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Abstract

Distributional properties of spacings and exceedances based on progressive type II censored order
statistics are investigated. Recurrence relations between moments of concomitants for the model of
progressive type II censoring are given. We unify and extend some results on spacings, exceedances
and concomitants for the model of progressive censoring.
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1. Introduction

The model of progressive type II censoring is of importance in the field of reliability
and life testing. SupposeN identical units are placed on a lifetime test. At the time ofith
failure,Ri surviving units are randomly withdrawn from the experiment, 1� i�n. Thus,
if n failures are observed thenR1 + · · · + Rn units are progressively censored; hence
N = n+ R1+ · · · + Rn.
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XR̃1:n�XR̃2:n� · · · �XR̃n:n describe the progressively censored failure times.R̃ =
(R1, . . . , Rn) denotes the censoring scheme. As a special case ifR̃ = (0, . . . ,0) where
no withdrawals are made we obtain the ordinary order statistics.
Progressive censoring is discussed in the works ofViveros and Balakrishnan (1994),

Kamps (1995), Balakrishnan and Sandhu (1996),Aggarwala and Balakrishnan (1996), and
Kamps andCramer (2001).Balakrishnan et al. (2001a)give bounds formeans and variances
of progressive type II censored order statistics. In the recent paper ofBalakrishnan et
al. (2001b)progressive type II censored order statistics from exponential distribution are
considered.
If the failure times are from an absolutely continuous distribution function (d.f.)F and

probability density function (p.d.f.)f, the joint p.d.f. of the progressive type II censored
order statistics is given by

f X
R̃
1:n,...,XR̃n:n(x1, . . . , xn)= c

n∏
j=1

f (xj )(1− F(xj ))
Rj ,

wherec = ∏n
j=1 �j with �j =N − ∑j−1

i=1 Ri − j + 1, �1=N andN = n+ ∑n
j=1Rj .

The marginal d.f. and p.d.f. ofXR̃r:n are given, respectively, by

FX
R̃
r:n(x)= 1− cr−1

r∑
i=1

ai,r

�i
(1− F(x))�i , 1�r�n

and

f X
R̃
r:n(x)= cr−1f (x)

r∑
i=1

ai,r (1− F(x))�i−1, 1�r�n, (1)

wherecr−1 = ∏r
j=1 �j andai,r = ∏r

j=1
j �=i
(1/�j − �i ), 1� i�r�n, n�2, and the empty

product
∏

� is defined to be 1 (Kamps and Cramer, 2001).
Progressive type II censored order statistics can be viewed as a special case of generalized

order statistics which were introduced byKamps (1995). In the present paper, we consider
spacings from exponential distribution, exceedances and concomitants of progressive type
II censored order statistics.

2. Spacings

LetX1, X2, . . . , Xn be a random sample with continuous d.f.F. Denote byX1:n,X2:n −
X1:n, . . . , Xn:n − Xn−1:n the spacings (differences) of this sample. It is well known that
if the underlying distribution is exponential with parameter�, thenXk:n − Xk−1:n, k =
1,2, . . . , n (X0:n = 0) are independent andXk:n − Xk−1:n has an exponential distribution
with parameter(n− k + 1)�.
Consider the progressive type II censored order statisticsXR̃1:n�XR̃2:n� · · · �XR̃n:n based

on an absolutely continuous d.f.F. The independence property also holds for the random
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variablesXR̃1:n, XR̃2:n − XR̃1:n, . . . , XR̃n:n − XR̃n−1:n in the case of exponential distribution
(Kamps, 1995). In this caseXR̃k:n−XR̃k−1:n, k=1,2, . . . , n has an exponential distribution
with parameter��k, where�k =N − ∑k−1

i=1 Ri − k + 1, �1=N.

Define the following random variables:

�R̃ = k iff XR̃k:n −XR̃k−1:n�XR̃i:n −XR̃i−1:n, i = 1,2, . . . , n; i �= k

and

�R̃ = l iff XR̃l:n −XR̃l−1:n�XR̃i:n −XR̃i−1:n, i = 1,2, . . . , n; i �= l.

