t3 journal of _
?ﬁ% statistical planning
y Journal of Statistical Planning and andinference
ELSEVIER Inference 90 (2000) 21-33

www.elsevier.com/locate/jspi

Distributional properties of statistics based on minimal
spacing and record exceedance statistics

Ismihan G. Bairamov *, Serkan N. Eryilmaz
Faculty of Sciences, Ankara University, Department of Statistics, 06100, Tandogan, Ankara, Turkey

Received 17 June 1999; received in revised form 10 December 1999; accepted 15 February 2000

Abstract

Exact and asymptotic distributions of some statistics based on spacing having minimal length
are investigated. The behaviour of a sequence of independent identically distributed random
variables with respect to a record threshold is studied. (© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

This work is an attempt to study the properties of a sequence of observations that
fall in some random interval based on order statistics and record values. As such, it
relates to the theory of tolerance limits and exceedance statistics. The latter obviously
examines a sequence of subsequent random samples that fall in an interval based on an
original sample, with all the samples coming from an identical distribution. Our study
is also akin to the theory of invariant confidence intervals which contain the main
distributed mass or future observations. Invariant confidence intervals which involve
future observations are similar to, but not identical with, the approach of tolerance lim-
its. Tolerance limits are originally introduced by Shewart (1931). Needless to add that
tolerance limits and exceedance statistics are widely discussed by Wilks (1941,1942),
Robbins (1944), Gumbell and von Shelling (1950), Epstein (1954), Sarkadi (1957)
and Siddiqui (1970) along with others. Further detailed discussion can be found in
David (1981), Leadbetter et al. (1983) and Johnson et al. (1992). A recent interest in
the subject lies in the work of Wesolowsky and Ahsanullah (1999).
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Invariant confidence intervals containing the main distributed mass were introduced
in 1990 (cf., Bairamov and Petunin, 1991). We mention here the definition and some
results concerning invariant intervals. Let X, X5,...,X, be a random sample of size
n with distribution function (d.f.) F €3, 3 is some class of d.f.’s. f1(.) and f>(.)
are assumed to be two Borel functions satisfying f1(x1,x2,...,X,)< f2(x1,%2,...,%,),
V(x1,%2,...,x,) € R". The random interval (f(X1,X2,...,X0), f2(X1,X2,...,X,)) is
called an invariant confidence interval containing the main distributed mass (or invari-
ant confidence interval containing the future observations) for class 3, if 3€(0,1)
such that

P{Xy1 € ([1(X1, X2, ... X)), (X1, X2, ..., Xu))} =P, VF€S.

The quantity S is the same for all F €3 and is called a confidence level of
an invariant interval. Let 3 =3, be the class of all continuous d.f.’s. It is known
that under some natural conditions any invariant confidence interval for the class
3. can be generated only by the order statistics, so that f1(X,X,...,X,) = X0,
f2(X1, X, X)) = Xy, 1<1 < j<n, where X(1) < Xy <--- <X, are order statis-
tics generated by Xi,X>,...,X,, which is defined with probability 1 (cf., Bairamov and
Petunin, 1991), and

j—i
P{X,1 € (X, X))} = . 1.1
X1 € (X, X))} po) (1.1)

Let Y1,Y,...,Y, be a sample of size m with d.f. G. Throughout the paper we are
considering X1, X>,..., X, and Yy, Y>,...,Y, as an independent observation on an inde-

pendent pair of random variables (r.v.’s) X and Y, respectively. Let Y1) < Yp) < ---
< Y be the order statistics generated by Y, Y>,...,Y,,. It is clear that, under hypoth-
esis Hyp: F = G, (1.1) may be rewritten as follows:

n
Let S)¥ denotes the number of observations Yj,Y,...,Y, falling into interval

(X), X(s)). If F =G then S)5/m has the limiting distribution P{W,;<x}, where W, =
F(X(s))—F(X(y) (cf., Bairamov, 1997). W, has the probability density function (p.d.f.)
(cf., David, 1981)

W — w5 i 0w <1,

1
f(Wrs) — { B(s—rpn—s+r+1) 7rs

0 otherwise.

