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Abstract

In this work invariant confidence intervals for parametric class of distribu-
tions are considered. The finite sample and asymptotic properties of statistics
based on invariant confidence intervals are investigated and their use in statis-
tical inference is discussed.
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INTRODUCTION

Let X; Xs,..., X, be a sample from a distribution with distribution func-
tion (d.f) F € O, where S is some class of distribution functions. Suppose
fi(uq,ug, ..., upn) and fo(us ug, ..., u,) are two Borel functions with the following
property:

fl(ul)ug, ,un) < fg(ul)UQ, ,un) (ULUQ, ,un) e R". (1.1)

Let X,4+1 be a new sample point obtained from F and be independent of
X1, X0, .., Xp. If

P{Xp+1 € (f1(X1,X2,...., Xpn), fo(X1,Xo,.... X))} =a=const forall FeS,

then (f1(X1,X2,....X,), f2(X1, X2, ..., X,,) is called an invariant confidence in-
terval containing the main distributed mass for class of distributions & with
confidence level a .

It is well known that if F' € ., where &, denotes the class of all continuous
distribution functions, then

j—i

P{Xn+1 S (X(l)7X(J))} = n+1

)



where X(;) denotes the i th order statistic of the sample X; Xo,..., X, 1 <
1 < j < n. Hence the random interval (X(Z-),X(j)) is an invariant confidence
interval for class of all continuous distribution functions. It is known that (see
Bairamov, Petunin ,1991) if f; and fo are continuous, symmetric and different
on every set with a nonzero lebesgue measure functions of n arguments, only
the order statistics form invariant confidence intervals for ..

Properties of invariant confidence intervals for nonparametric class &, are
utilized in many applications, a test statistic can be found and criteria can be
established on the training samples for problems of classification of new observa-
tions (see Bairamov and Petunin ,1991; Bairamov, 1992). Similar applications
can also be extended to generalized Bernoulli schemes in variation statistics (see
Matveichuk and Petunin 1990; Matveichuk and Petunin 1991).

In this work we present the invariant confidence intervals for parametric class
of distributions. The finite sample and asymptotic properties of statistics based
on invariant confidence intervals are shown and their use in statistical inference
is discussed.

1. INVARIANT CONFIDENCE INTERVALS FOR PARAMET-
RIC CLASS

Following part present invariant confidence intervals that contain main dis-
tributed mass of general set of parametric classes of distributions.

Assume that parametric family of distributions P={Py, 6 € ©}is given. Let
f1(.) and £ (.) be n dimensional functions with the condition (1.1). Also assume
that X1, Xo, ..., X,,, X141 is a random sample from the distribution Py € P.

Definition 1.1. If the following is true,

Py {Xn+1 S (fl(Xl’X27 ...7Xn), f2(X1,X2, ...,Xn))} = ﬂ = const V0 € @,
(2.1)
then the random interval

(fl(Xl,XQ, ...,)(n)7 fQ(Xl, XQ, 7Xn)) = J(Xl,Xg, 7Xn)

is called invariant confidence interval containing the main distributed mass for
class P at confidence level 3. e

It is obvious that if X, 41, Xn42, ..., Xptm is a new sample independent of
X1, X5, ..., X, we can write for § € ©

P9 {XﬂJrlv ...,Xner € (fl(Xla X27 "'7Xn)7 fQ(leXQ, 7Xﬂ))} =

:/.../[Fg(fg(ul,...,un))—Fg(fl(ul,....,un))]mng(ul)...ng(un) =

= Ep [Fo(fo(X1, X2, ..., X00)) — Fo(f1 (X1, Xo, .., X)) (2.2)



Denote

Sn(XhXQa ...,Xn;9) = Fa(f2(X17X2, ,Xn)) - FQ(fl(Xl,XQ, ,Xn)) and
Go(u) = Py {Sn(X1,Xo, ..., X, 0) <u}.