It is clear that�R̃ and�R̃ are the index of a spacing having minimal and maximal length, re-
spectively. In this case the random variablesXR̃

�R̃ :n−X
R̃

�R̃−1:n andX
R̃

�R̃ :n−X
R̃

�R̃−1:n represent
the minimal and maximal spacings of progressive type II censored order statistics, i.e. the
extremes of spacings. Since the random variablesXR̃1:n�XR̃2:n� · · · �XR̃n:n can be viewed
the failure times of units in progressive type II censoring scheme, extremes of spacings stand
for minimum and maximum length between two failures. Therefore they play an important
role to make a decision for a system. In this section, the joint and marginal distributions of
the random variables�R̃, �R̃, XR̃

�R̃ :n −XR̃
�R̃−1:n, X

R̃

�R̃ :n −XR̃
�R̃−1:n are presented. We shall

first establish the following lemma.

Lemma 2.1. LetZ1, Z2, . . . , Zn be independent randomvariables andP {Zi�x}=Fi(x),
i = 1,2, . . . , n. Define

� ≡ {k : Zk <Zi, i �= k}
and

� ≡ {l : Zl >Zi, i �= l}.
It is true that

P {� = k, � = l}
=

∫ ∞

−∞

∫ ∞

x

∏n
i=1 (Fi(y)− Fi(x))

(Fl(y)− Fl(x))(Fk(y)− Fk(x))
dFl(y)dFk(x), k �= l.

Proof. By the definition of� and�

P {� = k, � = l} = P {Zk <Z1, . . . , Zk <Zk−1, Zk <Zk+1, . . . , Zk <Zl−1,
Zk <Zl+1, . . . , Zk <Zn,Zl >Z1, . . . , Zl >Zk−1,
Zl >Zk+1, . . . , Zl >Zl−1, Zl >Zl+1, . . . , Zl >Zn}

= P {Zk <Z1<Zl, . . . , Zk <Zk−1<Zl, Zk <Zk+1<Zl,
. . . , Zk <Zl−1<Zl, Zk <Zl+1<Zl, . . . , Zk <Zn <Zl}

by conditioning onZk,Zl the proof is completed.�
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Theorem 2.1. LetF(x)= 1− e−�x, x�0, �>0. Then

P
{
�R̃ = k, �R̃ = l

}

= �2�l�k

∫ ∞

0

∫ ∞

x

∏n
i=1 (e−��i x − e−��i y)

(e−��lx − e−��ly)(e−��kx − e−��ky)
e−��ly e−��kx dy dx (2)

and

P
{
�R̃ = k

}
= �k∑n

i=1 �i
, P {�R̃ = l} = ��l

∫ ∞

0

∏n
i=1 (1− e−��i x)

(1− e−��i x)
e−��lx dx, (3)

k �= l, k, l = 1,2, . . . , n.

Proof. The equation given in (2) is obtained takingFi(x)= 1− e−��i x , i = 1,2, . . . , n in
Lemma 2.1. For marginal distributions one can write

P
{
�R̃ = k

}
= P

{
XR̃k:n −XR̃k−1:n�XR̃i:n −XR̃i−1:n, i = 1,2, . . . , n; i �= k

}
(4)

and

P
{
�R̃ = l

}
= P

{
XR̃l:n −XR̃l−1:n�XR̃i:n −XR̃i−1:n, i = 1,2, . . . , n; i �= l

}
(5)

conditioning onXR̃k:n −XR̃k−1:n andXR̃l:n −XR̃l−1:n in (4) and (5), respectively, and using the
independence property of spacings the result is obtained.�

In the following theorem, the joint and marginal distributions of extremes of spacings
are given.

Theorem 2.2. LetF(x)= 1− e−�x, x�0, �>0. Then

P
{
XR̃

�R̃ :n −XR̃
�R̃−1:n�x,XR̃

�R̃ :n −XR̃
�R̃−1:n�y

}

=
n∏
i=1

(1− e−��i y)−
n∏
i=1

(e−��i x − e−��i y), x < y.

Proof. It is obvious that

P
{
XR̃

�R̃ :n −XR̃
�R̃−1:n�x,XR̃

�R̃ :n −XR̃
�R̃−1:n�y

}

= P
{
XR̃

�R̃ :n −XR̃
�R̃−1:n�y

}
− P

{
XR̃

�R̃ :n −XR̃
�R̃−1:n > x,X

R̃

�R̃ :n −XR̃
�R̃−1:n < y

}
.