When F is not necessarily equal to G the following assertion is also valid:

Theorem 1. For any r and s satisfying 1 <r < s<n, it is true that

lim sup
m—00 o<yl

P{3 <x} - PG - G <l o

Theorem 1 is extended for any random interval ( (X}, Xa,...,X,), f2(X1,X2,..., X))
and in this case the limiting distribution of S}’ (cf., Bairamov, 1997; Bairamov and
Gebizlioglu, 1998) is equal to P{G(f2(X1,X2,..., X)) — G(f1(X1,X2,..., X))} <x.
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Let Hy is true, i.e. F = G. Then from Theorem 1 it follows that for 2<i<n

i—1,i
lim lim sup ’P { "5 <x} — Fo(x)| =0,
m

n—00 m—0oQ —00 <X <00

where Fo(x)=1—¢7*, x=0.

This paper has a two-fold purpose. First, we investigate the distributional properties
of some statistics based on the so-called minimal spacing, i.e. the difference of adjacent
order statistics having minimal length. Next, we present some results on exact and
asymptotic distributions of some useful statistics in a record threshold model.

Let {X,},>1 be a sequence of i.i.d. random variables with continuous d.f. F(x). Let
Xy < Xpy < -+ <X be the almost sure (a.s.) defined order statistics generated by
a X1,Xz,...,X,. The main result of Section 2 of the paper (Theorem 3) states that if
F(x)=1—exp(—4x), x=0,1 > 0, then, for s=0,1,...,m

P{Xi1, X123 Xnts € (Xo—1):X(0) s Xnst 1o+ - o> X & (Xv—1): X))}
E( 1)( - )n—l—s—?—H—l((@—&-.S—i—i))_l’
n+1 s+i+2 s+
s=0,1,2,...,m, (1.2)
where v is the index of the a.s. unique spacing (X4 —1), X)), k&=1,...,n, having minimal

length. Note that X(y=0. If s=0/m, the left-hand side (Lh.s.) term in (1.2) is interpreted
as P{X, 41, X042, ... Xopm €/ (Xv—1), X))} Let S,, be the number of k, k € {n +
l,...,n + m}, such that X; € (X(v—1),X(v)). Denote by A(m,n,s) the right-hand side
(r.h.s.) in (1.2). An almost straightforward consequence of (1.2) is that (Theorem 4)

P{Sm:s}:<m>A(m,n,s), s=0,1,2,....m. (1.3)
s
In Section 3 we consider a general continuous d.f. F and prove that (Theorem 5)

lim sup
Mm—o0 ggx<1

(X(0) = —00).
In Section 4, a result similar to (1.3) is established, considering the sequence of

record values {X,)}n>1 generated by a sequence of i.i.d. r.v.’s {X,},>: with a general
continuous distribution function F, where

d {%gx} — P{F(X(y)) — F(X(—1))<x}| =0

u(ly=1 and wu(n)=min{;: j > u(n — 1),X; > X,;—1)}, n>1

Let 1 <k<n be fixed and v,, be the number of I,/ € {u(n)+ 1,...,u(n) + m} such
that X; € (Xugk—1), Xuk))-

The subsequent result (Theorem 6) consists in the formulation: for » =k — 1 and
s=k (k=2,...,n), it is true that

m—j . s 1
P{Vm:j}: <7Jn> ;}(—l)l (ml. J) m, k=2,...,n
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The last results of this section (Theorem 7) consist essentially in establishing the
following limit distributions for v,,/m and (v, — E(vin))/0(Vim):

lim su P{vm< } ! /X [lnlr_ld 0
<Xy — - u|l =
LA i G- )y | Mu
and
m_E n 1 ax+b 1 k—1
lim pd Y= Em) 1 / n-|  du
o (V) k-1t Jy u
where

Evy =m/2F,  Var(v,) =m(1/2F — 1/35) + m?(1/3F — 1/2%),

a=+/1/3k —1/22% and b= 1/2F.
From an application point of view, the findings of this paper can be used to test
goodness of fit or homogeneity of data.

