. Distribution free properties

Let Xu(n) be the nth record value of a sequence of i.i.d. r.v.’s. Suppose that Xu(n)+1;
Xu(n)+2; : : : ; Xu(n)+m be the m observations that succeed Xu(n):
For i = 1; 2; : : : ; m and 16r ¡ s6n, it is known that

P{Xu(n)+i ∈ (Xu(r); Xu(s))}= 1
2r

− 1
2s

(cf., Bairamov, 1997).
De�ne the random variables �1; �2; : : : ; �m as follows:

�i =
{
1 if Xu(n)+i ∈ (Xu(r); Xu(s));
0 if Xu(n)+i 6∈ (Xu(r); Xu(s)); i = 1; 2; : : : ; m; r ¡ s:

Denote

�m =
m∑
i=1
�i;

�m is the number of observations Xu(n)+1; Xu(n)+2; : : : ; Xu(n)+m falling into interval (Xu(r);
Xu(s)). It is clear that the r.v.’s �1; �2; : : : ; �m are dependent.

Theorem 6. For r = k − 1 and s= k (k = 2; : : : ; n);

P{�m = j}=
(
m
j

) m−j∑
i=0
(−1)i

(
m− j
i

)
1

(j + i + 1)k
; j = 0; 1; : : : ; m:

Proof. From the de�nition of �m it immediately follows that

P{�m = j}=
∑
i1 ;:::; im

P{Ai1 ∩ Ai2 ∩ · · · ∩ Aij ∩ Aij+1 ∩ Aij+2 ∩ · · · ∩ Aim}; (4.1)
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where Ail = {Xu(n)+il ∈ (Xu(k−1); Xu(k))}; l = 1; 2; : : : ; m and Ail is the complement of
event Ail .

P{Ai1 ∩ Ai2 ∩ · · · ∩ Ais ∩ Aij+1 ∩ Aij+2 ∩ · · · ∩ Aim}
=P{Xu(n)+1 ∈ (Xu(k−1); Xu(k)); : : : ; Xu(n)+j ∈ (Xu(k−1); Xu(k));
Xu(n)+j+1 6∈ (Xu(k−1); Xu(k)); : : : ; Xu(n)+m 6∈ (Xu(k−1); Xu(k))}

=
∫ ∫

P(Xu(n)+1 ∈ (Xu(k−1); Xu(k)); : : : ; Xu(n)+j ∈ (Xu(k−1); Xu(k));
Xu(n)+j+1 6∈(Xu(k−1); Xu(k)); : : : ; Xu(n)+m 6∈(Xu(k−1); Xu(k))|Xu(k−1)= t1; Xu(k)= t2)

× dFk−1; k(t1; t2) =
∫ 1

0

∫ 1

t1
(t2 − t1)j(1− (t2 − t1))m−j 1

(k − 2)!
[
ln

1
1− t1

]k−2

× 1
1− t1 dt2 dt1 =

1
(k − 2)!

m−j∑
i=0
(−1)i

(
m− j
i

)
1

j + i + 1

×
{∫ 1

0

[
ln

1
1− t1

]k−2
(1− t1)j+i dt1

}
: (4.2)

By changing variable ln 1=(1− t1) = z in (4.2) one has
P{Ai1 ∩ Ai2 ∩ · · · ∩ Ais ∩ Aij+1 ∩ Aij+2 ∩ · · · ∩ Aim}

=
1

(k − 2)!
m−j∑
i=0
(−1)i

(
m− j
i

)
1

j + i + 1

{∫ ∞

0
zk−2e−z( j+i+1) dz

}

=
m−j∑
i=0
(−1)i

(
m− j
i

)
1

(j + i + 1)k
: (4.3)

The number of summands in (4.1) is equal to
(
m
j

)
and all of them have the same

probability (4.3), hence

P{�m = j}=
(
m
j

) m−j∑
i=0
(−1)i

(
m− j
i

)
1

(j + i + 1)k
; j = 0; 1; : : : ; m:

The assertion thus follows.

4.2. Exceedance statistics in a record threshold model

Let {Xn}n¿1 be a sequence of i.i.d. r.v.’s with continuous d.f. F; Xu(1); Xu(2); : : : is a
sequence of record values. Let X ′

1 ; X
′
2 ; : : : ; X

′
m be i.i.d. random variables with continuous

d.f. G. De�ne the following random variables:

�∗i (r; s) =
{
1 if X ′

i ∈ (Xu(r); Xu(s));
0 if X ′

i 6∈ (Xu(r); Xu(s));
i = 1; 2; : : : ; m; r ¡ s

and let

Sm(r; s) =
m∑
i=1
�∗i (r; s):

