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Abstract

In this work invariant confidence intervals for parametric class of distribu-
tions are considered. The finite sample and asymptotic properties of statistics
based on invariant confidence intervals are investigated and their use in statis-
tical inference is discussed.
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INTRODUCTION

Let X1,X2, ..., Xn be a sample from a distribution with distribution func-
tion (d.f) F ∈ =, where = is some class of distribution functions. Suppose
f1(u1,u2, ..., un) and f2(u1,u2, ..., un) are two Borel functions with the following
property:

f1(u1,u2, ..., un) ≤ f2(u1,u2, ..., un) (u1,u2, ..., un) ∈ Rn. (1.1)

Let Xn+1 be a new sample point obtained from F and be independent of
X1,X2, ..., Xn. If

P {Xn+1 ∈ (f1(X1,X2, ..., Xn), f2(X1,X2, ..., Xn)} = a = const for all F ∈ =,

then (f1(X1,X2, ..., Xn), f2(X1,X2, ..., Xn) is called an invariant confidence in-
terval containing the main distributed mass for class of distributions = with
confidence level a .

It is well known that if F ∈ =c, where =c denotes the class of all continuous
distribution functions, then

P
{
Xn+1 ∈ (X(i), X(j))

}
=

j − i

n + 1
,
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where X(i) denotes the i th order statistic of the sample X1,X2, ..., Xn, 1 ≤
i < j ≤ n. Hence the random interval (X(i), X(j)) is an invariant confidence
interval for class of all continuous distribution functions. It is known that (see
Bairamov, Petunin ,1991) if f1 and f2 are continuous, symmetric and different
on every set with a nonzero lebesgue measure functions of n arguments, only
the order statistics form invariant confidence intervals for =c.

Properties of invariant confidence intervals for nonparametric class =c are
utilized in many applications, a test statistic can be found and criteria can be
established on the training samples for problems of classification of new observa-
tions (see Bairamov and Petunin ,1991; Bairamov, 1992). Similar applications
can also be extended to generalized Bernoulli schemes in variation statistics (see
Matveichuk and Petunin 1990; Matveichuk and Petunin 1991).

In this work we present the invariant confidence intervals for parametric class
of distributions. The finite sample and asymptotic properties of statistics based
on invariant confidence intervals are shown and their use in statistical inference
is discussed.

1. INVARIANT CONFIDENCE INTERVALS FOR PARAMET-
RIC CLASS

Following part present invariant confidence intervals that contain main dis-
tributed mass of general set of parametric classes of distributions.

Assume that parametric family of distributions P={Pθ, θ ∈ Θ}is given. Let
f1 (.) and f2 (.) be n dimensional functions with the condition (1.1). Also assume
that X1, X2, ..., Xn, Xn+1 is a random sample from the distribution Pθ ∈ P.

Definition 1.1. If the following is true,

Pθ {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} = β = const ∀ θ ∈ Θ,
(2.1)

then the random interval

(f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) ≡ J(X1, X2, ..., Xn)

is called invariant confidence interval containing the main distributed mass for
class P at confidence level β. •

It is obvious that if Xn+1, Xn+2, ..., Xn+m is a new sample independent of
X1, X2, ..., Xn, we can write for θ ∈ Θ

Pθ {Xn+1, ..., Xn+m ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} =

=
∫

...

∫
[Fθ(f2(u1, ..., un))− Fθ(f1(u1, ...., un))]m dFθ(u1)...dFθ(un) =

= Eθ [Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn))]m . (2.2)
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Denote

Sn(X1, X2, ..., Xn, θ) = Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn)) and
Gθ(u) = Pθ {Sn(X1, X2, ..., Xn, θ) ≤ u} .

Theorem 1.2. If the distribution of random variable (r.v.) Sn(X1, X2, ..., Xn, θ)
is the same for all θ ∈ Θ (i.e. the d.f of Sn is independent from θ), then
(f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) interval is an invariant confidence inter-
val for P family. •

Theorem 1.3. Let P={Pθ, θ ∈ Θ} be a regular model , that is dGθ(x)
dx =

gθ(x) exist and is continuous, and m(θ) ≡ Eθ(Sm) is differentiable for all θ as
m

′
(θ) =

∫
um dgθ(u)

dθ du, θ ∈ Θ. Suppose that for ∀θ ∈ Θ

Pθ {Xn+1, ..., Xn+m ∈ (f1(X1, X2, ..., Xn),

f2(X1, X2, ..., Xn))} ≡ dm,m = N1, N2, ... ,
∑

N−1
i = ∞

(dm is independent of θ, m = N1, N2, ...). Under such conditions the distribution
of r.v.
Sn(X1, X2, ..., Xn, θ) is independent of θ . •