2. Statistics based on minimal spacing

Let X},X5,...,X, be a sample from nonnegative continuous distribution with d.f. F.
Also, let X(1) < Xy <--- < X, be the order statistics constructed on the basis of this
sample. Consider the spacings X1y — X(0), X2y — X(1), X3) — X2) - - -, X(n) — X(n—1) With
X0y =0. Define a random variable v as follows: v =k iff Xy) — Xu—1) <Xy — Xi—1),
i=1,2,...,n. It is clear that v is the index of a spacing having minimal length.

It is well known that if the underlying distribution is exponential with parameter A,
then Xy — X1y, k=1,...,n, (X0)=0) are independent, X;) — X(x—1) are exponential
with parameter (n — k + 1)A. Furthermore, vector of spacings (X(1),X2) — X(1), X(3) —
X2)s++ Xy —X@u—1y) does not depend on order statistics X(1), X2y, X(3), ..., Xu—1) (cf.,
e.g., Amold et al., 1992). The following theorems can be concluded from these results.

Theorem 2. Let F(x)=1—exp(—Ax), x=0,4 > 0. Then

2n—k+1)

Plv=1k}= n(n+1)

, k=1,2,....n

Theorem 3. Let X, 1,X,12,.--,Xutm be the next m observations obtained indepen-
dently of X1,X,...,X, from the same population with d.f. F. If F(x)=1—exp(—Ax),
x=0,1>0, then

P{Xn-H :Xn+27 o =Xn+s € ()((v—] )a)((\’)),Xl’l-‘rS-‘rl PR >Xn+m ¢ ()((v—l)a)((v))}
1

Z( Iy —s\n+s+i+1 —"(";1)+s+i N
n—|—1 s+i+2 s+ ’
s:O,l,Z,...,m. (2.1)
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Proof. One observes that the probability of the event

X1, X2 Xty € (X1, X0))s Xst s+ - > X & (Xv—1): X))}

can be calculated as follows:

P{Xn+1a ce aXnJrs € ()((vfl)s)((v))anJrerls cee an+m ¢ (‘Xv(vfl)a)((\}))}
= > P{Xot1, s Xas €EXte—1: X)) Xntst1s o s X & (X1, Xy ), v =k }.
=1
22)

Consider the summand probability at the r.h.s. of (2.2). By using the independence of
spacings this probability can be calculated as follows:

P{Xoi1,. s Xty € X—1)X))s Xnvst 1+ s Xgm & (X—1), X)), v =k }
=P{Xoi1. s Xuts € (X—1) X) s Xnst1s - - o> X & (Xio—1), X))
Xy = Xoe—1) SX1ys -+ Xy — Xo—1) SXk—1) — X(k—2),
Xy = Xok—1) SXer1) = Xoys - Xy = Xpp—1) SXn) — X1}
= //P{Xn+1,---,Xn+s € (Xk=1)Xk))s Xntst15 - - s Xnpm & KXo—1) X))
Xy — Xoe—1) X1 -+ - Xy — Xp—1) S Xk—1) — Xk—2)»
Xy = Xok—1) SXer1) = Xoys - Xy — Xpp—1) SXn) — Xn—) |

Xy — Xpe—1) = 1, Xpe—1y = b2}

XdFX(k)fX(k,l)(tl)dFX(k,l)(tZ) (k 2)’;1(’1 k)' / / (C_MZ(] —)tl ))s

% (1 _ (C_th(l _ e—/ltl )))m—sef itl(l _ e—/ltz )k—2(e—it2 )n—k+2 dfl d[z
_nl(n(n+1)/2-1)!m ; n—k+s+i+1)!
= 5O ”( ) (s + D)

» (s +0)!

n(n+ D245+

Therefore,

P{Xn+1a ce aXnJrs € ()((vfl)s)((v))anJrerls cee n+m ¢ (X(v l)a)((V))}

Z( l)l( s>n+s+i+1(—”<”;”+s+i>l

s+i+2 s+i

n+1

The theorem is hence proved.
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As a special cases of Theorem 3 we have the following corollary:

Corollary 1. If F(x) =1 —exp(—4Ax), x=0, A > 0, then

4 (n+2)
3(m*+n+2)n+1)

P{XnJrl € (Xv(vfl)a)((v))} =

and
(n(n+1)/2 — Dmn(m+n+1)
(n(n+1)/2+m)!\(m+2)

P{Xn+1»Xn+2:~ .. :Xn+m S ()((v—l)a)((v))} =

Now, define the following random variables:

£ = { 1 if X € (Xo—1),X))s

: i=12,....m, Xoy=0andS,=>) ¢.
0 if Xopi & (Xo—1),X()s © z;

Note that the random variables &;,&,,..., ¢, are dependent. It is evident that S, is the
number of X1, X,12,..., X, falling into (X(,_1),X()). Remember that we denote by
A(m,n,s) the right-hand side in (2.1). We prove the following theorem.