Theorem 1.2. If the distribution of random variable (r.v.) S, (X1, X2, ..., Xn,0)
is the same for all § € © (i.e. the d.f of S, is independent from #), then
(f1(X1, Xo, ..., Xn), fo(X1, Xo, ..., X,,)) interval is an invariant confidence inter-
val for P family. e

Theorem 1.3. Let P={Fy,0 € ©} be a regular model , that is %@@ =
go(x) exist and is continuous, and m(0) = Ey(S™) is differentiable for all 6 as
m'(0) = fu’”dg;iéu)du, 6 € ©. Suppose that for V4 € ©

Pé’ {Xn+1; ceey Xner S (fl(X17X27 ceey Xn)v
f2(X1, X5, Xp))} = diym=Np, Ny, » Nyt =00

(dym, is independent of 8, m = Ny, Na, ...). Under such conditions the distribution
of r.v.

Sn (X1, Xa, ..., Xp,0) is independent of 6. e

Theorem 1.2 and Theorem 1.3 pave a way of methods for constructing in-
variant confidence intervals. Development of these methods can be extended to
families of distribution with location parameters. Let us assume that we have
the family of distributions P= {Fp(z) = F(x —0) , 0 € © , F is known} . If it
is true that Xy, X5, ..., X, has d.f. Fy €P, then we can write

Sn(X1, X2, ., X0, 0) = Fy(fa( X1, Xo,y ooy X)) — Fo(f1(X1, Xo, .., X))

= F(fa(X1, X2, ..., X)) = 0) = F(f1(X1, X2, .0, Xin) — 0)

Define DT = {(u1,ug,...,u,) ; us > ug > ... > uy, tand let a = (a1, az, ...,a,) €
R" ;b = (b1,b2,....,b,) € R" , ap) > ajg) > ... > ap , by = bz > ... > by
where a[) , by designate order of magnitude. Given these definitions, under the
conditions of

1. Z a[i] = Z bm
=1 =1

k k
2.2&[1'] < Zb[i],k =12,...,n—1
i=1 i=1

it is said that vector a is majorant to vector b. This is expressed symbolically
as a < b (see Marshal and Olkin, 1979).



It is known that the necessary and sufficient condition for a < b to hold true
is the condition that

Zaiui < Zbiui,for all u = (u1,us,...,u,) € DT.

(see Marshal and Olkin,1979, Chapter 4)

In order to utilize this theorem let a = (£, L, .. 1) b= (-5, L5, .15 0),and

let X[y}, X[g), ..., X[) be the order statistics for the sample X1, Xo, ..., Xp, X[p—iy1) =
X(i)- Set

fl(XlaX27"'7X ZX[z] ) f2(X17X27"'a ZX[z]

i=1
Hence , it follows that

(i) n (i5)
( Z z1—9> (;é(X[i]—9)>

n—1 n
=k (nl 1 Z(X(n*iﬂ) - 9)> - F (; Z(X(nfzﬂrl) - 9)) .

i=1

It is obvious that , here the distribution of X, _;41) — 6 is independent of 0§ ;
which means that distribution of r.v. S,, is the same for all elements of class P.
Now , we can consider another class of distributions; let us take the family of
distributions Py described as

P, = {Fg(x) = F(g) ,0€0, F(x) is known}.

For this class one can consider the r.v.

Fg (szX[z]> —Fg <ZG1X[Z]>
i=1 =1
. ( Z%{?Mﬂ) o (Z?lgaixm)

_F<Zb (n— z+1> F(Xn:aiX(naiH)>~

Sn(XlaX27 ~"7Xna 9)

i=1
Again since the distribution of is independent of 8 , the distribution of

S, (X1, X5,...,X,,0) is independent of 6. Obviously , it will be true and easy
to show that for a two parameter family of distributions ;

(nf'H»l)
0

T —

P, = {Fg)u(,’E) = F( 7 M) ,0€O , e F(x)is known}
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the distribution of a similar random variable

n—1 n
N 1 1
Sp (X1, Xy ooy Xy 0, 1) = Fo (TL—I Z(X[l])> — Fo (n Z(X[l])> )

=1

is also independent from 6 and p.