Repeating the arguments similar to the proof of Theorem 2.1 the result is obtained.�

Corollary 2.1. LetF(x)= 1− e−�x, x�0, �>0. Then

P
{
XR̃

�R̃ :n −XR̃
�R̃−1:n�x

}
= 1− e−�

∑n
i=1 �i x
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and

P
{
XR̃

�R̃ :n −XR̃
�R̃−1:n�x

}
=

n∏
i=1

(1− e−��i x).

3. Exceedances

Exceedances are closely related to the theory of tolerance limits first introduced by
Shewart (1931)and to the invariant confidence intervals containing the future observations
introduced byBairamov and Petunin (1990). Early discussions for exceedance statistics are
expressed in the works ofGumbel and von Schelling (1950), Epstein (1954), andSarkadi
(1957). Recent discussion are due toBairamov (1997),Wesolowski andAhsanullah (1998),
Bairamov and Eryılmaz (2000), Bairamov and Kotz (2001), andEryılmaz (2002).
LetX1, X2, . . . , Xk bea randomsamplewith continuousd.f.F. Denote theorder statistics

of this sample byX1:k�X2:k� · · · �Xk:k. Let Y1, Y2, . . . , Ym be another random sample
with continuous d.f.G. Define the statistics

V k,mr = #{i�m : Yi�Xr:k}
and

Wk,m
r,s = #{i�m : Yi ∈ (Xr:k, Xs:k)}.

The random variableV k,mr shows the number ofY’s below the random thresholdXr:k.
These typeof statistics are used in life testing, nonparametric tests for slippageandmodeling
nature events such as floods and droughts.
Now, let XR̃1:n�XR̃2:n� · · · �XR̃n:n be the progressive type II censored order statistics

based on an absolutely continuous d.f.F . Suppose thatY1, Y2, . . . , Ym are independent
and identically distributed random variables with absolutely continuous d.f.G. The random
variablesY1, Y2, . . . , Ym can be viewed as the life times ofm units which belong to the
second system and independent of the first system. LetM1 be the number ofY-failures
beforeXR̄1:n andMi the number ofY-failures betweenXR̄i−1:n andXR̄i:n , i = 2,3, . . . , n.
Recently,Ng and Balakrishnan (2004)proposed the weighted precedence test, based on
M1,M2, . . . ,Mn, for testing hypothesis H0 : F =G against H1 : F >G. The joint distri-
bution ofM1,M2, . . . ,Mn under hypothesis H0 : F = G and under Lehmann alternative
can be found inNg and Balakrishnan (2004).
It is of interest to consider the exceedance statistics

V R̃r,m = #
{
i�m : Yi�XR̃r:n

}

which shows the number ofY’s below the random thresholdXR̃r:n. This statistic can be used
to compare the reliability structure of systems. Under the hypothesis H0 : F =G, the exact
distribution ofV R̃r,m is

P
{
V R̃r,m = j

}
=

(
m

j

)
cr−1

r∑
i=1

ai,rB(j + 1,m− j + �i ), j = 0,1, . . . , m,

whereB(a, b) is a Beta function.
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In the case of ordinary order statistics, i.e.R̃= (0, . . . ,0) the statisticV R̃r,m coincides with
V
k,m
r and its probability mass function is given by

P
{
V k,mr = j

}
=

(
r+j−1
r−1

) (
m+n−j−r

n−r
)

(
m+n
n

)
=

(
m

j

)
B(j + r,m− j + n− r + 1)

B(r, n− r + 1)
which is the negative hypergeometric distribution. Under the hypothesis H0 : F =G, it is
also true that

P
{
V R̃r,m = j

}
= cr−1

r∑
i=1

ai,r

�i
P

{
V

�i ,m
1 = j

}
, j = 0,1, . . . , m,

where the random variableV
�i ,m
1 denotes the number ofY’s below the random threshold

X1:�i .X1:�i denotes the smallest ordinary order statistics in a sample of size�i .
Let us consider the statistic

WR̃
r,s,m = #

{
i�m : Yi ∈

(
XR̃r:n,XR̃s:n

)}

which can be representedWR̃
r,s,m = V R̃s,m − V R̃r,m.