Theorem 4. Let F(x)=1—exp(—/x), x=0, 1 > 0. Then the distribution of random
variable S,, is

P{S,=s}= <T>A(m,n,s), s=0,1,2,...,m.

Proof. From the definition of S,, immediately follows:

P{S,=s}= Y P{4,NA,N---NA4A,NA_ NA_,N--NA4,}, (23)

is‘+l is+2
where 4;, = {X,1;, € (Xo—1,X))}, j=1,2,...,m and A_,I is the complement of event
Aj;.
The number of summands in (2.3) is equal to (") and each member of the sum has
the same value A(m,n,s).

The proof of the theorem is thus completed. [

3. Asymptotic distribution of S,, for continuous distributions

Let X1,X3,...,X, be a sample with a continuous distribution F and X1, X,12,...,
X,+m be the next m observations obtained from the same population independent of
Xl,Xz, e ,X,,. Consider the spacings )((1) —)((o), )((2) —)((1), )((3) —)((2), ey )((n) —)((,,_1)
(X(0y=—00). Define a random variable v as in Section 2: v=Fk iff Xz —Xy—1) <X —
Xi—1y, i=1,2,...,n, i.e. v is the index of spacing having minimal length. Let S,, be
defined as earlier, i.e. S,, be a number of observations X, 1, X,12,...,X,+, falling into
random interval (Xy—1),X()).
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Theorem 5. The asymptotic distribution of S,,/m for large m is

. S
lim sup P{;Sx}—P{F(X(‘,))—F(X(‘,_l))gx} =0. 3.1)

Mm—00 <<

Proof. By definition
Sm = Z G = ZI(X(\»l)»X(\-))(Xnﬂ')’ (32)
i=1 i=1

where

1 ifxeB,
IB(X)_{O if x & B.

Using representation (3.2) one has

S I
P ™ <xp=P m ;]()Q\‘fl)»X(v))(Xﬂﬂ) SX

=P {/ I(X(‘,I),X(‘))(u)dF,’;(u)<x} , (3.3)

where F(u) is the empirical distribution function constructed by the sample X, 1, X, 42,
.o, Xyym of size m. Note that F; and X, X>,...,X, are independent random variables
and Xj(@),Xa(®),...,Xp(0), Xyr1(@), Xps2(®),..., Xy im(w),... is considered as a se-
quence of i.i.d. random variables defined in probability space {Q,3J,P}, where Q, as
usual, is a set of sample points, I is a o-field of subsets of @, and P is a probability
measure given on (£2,3). Denote

G*(F) :/ I, py(u)dF(u) (x < y,x,y are fixed),

G(F) = / Tty () A (1),

G(F) = G(F)(w) is a random variable defined in a probability space {Q2,3,P}. By
using Glivenko—Cantelli theorem one can observe that G*(F,) — G*(F') almost surely.
From (3.3) it follows that

P {% <x} = Z P {/ I(X(kfl),x(k))(u)dF;(u)<x, v :k} (3.4)
k=1 0o

Repeating the same arguments for {v==4k} as in the proof of Theorem 3 and obtaining
the limit as m — oo in (3.4), one can see that (3.1) is an almost trivial consequence
of Glivenko—Cantelli Theorem.