1.1. The exponential distribution case

The exponential class of distributions occupies an important place in theory
and application among the families of distributions. For this reason ; distribu-
tion free confidence intervals and statistics based on these intervals need to be
discussed for this class.

Consider the class of distributions P3 = {Py : Py(z) =1 —exp(—b0z) , >0, 6 > 0}.
The parameter 6 is a scale parameter for this family . Let Xy, X,..., X, be a
random sample with d.f. Py €P3, so

AXL Xy Xn) =D aiXy =Y aiX(nit1)
i=1 i=1

n n
Fo(X1, Xoy o, X) = D biX( = biX(n_is1),
i=1 i=1

anda <b.

A distribution free confidence interval for P35 is conceived by the following
theorems.

Theorem 1.4. For the class of exponential Pg, it is true that

Py {Xn+1 € (Z aiX[i]aZbiX[i]> }
=1 i—1

n! n!

n

0 @) 1150+

j=1i=1 j=1i=1

= ai(a1,ag, ..., an;b1,b2,...,b,) = 31 , for VO € ©,

and (37 aiXp), Yoi, biXpy) = J(a,b, X1, Xo,...,X,) is an invariant confi-
dence interval for the class P3 at 31 level. e
Corollary 1.5. Let , for example, a = (0,0, ...,1) and b = (1,0, ...,0),a < b.
Then Z?:l CLiXm = X[n] = X(l) y Z?:l bsz = X[l] = X(n) and al(O, 0, ceey 1; 1, 0, ceey O) =

n—1
n+1-°

Theorem 1.6. The probability that a new set of random sample values will
fall in the interval J(a, b, X, Xo, ..., X,) is

P@ {X7L+1aXn+27 ~-~7Xn+m S J(av ba X17X2a aXn)}



B IR

J
=0 Z{(mfk)aerkbtle}
j=1li=1

Bm(a1,az, ..., an; b1, b2, ... b)) = By

H:]:

Corollary 1.7. Let a = (0,0,...,1) and b = (1,0,...,0),a < b. Then
S aiXy) = Xy = Xy 5 Doieq biXji = X[1) = X(n)- Then one can obtain
from Theorem 1.6

nlm! & (—1)k
Py { X i1, Xpt2s oo, Xngm € (X (1), Xn) } = e Z CEICESE
k=0

“ m'k'n—l
Z (n—1)!

m+nk:0m k'k'n—1+k)'(n—1)!

n! m\ (n—1+k\""

= <m+n)(n—1)!,§(1)k<k>( k ) =
n! n—1 n(n—1)

T man)n—1)'n—1+m (m+n)(n—1+m) (2.3)

Since P3 C ¢ (2.3) may be obtained also from the following formula (see
Bairamov and Petunin , 1991, Theorem 2)

nl(m+j—i—1)!
(j—i—1l(m+n)!

Pp {X7z+1,Xn+27 "'7X'rl+'rn € (X(z)aX(j))} = VE €S,

taking i = 1 and j = n. (Above in (2.3) we used the formula ;" ,(—1)* (%) (“zk) -
afm ).

Theorem 1.4 and Theorem 1.5 above show that a new random sample of size
m, Xpt1, Xnt2, ..., Xntm will have observed values that fall in the distribution
free random interval J(a,b, X1, X5, ..., X;,) and the probability of this random
event is independent of exponential distribution parameter 6.

2. THE MAIN RESULT IN A TWO SAMPLE CASE

Let ¢(u1,usg, ..., up) be a real valued integrable n dimensional function. Con-
sider a functional of it is defined as follows ;

() = /.../¢(u1,u2,...,un)dF(ul)dF(uQ)....dF(un) FeF,

where F is some class of distribution functions. The properties of functional
Hp(9) are



i) Hp (1) =1

it) Hp(c1¢1 () + c202 (.) = c1Hp(¢1) + coHp(h2).