Theorem 1.2 and Theorem 1.3 pave a way of methods for constructing in-
variant confidence intervals. Development of these methods can be extended to
families of distribution with location parameters. Let us assume that we have
the family of distributions P= {Fθ(x) = F (x− θ) , θ ∈ Θ , F is known} . If it
is true that X1, X2, ..., Xn has d.f. Fθ ∈P, then we can write

Sn(X1, X2, ..., Xn, θ) = Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn))

= F (f2(X1, X2, ..., Xn)− θ)− F (f1(X1, X2, ..., Xn)− θ)

Define D+ = {(u1, u2, ..., un) ; u1 ≥ u2 ≥ ... ≥ un}and let a = (a1, a2, ..., an) ∈
Rn , b = (b1, b2, ..., bn) ∈ Rn , a[1] ≥ a[2] ≥ ... ≥ a[n] , b[1] ≥ b[2] ≥ ... ≥ b[n]

where a[.] , b[.] designate order of magnitude. Given these definitions, under the
conditions of

1.
n∑

i=1

a[i] =
n∑

i=1

b[i]

2.
k∑

i=1

a[i] ≤
k∑

i=1

b[i], k = 1, 2, ..., n− 1

it is said that vector a is majorant to vector b. This is expressed symbolically
as a ≺ b (see Marshal and Olkin, 1979).
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It is known that the necessary and sufficient condition for a ≺ b to hold true
is the condition that

n∑
i=1

aiui ≤
n∑

i=1

biui, for all u = (u1, u2, ..., un) ∈ D+.

(see Marshal and Olkin,1979, Chapter 4)

In order to utilize this theorem let a = ( 1
n , 1

n , ... 1
n ), b = ( 1

n−1 , 1
n−1 , ... 1

n−1 , 0),and
let X[1], X[2], ..., X[n] be the order statistics for the sample X1, X2, ..., Xn, X[n−i+1] =
X(i). Set

f1(X1, X2, ..., Xn) =
1
n

n∑
i=1

X[i] , f2(X1, X2, ..., Xn) =
1

n− 1

n−1∑
i=1

X[i].

Hence , it follows that

Fθ

(
1

n− 1

n−1∑
i=1

X[i]

)
− Fθ

(
1
n

n∑
i=1

X[i]

)

= F

(
1

n− 1

n−1∑
i=1

(X[i] − θ)

)
− F

(
1
n

n∑
i=1

(X[i] − θ)

)

= F

(
1

n− 1

n−1∑
i=1

(X(n−i+1) − θ)

)
− F

(
1
n

n∑
i=1

(X(n−i+1) − θ)

)
.

It is obvious that , here the distribution of X(n−i+1) − θ is independent of θ ;
which means that distribution of r.v. Sn is the same for all elements of class P.
Now , we can consider another class of distributions; let us take the family of
distributions P1 described as

P1 =
{

Fθ(x) = F (
x

θ
) , θ ∈ Θ , F (x) is known

}
.

For this class one can consider the r.v.

S̃n(X1, X2, ..., Xn, θ) = Fθ

(
n∑

i=1

biX[i]

)
− Fθ

(
n∑

i=1

aiX[i]

)

= F

(∑n
i=1 biX[i]

θ

)
− F

(∑n
i=1 aiX[i]

θ

)

= F

(
n∑

i=1

bi

X(n−i+1)

θ

)
− F

(
n∑

i=1

ai

X(n−i+1)

θ

)
.

Again since the distribution of X(n−i+1)

θ is independent of θ , the distribution of
S̃n (X1, X2, ..., Xn, θ) is independent of θ. Obviously , it will be true and easy
to show that for a two parameter family of distributions ;

P2 =
{

Fθ,µ(x) = F (
x− µ

θ
) , θ ∈ Θ , µ ∈ Θ1 , F (x) is known

}
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the distribution of a similar random variable

S∗n (X1, X2, ..., Xn, θ, µ) = Fθ,µ

(
1

n− 1

n−1∑
i=1

(X[i])

)
− Fθ,µ

(
1
n

n∑
i=1

(X[i])

)
,

is also independent from θ and µ.

1.1. The exponential distribution case

The exponential class of distributions occupies an important place in theory
and application among the families of distributions. For this reason ; distribu-
tion free confidence intervals and statistics based on these intervals need to be
discussed for this class.