4. Distribution of statistics based on record values

Let {X,},>1 be a sequence of i.i.d. r.v.’s with continuous distribution function F.
Define a record times of this sequence as follows: u(1)=1, u(n)=min{j: j > u(n—1),
X; > Xy—1y}, n > 1. Let X,(1), Xy(2), ... be the corresponding record values.
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The d.f. and probability density function (p.d.f.) of record values can be expressed
in terms of

S(x)

d
R(x) = —11’1(1 - F(X)) and r(x) = aR(X) - 1 - F(x)

It is known that the distribution of nth record value is

X n—1
F,(x) =P{X,(n <x} :/ f (lu))' dF(u), —oco<x < oo.
oo (B—=T1)!
The joint p.d.f. of X, and X,;) is
(Rxi)) ™' (R(xy) — R(xi)Y !

f(xiyxj) =

r(x;)

(i—1)! G_i—y Sk meosxm<x<eo

The details of record theory can be found in Galambos (1987), Nagaraja (1988),
Nevzorov (1988), Ahsanullah (1995) and Arnold et al. (1998) among others.

4.1. Distribution free properties

Let X, be the nth record value of a sequence of i.i.d. r.v.’s. Suppose that X;,)+1,
Xu(ny425 - - - »Xuny+m be the m observations that succeed X, ).
Fori=1,2,...,m and 1<r < s<n, it is known that
1 1
P{Xu(n)-‘ri S (Xu(r)aXu(S))} = ? - ?
(cf., Bairamov, 1997).
Define the random variables &1, &, ..., &, as follows:

éi _ { 1 lf Xu(n)Jrj c (Xu(r)a)(u(s) )’

. i=12,....m, r <s.
0 if Xywmyri & (KXuiry» Xugs))s

Denote
m
Vm = Z fl';
i=1

Vi 1s the number of observations X+ 1, Xu(n)+2, - - - » Xu(n)+m falling into interval (X,
Xusy)- It is clear that the r.v.’s &1,&,,..., &, are dependent.

Theorem 6. For r=k—1 and s=k (k=2,...,n),

m—j . ] 1

Proof. From the definition of v,, it immediately follows that

P{vwm=j}= > P{4;NA4,N---N4;,NA

(I

i NAij, NN A b (4.1)
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where A;, = {Xumy+iy € Kutk—1)>Xuk))}> 1= 1,2,...,m and 4;, is the complement of
event 4;,.
P{d; NA;, M- NA; N A, NA;, NN A}
=P{Xutm+1 € Kutk—1) Xuk))s - - > Xumy+j € Kuk—1)> Xuio) )
Xumyrj+1 & Kuth—1)s Xuk) )s - s Xumyrm & Xuge—1)> Xuqi)) }
//P(Xu(n)+1 € (Xutk—1)>Xuh))s -+ » Xuny+j € (Xuh—1)s Xuei))5

Xu(my+j+1 E Ktk —1)sXuk))s - - - s Xumy4m & Ktk —1)> X)) | Xtk —1) = 1, Xuey = 12)

k—2
><dFk—1,k(11,f2)=/0 /tl (b —tY(l—(n —fl))mij(k_lmg [ln 1_1t1]
1 1o 1
g A =gy Z(_ ) < i )]-l-l-l-l

1 1 k—2 .
X {/0 |:ln1—t|:| (1—1‘1)/Jr dtl}. (4.2)

By changing variable In1/(1 —#;) =z in (4.2) one has
P{A[lﬂAizﬂ “NA; N4y, N4, N--N4;,}

ij1 l+2

1 o0 L
(k 2)' Z (_ )l ( . )]+l+1 {‘/O Zk—Ze—Z(j+l+l)dZ}

H N m—j 1
_Eo( 1)( i )(j+i+1)k' *2)

The number of summands in (4.1) is equal to (';’) and all of them have the same
probability (4.3), hence

P{v, =j} = <’7> 1) <ml. ]> G J=0Leom

The assertion thus follows.
4.2. Exceedance statistics in a record threshold model

Let {X,},>1be a sequence of i.i.d. r.v.’s with continuous d.f. F, X1),Xy2),... is a
sequence of record values. Let X{, X5, ...,X,, be i.i.d. random variables with continuous
d.f. G. Define the following random variables:

1 if X! € (X)X,
éik(l”,s)—{ if i G( u(r)» u(s)): i=1,2,..