Where ¢, (.) are distinct functions and ¢; ’s are real valued numbers.

Denote two random samples from two distributions F (u) and @ (u) as
(X1, Xs,...,X,) and (Y1,Ys, ..., Y,,), respectively. Let fiand fo be the functions
with properties expressed in (1.1). The probability of a random event

Ak = {Yk - (fl(Xl,Xg,...,Xn),fg(Xl,XQ, 7Xn))} s k= 1,2, .mo, is

p= P(Ap) :/.../[Q(fg(ul,uQ,...,un))—Q(fl(ul,ug,...,un))} dF(u1)dF (ug)....

which is independent of k, as seen. If we take definition of Hp(¢) above into
consideration, the required probability for the each Ay is calculated by the
following;

P(4) = p = Hp [Q(f2(8)) - QUA(1)] = Hr(QF; (w),
where @ = (u1, uz, ..., un) and Q(f2()) — Q(f1(u)) = Q%2 (u). Denoting ,

£ = 1, if random event Ay is observed
71 0, if random event Ay, is not observed

and defining a new random variable as v,, = & + & +... + &, which can
take values from the set {0,1,2,...,m}, we can investigate the distributional
properties of likeliness of observing new sampled values falling into a designated
interval. Note that the r.v.’s &1, &, ..., &, are dependent.

Theorem 2.1. For k =0,1,2,...,m it is true that
& for o k e m—Fk
Plvm =k} =Chip ([QF@)] 1-QF@]" ).

where CF, = () = k,(#ik),, and mean and variance of v, are obtained as
follows, respectively:

E(vy) = mHp(Qf (1)),

var(,) = [ He(Qfi ) - (He(@f ) |

—m [He(QF (@) — Hr(QF ()] .o

Lemma 2.2. The characteristic function for v, statistic is

¢y, (t) = Hp (1 + (eit — 1) Q}E‘(ul,ug, ...,un))m ..

dF(uy,),



Now let us define standardized vy, as v, = “==L2Wn) with B(v?) = 0,var(v},) =

var(Vm)
1. Denote

Cla) = P{QP(X1 Xs . X,) <o}
= P{Q(f2(X17X27"'7Xn))_Q

Theorem 2.3. Let f; and f2 be continuous functions, F' and @ are contin-
uous d.f.’s. Then it is true that

lim sup ’P{V—m < x} - C(x)’ =0.e
m—o00<g<1 m
The following results follow from Theorem 2.3.
Corollary 2.4. Denote a = A(F,Q) = Hr(Q (2))* and b = B(F,Q) =
H F(Q}? (@)). Then under conditions of Theorem 2.3 it is true

lim sup |P{y}, <z}-Ci(z)]=0,

M—00_ p o 1-b
(1/71:7 a

where Cy(z) = C(ax +b) and v}, = \/m2(Z’i;2}fi*;(aib).
Corollary 2.5. Let (f1(X1, Xa, ..., X5), f2(X1, Xo, ..., X;,)) be the invariant
confidence interval for some class of distributions & with confidence level aq,

ie.
Pr {Xn+l S (fl(Xl,XQ, ...,Xn),fQ(Xl,XQ, 7Xn))} = ay for any F' € S

Denote Qo = PF {Xn+1aX’rL+2 S (fl(X17X2a "'7Xn)7f2(X17X27 7Xn))} ) where
X1, X9, .y Xy Xpg1, Xpnpo is the random sample from distribution with d.f.
FeSQ. Let F=Qand Fe S, X = (Xy,Xs,...,X,). Then

Vpm — Qg AT
P{\/mQ(ag—aQ)—m(ag—al) = } 2()

lim sup =0,

m—0o0 o

where

Co(z) =
0, if r < ——=

P{F(f,(X)) — F(f1(X))

; c(— aq 1—aq
§m$+a1}7 i wel \/02*0@7\/0‘27&?)