Consider the class of distributions P3 = {Pθ : Pθ(x) = 1− exp(−θx) , x ≥ 0 , θ > 0} .
The parameter θ is a scale parameter for this family . Let X1, X2, ..., Xn be a
random sample with d.f. Pθ ∈P3, so

f1(X1, X2, ..., Xn) =
n∑

i=1

aiX[i] =
n∑

i=1

aiX(n−i+1)

f2(X1, X2, ..., Xn) =
n∑

i=1

biX[i] =
n∑

i=1

biX(n−i+1),

and a ≺ b .
A distribution free confidence interval for P3 is conceived by the following

theorems.

Theorem 1.4. For the class of exponential P3, it is true that

Pθ

{
Xn+1 ∈

(
n∑

i=1

aiX[i],
n∑

i=1

biX[i]

)}

=
n!

n∏
j=1

j∑
i=1

(ai + 1)
− n!

n∏
j=1

j∑
i=1

(bi + 1)

= α1(a1, a2, ..., an; b1, b2, ..., bn) = β1 , for ∀θ ∈ Θ,

and
(∑n

i=1 aiX[i],
∑n

i=1 biX[i]

)
= J(a, b, X1, X2, ..., Xn) is an invariant confi-

dence interval for the class P3 at β1 level. •
Corollary 1.5. Let , for example, a = (0, 0, ..., 1) and b = (1, 0, ..., 0), a ≺ b.

Then
∑n

i=1 aiX[i] = X[n] = X(1) ,
∑n

i=1 biX[i] = X[1] = X(n) and α1(0, 0, ..., 1; 1, 0, ..., 0) =
n−1
n+1 .•

Theorem 1.6. The probability that a new set of random sample values will
fall in the interval J(a, b, X1, X2, ..., Xn) is

Pθ {Xn+1, Xn+2, ..., Xn+m ∈ J(a, b, X1, X2, ..., Xn)}
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= n!
m∑

k=0

(−1)k (m
k

)
n∏

j=1

j∑
i=1

{(m− k) ai + kbi + 1}

≡ βm(a1, a2, ..., an; b1, b2, ..., bn) ≡ βm.•

Corollary 1.7. Let a = (0, 0, ..., 1) and b = (1, 0, ..., 0), a ≺ b. Then∑n
i=1 aiX[i] = X[n] = X(1) ,

∑n
i=1 biX[i] = X[1] = X(n). Then one can obtain

from Theorem 1.6

Pθ

{
Xn+1, Xn+2, ..., Xn+m ∈ (X(1), Xn)

}
=

n!m!
m + n

m∑
k=0

(−1)k

(m− k)!(n− 1 + k)!
=

n!
m + n

m∑
k=0

(−1)km!k!(n− 1)!
(m− k)!k!(n− 1 + k)!(n− 1)!

=
n!

(m + n)(n− 1)!

m∑
k=0

(−1)k

(
m

k

)(
n− 1 + k

k

)−1

=

=
n!

(m + n)(n− 1)!
.

n− 1
n− 1 + m

=
n(n− 1)

(m + n)(n− 1 + m)
. (2.3)

Since P3 ⊂ =c (2.3) may be obtained also from the following formula (see
Bairamov and Petunin , 1991, Theorem 2)

PF

{
Xn+1, Xn+2, ..., Xn+m ∈ (X(i), X(j))

}
=

n!(m + j − i− 1)!
(j − i− 1)!(m + n)!

∀F ∈ =c,

taking i = 1 and j = n. (Above in (2.3) we used the formula
∑m

k=0(−1)k
(
m
k

)(
a+k

k

)−1
=

a
a+m )•

Theorem 1.4 and Theorem 1.5 above show that a new random sample of size
m, Xn+1, Xn+2, ..., Xn+m will have observed values that fall in the distribution
free random interval J(a, b, X1, X2, ..., Xn) and the probability of this random
event is independent of exponential distribution parameter θ.

2. THE MAIN RESULT IN A TWO SAMPLE CASE

Let φ(u1, u2, ..., un) be a real valued integrable n dimensional function. Con-
sider a functional of it is defined as follows ;

HF (φ) =
∫

...

∫
φ(u1, u2, ..., un)dF (u1)dF (u2)....dF (un) , F ∈ F ,

where F is some class of distribution functions. The properties of functional
HF (φ) are
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i) HF (1) = 1
ii) HF (c1φ1 (.) + c2φ2 (.)) = c1HF (φ1) + c2HF (φ2).
Where φj (.) are distinct functions and cj ’s are real valued numbers.
Denote two random samples from two distributions F (u) and Q (u) as

(X1, X2, ..., Xn) and (Y1, Y2, ..., Ym), respectively. Let f1and f2 be the functions
with properties expressed in (1.1). The probability of a random event

Ak = {Yk ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} , k = 1, 2, ...m , is

p ≡ P (Ak) =
∫

...