It is clear that Sm(r; s) denotes the number of X ′
i ’s falling above the threshold Xu(r)

and below the threshold Xu(s):
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Lemma 1. It is true that

lim
m→∞ sup

06x61

∣∣∣∣P
{
Sm(r; s)
m

6x
}
− P {G(Xu(s))− G(Xu(r))6x}

∣∣∣∣= 0:
Proof. One can write

Sm(r; s) =
m∑
i=1
�∗i (r; s) =

m∑
i=1
I{(Xu(r) ; Xu(s))}(X

′
i ); (4.4)

where

I{B}(x) =
{
1 if x ∈ B;
0 if x 6∈ B:

Using representation (4.4) one has

P
{
Sm(r; s)
m

6x
}
= P

{
1
m

m∑
i=1
I{(Xu(r) ; Xu(s))}(X

′
i )6x

}

= P
{∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dF

∗
m(u)6x

}
; (4.5)

where F∗
m(u) is the empirical distribution function of sample X

′
1 ; X

′
2 ; : : : ; X

′
m. Denote

A∗(G) =
∫ ∞

−∞
I{(x;y)}(u) dG(u); (4.6)

A(G) =
∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dG(u); (4.7)

where A(G)=A(G)(!) is a random variable de�ned in the probability space {
;I ; P}.
Using (4.7), one can write (4.5) as follows:

P
{
Sm(r; s)
m

6x
}
= P

{∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dF

∗
m(u)6x

}
= P {A(F∗

m)6x} :

Functional (4.6) is continuous with respect to uniform metric. One can follow from
the Glivenko–Cantelli Theorem (P{!: supu |F∗

m(u)−G(u)| → 0}=1) A∗(F∗
m)→ A∗(G)

almost surely. It is clear that

P
{
!: lim

m→∞ A(F∗
m) = A(G)

}
=

∫ ∫
P
{
lim

∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dF

∗
m(u)

=
∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dG(u) |Xu(r) = x; Xu(s) = y

}
dFr;s(x; y)

=
∫ ∫

x¡y
P
{
lim

∫ ∞

−∞
I{(x;y)}(u) dF∗

m(u) =
∫ ∞

−∞
I{(x;y)}(u) dG(u)

}
dFr;s(x; y)

=
∫ ∫

x¡y
P{lim A∗(F∗

m) = A
∗(G)} dFr;s(x; y) = 1;
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where Fr;s(x; y) is the joint distribution function of Xu(r) and Xu(s). So A(F∗
m)→ A(G)

a.s. in {
;I ; P}. Thus A(F∗
m)→ A(G) in distribution as m→ ∞. We have

P{A(G)6x}= P
{∫ ∞

−∞
I{(Xu(r) ; Xu(s))}(u) dG(u)6x

}

= P

{∫ Xu(s)

Xu(r)

dG(u)6x

}
= P{G(Xu(s))− G(Xu(r))6x}:

The lemma is hence proved.

The case F =G is of interest on its own and we have the following results for this
case:

Corollary 2. Let F = G. Then

lim
m→∞ sup

06x61

∣∣∣∣P
{
Sm(r; s)
m

6x
}
− P{F(Xu(s))− F(Xu(r))6x}

∣∣∣∣= 0;
where Urs = F(Xu(s))− F(Xu(r)) has d.f.:

P {Urs6x}= 1
(r − 1)!(s− r − 1)!

∫ x

0

∫ 1−t1

0

[
ln

1
1− t2

]r−1 1
1− t2

×
[
ln

1− t1
1− t1 − t2

]s−r−1
dt2 dt1;

and p.d.f.

fUrs(x) =
1

(r − 1)!(s− r − 1)!
∫ 1−x

0

[
ln

1
1− t2

]r−1

× 1
1− t2

[
ln

1− x
1− x − t2

]s−r−1
dt2; 0¡x¡ 1:

Now let again F = G and r = k − 1; s = k (k = 2; : : : ; n): Then the expected value
and the variance of Sm(r; s) is

ESm(k − 1; k) = m=2k ;

Var Sm(k − 1; k) = m(1=2k − 1=3k) + m2(1=3k − 1=22k):
As a consequence of Lemma 1, we have the following:

Theorem 7. Let F = G. For r = k − 1 and s= k (k = 2; 3; : : : ; n)

lim
m→∞ sup

06x61

∣∣∣∣P
{
Sm(r; s)
m

6x
}
− P{Uk−1; k6x}

∣∣∣∣= 0;
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where Uk−1; k = F(Xu(k))− F(Xu(k−1)) has d.f.

Dk(x) ≡ P{Uk−1; k6x}= 1
(k − 1)!

∫ x

0

[
ln
1
u

]k−1
du; 0¡x¡ 1:

and p.d.f.

dk(x) ≡ fUk−1; k (x) =
1

(k − 1)!
[
ln
1
x

]k−1
; 0¡x¡ 1:

Also it is true that

P

{
Sm(k − 1; k)− ESm(k − 1; k)√

Var Sm(k − 1; k)
6x

}
→

m→∞Dk(ax + b);

where

a=

√
1
3k

− 1
22k

and b=
1
2k
:
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