1, if > =0 .

y/az—af

Corollary 2.6. Let P=S., where <, is the family of all continuous distri-
butions. Let



fl(Xl,XQ, ,Xn) = X(i), f2(X1,X27 ,Xn) = X(j),l < ) <j <n. Given all
these we can write and show that (see Bairamov, Petunin,1991)

j—i
n+1

Hp (Ful) (ur, g, un)) = P{Xny1 € (X, X)) } = = o, ; and

HF |:(F73L((ZJ)) (Ul,U27,,,,Un))m:| =P {X7L+17Xn+2a -~-,Xn+m € (X(l)7X(J))}

n!(m+j—i—1)! Oz(-m)
(j—i—1l(m+n) £

Ifi:landj:nthenalﬂ,,:::—_ﬂ,aga:%.

Corollary 2.7. Let X;, X, ..., X, be a sample with d.f F' eP=S, where
S, is the family of all continuous distributions. Let fi(X1, Xa,..., X;) = X,
fa( X1, Xo, o, X)) = X(5),1 <0 < j < n. In this case, C(z) in Theorem
2.3 has the form C(z) = Pr {Q(X(;)) — Q(X(;)) < z}. If F = Qthen C(x) =
P{F(X(j)) — F(X@) <z} = P{W;; <z}, where W;; has beta distribution
with parameter (j —i,n — j + 4+ 1) (see David, 1970). This result conforms
with Theorem 3.3. in [4]. It is not difficult to see that a and b in Corollary 2.5

have the magnitudes a = \/(j_i)(j_Hl) SN Gl Gy N

(n+1)(n+2) (n+1)2> n+1-

3. AN APPLICATION IN HYPOTHESIS TESTING

Let P={Py,0 € ©} parametric family of distributions which is given. Also
let the random sample

X1, X0, ., X0y Xng1, Xnt2, ..oy Xntm be drawn from distribution with d.f.
F. In order to test if this distribution belongs to P family or not; composite
hypothesis Hy : F' €P is set against the alternative composite hypothesis H; :
F ¢P.

To carry out the test, the following procedure is followed. Divide the random
sample X1, Xo, ..., Xy, Xnt1, Xnt2, s Xntm into two parts as X1, Xo, ..., X,
and Xn+1, Xn+2, ceny Xn+m-

Take f1(u) < fo(u), w € R™ such that

Py {Py(fa( X1, Xo, ..., Xpn) — Po(f1(X1, Xo, ..., X)) <w} = D(x) V0 €O
Then by (2.1)

P@ {Xn+1 S (fl(XlaXQa "'7Xn)’f2(X1>X2a 7Xn))} =01 = const V0 S ("'),

Py{Xnt1, Xnt2 € (fi(X1, Xo, ..., Xy), fo(X1, X2, ..., X0)) }
= a9 =const V0 € O..



Let
Vm:Vm(X13X27 "')XTL7X77,+1) X’I’L+27 ~--7Xn+m)

statistic be expressed as the number of observations from X, 11, Xp12,..-s Xntm
that fall into
(.fl(X17 X2a seey Xn)7 fQ(Xla X27 ceey Xn))

interval. By the result presented in section 2 above Ev,, = may, var(vy,) =
m?2(az —a?) —m(az — ;) and by Corollary 2.5 the following is obtained if Hy
is true:

lim sup |P Vm — May B G
m—oo 4 \/mQ(ag - Oé%) - m(a2 — 041)
where
0 if r < — ao;l—a?
Di(z) ={ D(z\/ag —a3+a1) if z¢€ (_ I E 2)
\/0427011 \/&270(1
1 if > P7a12 .
042—011