∫
[Q(f2(u1, u2, ..., un))−Q(f1(u1, u2, ..., un))] dF (u1)dF (u2)....dF (un),

which is independent of k, as seen. If we take definition of HF (φ) above into
consideration, the required probability for the each Ak is calculated by the
following;

P (Ak) = p = HF [Q(f2(ū))−Q(f1(ū))] ≡ HF (Qf2
f1

(ū)),

where ū = (u1, u2, ..., un) and Q(f2(ū))−Q(f1(ū)) ≡ Qf2
f1

(ū). Denoting ,

ξk =
{

1, if random event Ak is observed
0, if random event Ak is not observed

and defining a new random variable as νm = ξ1 + ξ2 +... + ξm, which can
take values from the set {0, 1, 2, ...,m} , we can investigate the distributional
properties of likeliness of observing new sampled values falling into a designated
interval. Note that the r.v.’s ξ1, ξ2, ..., ξm are dependent.

Theorem 2.1. For k = 0, 1, 2, ...,m it is true that

P {νm = k} = Ck
mHF

([
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

)
,

where Ck
m =

(
m
k

)
= m!

k!(m−k)! , and mean and variance of νm are obtained as
follows, respectively:

E(νm) = mHF (Qf2
f1

(ū)),

var(νm) = m2

[
HF (Qf2

f1
(ū))2 −

(
HF (Qf2

f1
(ū))

)2
]

−m
[
HF (Qf2

f1
(ū))2 −HF (Qf2

f1
(ū))

]
.•

Lemma 2.2. The characteristic function for νm statistic is

ϕνm
(t) = HF

(
1 +

(
eit − 1

)
Qf2

f1
(u1, u2, ..., un)

)m

• .
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Now let us define standardized νm as ν∗m = νm−E(νm)√
var(νm)

with E(ν∗m) = 0, var(ν∗m) =

1. Denote

C(x) = P
{

Qf2
f1

(X1, X2, ..., Xn) ≤ x
}

= P {Q(f2(X1, X2, ..., Xn))−Q(f1(X1, X2, ..., Xn) ) ≤ x}

.

Theorem 2.3. Let f1 and f2 be continuous functions, F and Q are contin-
uous d.f.’s. Then it is true that

lim
m→∞

sup
0≤x≤1

∣∣∣P {νm

m
≤ x

}
− C(x)

∣∣∣ = 0.•

The following results follow from Theorem 2.3.

Corollary 2.4. Denote a = A(F,Q) = HF (Qf2
f1

(ū))2 and b = B(F,Q) =
HF (Qf2

f1
(ū)). Then under conditions of Theorem 2.3 it is true

lim
m→∞

sup
− b

a≤x≤ 1−b
a

|P {ν?
m ≤ x} − C1(x)| = 0,

where C1(x) = C(ax + b) and ν?
m = νm−Eνm√

m2(a−b2)−m(a−b)
.

Corollary 2.5. Let (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) be the invariant
confidence interval for some class of distributions = with confidence level α1,
i.e.

PF {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} = α1 for any F ∈ =.

Denote α2 = PF {Xn+1, Xn+2 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} , where
X1, X2, ..., Xn, Xn+1, Xn+2 is the random sample from distribution with d.f.
F ∈ =. Let F = Q and F ∈ =, X = (X1, X2, ..., Xn). Then

lim
m→∞

sup
x

∣∣∣∣∣P
{

νm −mα1√
m2(α2 − α2

1)−m(α2 − α1)
≤ x

}
− C2(x)

∣∣∣∣∣ = 0,

where

C2(x) = 
0, if x ≤ − α1√

α2−α2
1

P {F (f2(X))− F (f1(X))
≤
√

α2 − α2
1x + α1

}
,

if x ∈ (− α1√
α2−α2

1

, 1−α1√
α2−α2

1

)

1, if x ≥ 1−α1√
α2−α2

1

.•

Corollary 2.6. Let P==c, where =c is the family of all continuous distri-
butions. Let
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f1(X1, X2, ..., Xn) = X(i), f2(X1, X2, ..., Xn) = X(j), 1 ≤ i < j ≤ n . Given all
these we can write and show that (see Bairamov, Petunin,1991)

HF

(
F

u(j)
u(i) (u1, u2,...,un)

)
= P

{
Xn+1 ∈

(
X(i), X(j)

)}
=

j − i

n + 1
≡ αi,j and

HF

[(
F

u(j)
u(i) (u1, u2,...,un)

)m]
= P

{
Xn+1, Xn+2, ..., Xn+m ∈

(
X(i), X(j)

)}
=

n!(m + j − i− 1)!
(j − i− 1)!(m + n)!