. ..m, r <s
lf )(i/ ¢ (XM()‘)a)(u(S)))

and let
Su(r,s)=>_ & (1,5).
i=1

It is clear that S,(r,s) denotes the number of X/’s falling above the threshold X,
and below the threshold X).
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Lemma 1. It is true that

lim  sup {'”(”) } P{G(Xus)) — G(Xyry) <x}| = 0.

m—oo gg<x<l1

Proof. One can write
Sm(ras) = Z] 5?(7‘75‘) = Z[ ]{(X,((r),X,((S))}()(il)v (44)

where

1 if x € B,
Iy () = { 0 ifx¢B.

Using representation (4.4) one has

Sp(r,5) J L
m m =1

=P {/ 1{(Xu(r)’XM(S))}(u)dF;;(u)<x} 5 (45)

where F,:(u) is the empirical distribution function of sample X{,X,...,X,,. Denote
A*(G):/ I{(ij)}(u) dG(u), (4.6)
A(G) = / Lt 2y (1) dG(w0), (4.7)

where 4(G)=A(G)(w) is a random variable defined in the probability space {Q,J,P}.
Using (4.7), one can write (4.5) as follows:

S, ~ - ;
P {(FS) <x} =P {/ 1{(Xu(r)qu(S))}(u)dFm(u)S'x} = P{A(F,)<x}.

m

Functional (4.6) is continuous with respect to uniform metric. One can follow from
the Glivenko—Cantelli Theorem (P{w: sup, |F:(u)—G(u)| — 0}=1) A*(F,;) — 4*(G)
almost surely. It is clear that

P{a): lim A(F;;):A(G)}

= [ [ dim [t pwarion

= / Lix Xy () dG(u) | Xuery = %, Xuis) = y} dF, s(x, »)

// {hm/ Lir,yyy(u) dF, (u)/o:ol{(x,y)}(u)dG(u)} dF, (x,y)

:// P{limA™(F,) = A" (G)} dF,(x, y) = 1,
x<y
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where F, (x, y) is the joint distribution function of X, and X,). So A(F,) — A(G)
a.s. in {Q,3,P}. Thus A(F}) — A(G) in distribution as m — co. We have

P{A(G)<x} =P {/ 1{(XM(,,),X”(S))}(M)dG(U)<x}

Xu(s)
=P {/ ( dG(u)<x} = P{G(Xys)) — G(Xu(r)) <x}.

Xu(ry

The lemma is hence proved.

The case F' =G is of interest on its own and we have the following results for this
case:

Corollary 2. Let F =G. Then

lim sup
Mm—o0 ggx<l

:0’

P{w <x} _P{F(Xu(s))_F(Xu(r))Sx}

where Uns = F(Xys)) — F(Xuery) has d.f.:

1 xoplen 1 177
P Urs< = In ——
{Un <} (rfl)!(sfrfl)!/o/o ["1tj -5

s—r—1
1—1
X |[In ——— de, dry,
|:n1—l‘1—t2:| 25

and p.d.f.

1 1—x 1 r—1
S = s - 1) /o {m 1- fz]

1 1—x s—r—1
X In dn,, 0<x<l.
1—10 l—x—0

Now let again F =G and r=k — 1, s=k (k=2,...,n). Then the expected value
and the variance of S,,(r,s) is

ES,(k — 1,k) =m/2*,
Var S,,(k — 1,k) = m(1/2% — 1/35) + m?(1/3* — 1/2%%).
As a consequence of Lemma 1, we have the following:
Theorem 7. Let F=G. For r=k—1and s=k (k=2,3,...,n)

lim sup
m— o0 OS)CSI

:0,

S(r,
P{ﬂ<x} — P{Up—1k <x}
m
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where Uk—l,k :F(Xu(k)) - F(Xu(k—l)) has df

1 X 1 k—1
Dk(x) = P{Uk_]’k <x} = (/(—71)'/0 |:ln u:| du, 0<x<l.
and p.d.f.
1 17!
= = |- 1
4 = fi 0= =y [nx] L 0<x<

Also it is true that
Sulk — 1,k) — ESpu(k — 1,k) <

P —  Dy(ax + b),
v/ Var S, (k — 1,k) m—00
where
1 1
a = 3_k — 27 and b = 2_k
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