Accordingly, the critical region for the test, that we will call W™t is defined
Vm — oy

as
wmtn = > o
{ Vm?(az —af) —m(az — a1) }

and when n is kept fixed it occurs in the limit that
lim P {(Xl,XQ, ...,Xn,Xn+1, '~'aXn+m) € W(;n+n | HO} = 1—(D1($Q)—D1(—$a)) =1—q.
(4.1)
Let us investigate the power of W™+ in point Q ¢P, when m and n tends
to co. By using Theorem 2.3 one can write

PQ{‘ S >l’a}—1—PQ{0!1—17Q\/(0!2—05%)_a2ma1 <

Vm2(az —ai) —m(as — ai)

R {QUA) - QU < ar - rafar a2

It is seen from (4.2) that if ag — a? tends to zero as n tends to infinity then
W+ will be consistent for testing Hy against Hj.
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Example 3.1. Assume we want to test the hypothesis Hy asserting that the
sample X1, Xo, ..., X, Xpt1, Xnt2, -y Xnim has df Py(x) =1 —e 7,2 >0,
where 6 > 0 is unknown parameter, against H; asserting that X is not exponen-
tial. Let fl(Xl,XQ, ,Xn) = —0Q, fg(Xl,XQ, ;Xn) = Z?:l X(z) = Z?:l X,
From results of Section 1 it follows that (—oco, Y. ; X;) = J is an invariant
confidence interval for the class P={P : Py(z) =1—e~ 7,2 > 0,6 > 0.} Con-

. 1, if Xpyi€J
sider & = { 0. if Xniz’ ¢J
of Pp{Xn41 €J} = aq and Py{X,41, Xnt2 € J} = ag are computed using
Theorem 1.4 and Theorem 1.6 It is clear that if Hy is true then

D(z) =Py {PG(ZH:Xi) < x} =P {1 —exp{—zn:)gi} < x}

i=1

:P{l—exp{—ZZi} <x} :P{ZZi<ln1_$} =La(lng—o),
i=1 i=1

where Z; 4 )g and P{Z; <z} =1—-e*z > 0; T'y1(z) is d.f of gamma

distribution with parameters (n, 1).

i =1,2,...,mand v, =Y.~ &. The values

4. PROOFS OF THEOREMS

Proof of Theorem 1.2. Consider the equality (2.2). Denote Py {S, (X1, X2, ..., Xpn,0) < u}
= G(u). Since G(u) is independent of 6 , the following equality holds true.

Ey (Sn(X1, X2, ..., X,,,0)" = /ude(u) =Qm,m=12 ..

Proof of Theorem 2.3. Under the stated conditions in the theorem , we
can write

PH {Xn-i-la ---7Xn+m S (fl(X17X27 ~--7Xn)a fZ(leXQa (XS Xn))}

1

1
= /udeg(u) = /umgg(u)du =d;,,m= N1, No, ... ZN[I = 00,
0 0 i

since the model is regular, we have fumdg;ié"')du =0, m = Ni,Ng,... .
According to Miinttz-Szass theorem (see Akhiezer, 1961) the set of functions
uN N2 with Do Ni_1 = o0 is closed in the space of all continuous func-
tions Cfo 1). Then we obtain dgsiéu) = 0 and this shows that %ﬁfu) = go(u) is
independent of 6. e

11



Proof of Theorem 1.4. We can write
P9 {XTL+1 € (fl(XhXQa "'3X7L)7 fQ(Xla X27 7X'fl))}
=P{X1,X0,...,. Xp, X1 €G:
G={(z1, ., T, Tpt1) : Tnt1 € (f1(x1, s Tn), fo(T1, 0y 1)), 0 < 2 < ... <21 < 00}}

oo 1 ZTn-1 f2(T1,0Tn)
:// / / nldF(xp41)dF (xy,)...dF(xq)
00 0 f1(3717~--,xn)