≡ α
(m)
ij .

If i = 1 and j = n then α1,n = n−1
n+1 , α

(2)
1,n = (n−1)n

(n+1)(n+2) .

Corollary 2.7. Let X1, X2, ..., Xn be a sample with d.f F ∈P==c, where
=c is the family of all continuous distributions. Let f1(X1, X2, ..., Xn) = X(i),
, f2(X1, X2, ..., Xn) = X(j), 1 ≤ i < j ≤ n. In this case, C(x) in Theorem
2.3 has the form C(x) = PF

{
Q(X(j))−Q(X(i)) ≤ x

}
. If F = Q then C(x) =

P
{
F (X(j))− F (X(i)) ≤ x

}
= P {Wij ≤ x} , where Wij has beta distribution

with parameter (j − i, n − j + i + 1) (see David, 1970). This result conforms
with Theorem 3.3. in [4] . It is not difficult to see that a and b in Corollary 2.5

have the magnitudes a =
√

(j−i)(j−i+1)
(n+1)(n+2) − (j−i)2

(n+1)2 , b = j−i
n+1 .

3. AN APPLICATION IN HYPOTHESIS TESTING

Let P={Pθ, θ ∈ Θ} parametric family of distributions which is given. Also
let the random sample

X1, X2, ..., Xn, Xn+1, Xn+2, ..., Xn+m be drawn from distribution with d.f.
F. In order to test if this distribution belongs to P family or not; composite
hypothesis H0 : F ∈P is set against the alternative composite hypothesis H1 :
F /∈P .

To carry out the test, the following procedure is followed. Divide the random
sample X1, X2, ..., Xn, Xn+1, Xn+2, ..., Xn+m into two parts as X1, X2, ..., Xn

and Xn+1, Xn+2, ..., Xn+m.
Take f1(u) ≤ f2(u), u ∈ Rn such that

Pθ {Pθ(f2(X1, X2, ..., Xn)− Pθ(f1(X1, X2, ..., Xn)) ≤ x} = D(x) ∀θ ∈ Θ.

Then by (2.1)

Pθ {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} ≡ α1 = const ∀θ ∈ Θ,

Pθ {Xn+1, Xn+2 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))}
≡ α2 = const ∀θ ∈ Θ..
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Let
νm=νm(X1, X2, ..., Xn, Xn+1, Xn+2, ..., Xn+m)

statistic be expressed as the number of observations from Xn+1, Xn+2, ..., Xn+m

that fall into
(f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))

interval. By the result presented in section 2 above Eνm = mα1, var(νm) =
m2(α2−α2

1)−m(α2−α1) and by Corollary 2.5 the following is obtained if H0

is true:

lim
m→∞

sup
x

∣∣∣∣∣P
{

νm −mα1√
m2(α2 − α2

1)−m(α2 − α1)
≤ x

}
−D1(x)

∣∣∣∣∣ = 0,

where

D1(x) =


0 if x ≤ − α1√

α2−α2
1

D(x
√

α2 − α2
1 + α1) if x ∈

(
− α1√

α2−α2
1

, 1−α1√
α2−α2

1

)
1 if x ≥ 1−α1√

α2−α2
1

.

Accordingly, the critical region for the test, that we will call Wm+n
α is defined

as

Wm+n
α =

{∣∣∣∣∣ νm −mα1√
m2(α2 − α2

1)−m(α2 − α1)

∣∣∣∣∣ > xα

}
and when n is kept fixed it occurs in the limit that

lim
m→∞

P
{
(X1, X2, ..., Xn, Xn+1, ..., Xn+m) ∈ Wm+n

α | H0

}
= 1−(D1(xα)−D1(−xα)) = 1−α.

(4.1)
Let us investigate the power of Wm+n

α in point Q /∈P, when m and n tends
to ∞. By using Theorem 2.3 one can write

PQ

{∣∣∣∣∣ νm −mα1√
m2(α2 − α2

1)−m(α2 − α1)

∣∣∣∣∣ > xα

}
= 1−PQ

{
α1 − xα

√
(α2 − α2

1)−
α2 − α1

m
≤

≤ νm

m
≤ α1 + xα

√
(α2 − α2

1)−
α2 − α1

m

}
w→

1−
[
PQ

{
Q(f2(X))−Q(f1(X)) ≤ α1 + xα

√
α2 − α2

1

}
−

−PQ

{
Q(f2(X))−Q(f1(X)) ≤ α1 − xα

√
α2 − α2

1

}]
. (4.2)

It is seen from (4.2) that if α2 − α2
1 tends to zero as n tends to infinity then

Wm+n
α will be consistent for testing H0 against H1.
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Example 3.1. Assume we want to test the hypothesis H0 asserting that the
sample X1, X2, ..., Xn, Xn+1, Xn+2, ..., Xn+m has d.f Pθ(x) = 1 − e−

x
θ , x ≥ 0,

where θ > 0 is unknown parameter, against H1 asserting that X is not exponen-
tial. Let f1(X1, X2, ..., Xn) = −∞, f2(X1, X2, ..., Xn) =

∑n
i=1 X(i) =

∑n
i=1 Xi.

From results of Section 1 it follows that (−∞,
∑n

i=1 Xi) ≡ J is an invariant
confidence interval for the class P=

{
Pθ : Pθ(x) = 1− e−

x
θ , x ≥ 0, θ > 0.

}
Con-

sider ξi =
{

1, if Xn+i ∈ J
0, if Xn+i /∈ J

, i = 1, 2, ...,m and νm =
∑m

i=1 ξi. The values

of Pθ {Xn+1 ∈ J} = α1 and Pθ {Xn+1, Xn+2 ∈ J} = α2 are computed using
Theorem 1.4 and Theorem 1.6 It is clear that if H0 is true then

D(x) = Pθ

{
Pθ(

n∑
i=1

Xi) ≤ x

}
= Pθ

{
1− exp

{
−

n∑
i=1

Xi

θ

}
≤ x

}

= P

{
1− exp

{
−

n∑
i=1

Zi

}
≤ x

}
= P

{
n∑

i=1

Zi ≤ ln
1

1− x

}
= Γn,1(ln

1
1− x

),

where Zi
d= Xi

θ and P {Zi ≤ x} = 1 − e−x, x ≥ 0; Γn,1(x) is d.f of gamma
distribution with parameters (n, 1).

4. PROOFS OF THEOREMS

Proof of Theorem 1.2. Consider the equality (2.2). Denote Pθ {Sn(X1, X2, ..., Xn, θ) ≤ u}
= G(u). Since G(u) is independent of θ , the following equality holds true.

Eθ (Sn(X1, X2, ..., Xn, θ))m =
∫

umdG(u) = am ,m = 1, 2, ... •

Proof of Theorem 2.3. Under the stated conditions in the theorem , we
can write

Pθ {Xn+1, ..., Xn+m ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))}

=

1∫
0

umdGθ(u) =

1∫
0

umgθ(u)du = dm,m = N1, N2, ...
∑

i

N−1
i = ∞,

since the model is regular, we have
∫

um dgθ(u)
dθ du = 0 , m = N1, N2, ... .

According to Münttz-Szass theorem (see Akhiezer, 1961) the set of functions
uN1 , uN2 , ... with

∑
i N−1

i = ∞ is closed in the space of all continuous func-
tions C[0,1]. Then we obtain dgθ(u)

dθ = 0 and this shows that dGθ(u)
du = gθ(u) is

independent of θ. •
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Proof of Theorem 1.4. We can write

Pθ {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))}
= P {X1, X2, ..., Xn, Xn+1 ∈ G :

G = {(x1, ..., xn, xn+1) : xn+1 ∈ (f1(x1, ..., xn), f2(x1, ..., xn)), 0 < xn < ... < x1 < ∞}}

=

∞∫
0

x1∫
0

...

xn−1∫
0

f2(x1,...,xn)∫
f1(x1,...,xn)

n!dF (xn+1)dF (xn)...dF (x1)

= n!

∞∫
0

x1∫
0

...

xn−1∫
0

[F (f2(x1, ..., xn))− F (f1(x1, ..., xn))] dF (xn)...dF (x1)

n!

∞∫
0

x1∫
0

...

xn−1∫
0

[(
1− exp(−θ

n∑
i=1

bixi)

)
−

(
1− exp(−θ

n∑
i=1

bixi)

)]
×

×θn exp(−θ
n∑

i=1

xi)dx1...dxn

n!
n∏

j=1

j∑
i=1

(ai + 1)
− n!

n∏
j=1

j∑
i=1

(bi + 1)
. •

Proof of Theorem 1.6. We can express in detail that

Pθ {Xn+1, Xn+2, ..., Xn+m ∈ J(a, b, X1, X2, ..., Xn)}

= Pθ {(X1, ..., Xn, Xn+1, ..., Xn+m) ∈ G = {(x1, ..., xn, xn+1, ..., xn+m) :
xn+1 ∈ (f1(x1, ..., xn), f2(x1, ..., xn)), xn+2 ∈ (f1(x1, ..., xn), f2(x1, ..., xn))
, ..., xn+m ∈ (f1(x1, ..., xn), f2(x1, ..., xn)), 0 < xn < xn−1 < ... < x2 < x1}}

= n!