:n!7/... / [F(fa(1, ooy n)) — F(f1(21, .. 20))] dF (20)...dF (1)
0 0 0

x 0" exp(—6 Z x;)dxy...dxy,

=1
n! n!
n J o n J : *
[T > (a+1) JI X (bi+1)
j=1i=1 j=1i=1

Proof of Theorem 1.6. We can express in detail that
Pg {Xn+1, .XnJrQ, ceny Xn+m S J(a, b, Xl, XQ, ceey Xn)}

= Pg {(Xl, ...7Xn,Xn+17 '~'7Xn+m) eqG = {(xl, vy Ty Tt 1, ...,anrm) :
Tpnt1 € (fl(xh~-~7-'17n)7f2<-'171,---,xn))>$n+2 S (f1(l‘1,...7$n),f2($1,...,.’)§n))
sy Tngm € (f1(@1, s 20), fo(T1, s 20)),0 < 2y < Ty < .o <22 < 21}}

oo T Tp—1 fa(z1,.-es Ty ) fa(z,..., Tn)
=nl! / / / / / AdF (pym)...dF (Xpi1)dF(xy)...dF(21)
00 0 fl(xl"“aa:n) fl(mlv“'rzn)

:n!//... / [F(fa(x1, -y n)) — F(f1(z1, 00y 20))]" dF (20)...dF (21)
00 0

e :

= ﬁj{(m—k)aﬁkbiﬂj

12



Proof of Theorem 2.1. Let A;, = {Yir € (f1(X1, X2, ..., Xn), f2(X1, Xo, ..., Xp))}.
The probability that k of Y1, Y5..., Y;,, values fall in the interval (f1 (X1, Xa, ..., Xp), fo(X1, X2, ..., Xn))
is

P{I/m = k} = Z P(AilvAZQv"'7Aik7Aik+17Aik+27"~7m)' (51)

01,82,-5%m

Where A denotes the complement of A. Let us say that

PY) = P(Aun, Ay Ay Ay 1 A

11,82,--50r

Tht19 “ME420 "'7Aim)'

In this case, it is true that

k
Pi(l,zg,..,im = /---/dF(yil,yiy~-~7yi,,,”30179€27~-~79€n) and
A

A= {(yi17yi27"'7yim7x17x27“’7xn) o0 <z <00, 1= 1u27"‘7n 3
f1($17$2,.--,$n) < yip < f2($1,$2, ---axn)7p = 1a2,"'7k;
yij ¢ (f1<x1a$2; -~-;xn)7 f2(x1ax2a "-axn))a ,7 =k + 17k + 27 ,m} .

Y1,Y5....Y,, and X7, X5..., X,, have the following joint distribution function by
independence;

F(yiuyizv"'7yimax17x27"'7xn) = Q(yl)Q(yQ)Q(y"l)F(‘Tl)F(zQ)F(‘Tﬂ)

So we can write

Pi(lk,zg,..,im :/~~/[Q(f2(U17U2,.-.,Un))—Q(fl(ul,u%‘..?un))]k
A

x[1 = Q(fa(ur,ug,y...;un)) + Q(f1(ur, ug, ..., un)]mfk dF(uq)...dF(uy,)

o ([Qﬁ(“h“” )] 1= Q;‘-i(ul,u%...mn)]m_k) |

(k)

As sown here: P;°; probabilities in summation (5.1) are independent of

11,19, ..., im. The low order moments of interest for further uses are expressed
as follows

E(vm) = > kP {vm =k}
k=0

m—k

:ikq’;/m/ [Qﬁ(ul,ug,...,un)r [1—Q§§(u1,u2,...,un)] dF (uy)...dF (uy)
k=0 o

_ /OO/ (Em: kCk [Q;‘j(ul,ug,...,un)r [1 —Q§§(u1,u2,...7un)}m_k) dF (uy)...dF (u).
o k=0
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Now, we need to find the summation

S ket Q@] - o]
k=0

In detailed expression we find that

$*ict fofo]! [ afa] ™ =3 ox fogw] - ekoo] ™ oo
k=0

— mQP: Z [ (@) } [1 - QF (a)] o mQP (a).