∞∫
0

x1∫
0

...

xn−1∫
0

f2(x1,...,xn)∫
f1(x1,...,xn)

...

f2(x1,...,xn)∫
f1(x1,...,xn)

dF (xn+m)...dF (xn+1)dF (xn)...dF (x1)

= n!

∞∫
0

x1∫
0

...

xn−1∫
0

[F (f2(x1, ..., xn))− F (f1(x1, ..., xn))]m dF (xn)...dF (x1)

= n!
m∑

k=0

(−1)k (m
k

)
n∏

j=1

j∑
i=1

{(m− k) ai + kbi + 1}
. •
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Proof of Theorem 2.1. Let Aik = {Yik ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} .
The probability that k of Y1, Y2..., Ym values fall in the interval (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))
is

P {νm = k} =
∑

i1,i2,..,im

P (Ai1, Ai2, ..., Aik, Aik+1 , Aik+2 , ..., Aim). (5.1)

Where A denotes the complement of A. Let us say that

P
(k)
i1,i2,..,im

= P (Ai1, Ai2, ..., Aik, Aik+1 , Aik+2 , ..., Aim
).

In this case, it is true that

P
(k)
i1,i2,..,im

=
∫

...

∫
A

dF (yi1 , yi2 , ..., yim
, x1, x2, ..., xn) and

A = {(yi1 , yi2 , ..., yim
, x1, x2, ..., xn) : −∞ < xi < ∞ , i = 1, 2, ..., n ;

f1(x1, x2, ..., xn) < yip
< f2(x1, x2, ..., xn), p = 1, 2, ..., k;

yij /∈ (f1(x1, x2, ..., xn), f2(x1, x2, ..., xn)), j = k + 1, k + 2, ...,m
}

.

Y1, Y2..., Ym and X1, X2..., Xn have the following joint distribution function by
independence;

F (yi1 , yi2 , ..., yim
, x1, x2, ..., xn) = Q(y1)Q(y2)..Q(ym)F (x1)F (x2)...F (xn).

So we can write

P
(k)
i1,i2,..,im

=
∫

...

∫
A

[Q(f2(u1, u2, ..., un))−Q(f1(u1, u2, ..., un))]k

x [1−Q(f2(u1, u2, ..., un)) + Q(f1(u1, u2, ..., un)]m−k
dF (u1)...dF (un)

= HF

([
Qf2

f1
(u1, u2, ..., un)

]k [
1−Qf2

f1
(u1, u2, ..., un)

]m−k
)

.

As sown here: P
(k)
i1,i2,..,im

probabilities in summation (5.1) are independent of
i1, i2, ..., im. The low order moments of interest for further uses are expressed
as follows

E(νm) =
m∑

k=0

kP {νm = k}

=
m∑

k=0

kCk
m

∞∫
· · ·
∫

−∞

[
Qf2

f1
(u1, u2, ..., un)

]k [
1−Qf2

f1
(u1, u2, ..., un)

]m−k

dF (u1)...dF (un)

=

∞∫
· · ·
∫

−∞

(
m∑

k=0

kCk
m

[
Qf2

f1
(u1, u2, ..., un)

]k [
1−Qf2

f1
(u1, u2, ..., un)

]m−k
)

dF (u1)...dF (un).
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Now, we need to find the summation

m∑
k=0

kCk
m

[
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

.

In detailed expression we find that

m∑
k=0

kCk
m

[
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

= m
m∑

k=1

Ck−1
m−1

[
Qf2

f1
(ū)
]k−1 [

1−Qf2
f1

(ū)
]m−k [

Qf2
f1

(ū)
]

= mQf2
f1

(ū)
m−1∑
i=0

Ci
m−1

[
Qf2

f1
(ū)
]i [

1−Qf2
f1

(ū)
](m−1)−i

= mQf2
f1

(ū).

Finally, we obtain

E(νm) = m

∞∫
· · ·
∫

−∞

Qf2
f1

(u1, u2, ..., un)dF (u1)...dF (un) = mHF

[
Qf2

f1
(u1, u2, ..., un)

]
It is also found that

E(ν2
m) = m2HF

[
Qf2

f1
(u1, u2, ..., un)

]2
−mHF

[
Qf2

f1
(u1, u2, ..., un)

]2
+mHF

[
Qf2

f1
(u1, u2, ..., un)

]
.•

Proof of Lemma 2.2. By definition,

ϕνm
(t) = E (exp(itνm)) =

m∑
k=0

exp(itk)P (νm = k)

=
m∑

k=0

exp(itk)Ck
mHF

[
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

=

∞∫
· · ·
∫

−∞

m∑
k=0

exp(itk)Ck
m

[
Qf2

f1
(u1, u2, ..., un)

]k [
1−Qf2

f1
(u1, u2, ..., un)

]m−k

dF (u1)...dF (un)

In order to carry out the calculation, first summation term is found as

m∑
k=0

exp(itk)Ck
m

[
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

=
m∑

k=0

Ck
m

[
exp(it)Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

=
(
exp(it)Qf2

f1
(ū) +

(
1−Qf2

f1
(ū)
))m

=
(
1−Qf2

f1
(ū) (1− exp(it))

)m

.

So we can write

ϕνm(t) =

∞∫
· · ·
∫

−∞

(
1−Qf2

f1
(u1, u2, ..., un) (1− exp(it))

)m

dF (u1)...dF (un)
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= HF

(
1 + (exp(it)− 1) Qf2

f1
(u1, u2, ..., un)

)m

. •

Proof of Theorem 2.3. By using Lemma 3.1 the characteristic function
of νm

m can be written as

ϕ νm
m

(t) = E(ei t
m νm) = HF

(
1 +

(
exp(i

t

m
)− 1

)
Qf2

f1
(ū)
)m

(5.2)

Denote Ψm(t) =
(
1 +

(
exp(i t

m )− 1
)
Qf2

f1
(ū)
)m

. Using Taylor expansion ex =
1 + x + o(x) and ln(1 + x) = x + o(x) one can write

lnΨm(t) = m ln
(

1 +
(

exp(i
t

m
)− 1

)
Qf2

f1
(ū)
)

= m ln
(

1 +
(

it

m
+ o(

it

m
)
)

Qf2
f1

(ū)
)

= m ln
(

1 +
(

it

m
Qf2

f1
(ū) + o(

t

m
)
))

= m

(
it

m
Qf2

f1
(ū) + o(

t

m
)
)

= itQf2
f1

(ū)+O(
1
m

)

Then
Ψm(t) = exp

(
itQf2

f1
(ū)
)

+ O(
1
m

)

It follows from (5.2) that

ϕ νm
m

(t) = HF (Ψm(t)) = HF

(
exp

(
itQf2

f1
(ū)
))

+ O(
1
m

). (5.3)

Letting to limit in (5.3) we obtain

lim
m→∞

ϕ νm
m

(t) = HF

(
exp

(
itQf2

f1
(ū)
))

≡ Ψ(t). (5.4)

It easy to see that Ψ(t) is continuous at the point t = 0. In fact one has

exp
(
itQf2

f1
(ū)
)

= 1 + itQf2
f1

(ū) +
i2t2

(
Qf2

f1
(ū)
)2

2!
+ o(t2)

and Ψ(t) = HF

(
exp

(
itQf2

f1
(ū)
))

→ 1 = Ψ(0) if t → 0.

Let F ∗m(x) be the d.f. of statistic νm, where x = k
m , k = 0, 1, 2, ...,m. By us-

ing Levy-Crammer theorem for characteristic functions (see Petrov,1975,Theorem
10,P.15) one can obtain that F ∗m(x) → F ∗(x), x ∈ [0, 1] and F ∗ has a character-
istic function

Ψ(t) =

1∫
0

eitxdF ∗(x). (5.5)

On other hand; from (5.4) we have

Ψ(t) = HF

(
exp

(
itQf2

f1
(ū)
))

=

∞∫
· · ·
∫

−∞

exp
(
itQf2

f1
(u1, u2, ..., un)

)
dF (u1)...dF (u2)
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= E
[
exp

(
itQf2

f1
(X1, X2, ..., Xn)

)]
=

1∫
0

eitxdP
{

Qf2
f1

(X1, X2, ..., Xn) ≤ x
}
(5.6)

Therefore from (5.5) and (5.6) we have F ∗(x) = P
{

Qf2
f1

(X1, X2, ..., Xn) ≤ x
}

=

F ∗(x) = P
{

Qf2
f1

(X1, X2, ..., Xn) ≤ x
}

= P {Q (f2(X1, ..., Xn))−Q (f1(X1, ..., Xn)) ≤ x} . •
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