=0

Finally, we obtain
E(vm) m/ /Qf1 (u1,u2, ..., up)dF (u1)...dF (u,) = mHp [Q;f(ul,u%...,un)}

It is also found that

2 2
E(W2)=m’Hp [Qfl (u1,ug, ..., n)} —mHp [Q;f(ul,u% ,un)} +mHp [Qﬁ (u1,us, ...,un)} ..
Proof of Lemma 2.2. By definition,
0y, (t) = E (exp(itvy,)) Zexp (itk)P(vy, = k)

_ i exp(ith)CF Hp [fo (a)} ’ [1 - QP (a)] "

/ /Zexp (itk)C* | Q [ 1 (u1, ua, ,un)] [1 - Qﬁ (u1, ug, ,un)} o dF(uy)...dF(uy,)

In order to carry out the calculation, first summation term is found as

S exp(ith)h, [ )] 1 - @ @] = 300k [explin@ @] [1 - @ ()]

k=0 k=0

= (exo@Qf @ + (1-QF@)) " = (1- Q@ (1 - explit)) "

So we can write

m—k

ou (¢ / / 1= Qf (ur,uz, yun) (1 — exp(it) ) dF (ur)..dF (uy)
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= HF (1 + (exp(zt) — 1) Q;?(’U&,UQ, 7un))m - o

Proof of Theorem 2.3. By using Lemma 3.1 the characteristic function
of #= can be written as

Qum (t) = E(e'w"™) = Hp (1 + (exp(i;) - 1) QF (u))m (5.2)

m

Denote V,,(t) = (1 + (exp(iL) — 1) ijcf (ﬂ)) . Using Taylor expansion e* =
1+ 2+ o(x) and In(1 + z) = z + o(x) one can write

In W, (£) = mIn (1 4 (exp( by 1) Q (u)) —mln (1 4 (“ T of “)) Qjﬁj(u))

i— = =
m m m

) =m (Lefi@+ o)) = inQh@+o()

m

3l

=mln (1 + (:;Q}‘f (@) + of
Then

W, (t) = exp (itQ;ﬁ (a)) + O(%)
It follows from (5.2) that

. _ 1
pum (1) = Hp (U (1)) = Hp (eXp (thﬁ (u))) +0(=). (5.3)
Letting to limit in (5.3) we obtain
lim g (1) = Hp (exp (itQ-fj (a))) = U(t). (5.4)
It easy to see that W(¢) is continuous at the point ¢ = 0. In fact one has
2
; faym
; 2 (5 ; 2 (5 12t2 (fo (u)) 2
exp <2th1 (u)) =1+1itQy: (u) + — + o(t%)

and U(t) = Hp (exp (itQﬁ (a))) 1 =0(0)if t — 0.
Let F (x) be the d.f. of statistic v,,, where z = % ,k=0,1,2,...,m. By us-
ing Levy-Crammer theorem for characteristic functions (see Petrov,1975,Theorem

10,P.15) one can obtain that F¥ (z) — F*(z),z € [0,1] and F* has a character-

istic function
1

() = / ¢t AR (z). (5.5)
0
On other hand; from (5.4) we have

w(t) = Hyr (exp (#Qf (1)) ) = /.../exp (i@ (1, s, ) ) dF (). dF (1)
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-F [exp (itQ;f(Xl,Xg,...,Xn))} - /1eimdP{Q;f(Xl,Xg,...,Xn) <z
0

(

=2
=

D.
Therefore from (5.5) and (5.6) we have F*(x) = P {Qﬁ’ (X1, X2,..,Xpn) < }

F*(z) =P {fo‘j(xl,XQ, X)) < x} = PLQ (fo(X1, o X)) — Q (f1(X1y e X)) < ). @
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