In the following we give the asymptotic distributions ofV R̃r,m andW
R̃
r,s,m. Proofs are

omitted since they followBairamov (1997). See alsoBairamov and Eryılmaz (2000).

Theorem 3.1. It is true that, for m → ∞

V R̃r,m

m

d→G(XR̃r:n)

and

WR̃
r,s,m

m

d→G(XR̃s:n)−G(XR̃r:n).

Corollary 3.1. Under the hypothesisH0 : F = G, the asymptotic distribution of
V R̃r,m
m

for
large m is

P
{
F(XR̃r:n)�x

}
= P

{
UR̃
r:n�x

}
= 1− cr−1

r∑
i=1

ai,r

�i
(1− x)�i , 0<x <1.

WedenoteUR̃
r:n as therth progressive type II censored order statistics based on a standard

uniform distribution.
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4. Concomitants

Let(X1, Y1), (X2, Y2), . . . , (Xn, Yn) be a randomsample froma continuous bivariate d.f.
F(x, y). If we denote byXr:n therth order statistics of theXsample values then theYvalues
associated withXr:n is called the concomitant of therth order statistic and is denoted by
Y[r:n]. The concomitants are of interest in selection and prediction problems. For a detailed
review of the concomitants seeBhattacharya (1984)andDavid (1993).
In the literature, there are many papers connected with concomitants.David et al. (1977)

derived the distribution of the rank ofY[r:n]. David and Galambos (1974)discussed the
asymptotic properties of the rank ofY[r:n]. Bairamov and Bekçi (1999)considered the con-
comitants for bivariate Farlie–Gumbel–Morgenstern (FGM) distributions and they gave the
recurrence relation between moments of concomitants. Recently,Eryılmaz and Bairamov
(2003)derived the distribution of the new sample rank of an order statistics and its con-
comitant.
Concomitants can also be defined in the case of generalized order statistics, or progressive

type II censoring. InKamps (1995)the distribution of concomitant is given for Pfeifer’s
record model. This way the p.d.f. ofrth progressive type II censored concomitant is given
by

f
Y R̃[r:n](y)=

∫ ∞

−∞
f X

R̃
r:n(x)f (y | x)dx, (8)

wheref (y | x) is the conditional p.d.f. ofY givenX = x andf X
R̃
r:n(x) is the p.d.f. of the

rth progressive type II censored order statistics.
In this section, we consider the concomitants for the model of progressive type II cen-

soring.

Lemma 4.1. The p.d.f. ofY R̃[r:n] can be represented as follows:

f
Y R̃[r:n](y)= cr−1

r∑
i=1

ai,r

�i
fY[1:�i ](y),

wherefY[1:�i ](y) is the p.d.f. of the first concomitant of ordinary order statistics from a
sample of size�i .

Proof. By using (8)

f
Y R̃[r:n](y)=

∫ ∞

−∞
cr−1f (x)

r∑
i=1

ai,r (1− F(x))�i−1f (y | x)dx

= cr−1
r∑
i=1

ai,r

∫ ∞

−∞
f (x)(1− F(x))�i−1f (y | x)dx

= cr−1
r∑
i=1

ai,r

∫ ∞

−∞
1

�i
f1:�i (x)f (y | x)dx
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sincefY[1:�i ](y)= ∫ ∞
−∞ f1:�i (x)f (y | x)dx the lemma is proved.�

According to Lemma 4.1 the p.d.f. ofrth concomitant of progressive type II censored
order statistics is represented as the weighted sum of the first concomitant of ordinary order
statistics.
By using Lemma 4.1, it is possible to represent thekth moment ofY R̃[r:n] as follows:

�(k)
r,R̃

= cr−1
r∑
i=1

ai,r

�i
�(k)�i ,

where�(k)�i = EYk[1:�i ].
For illustration, let us consider the bivariate FGM distribution with uniform marginals

whose two dimensional d.f. and p.d.f. are given, respectively, by

F(x, y)= xy{1+ �(1− x)(1− y)}, f (x, y)= 1+ �(1− 2x)(1− 2y),
0<x, y <1, −1���1. (9)

In this case, it is easy to compute that

fY[1:�i ](y)= 1+ �(1− 2y)
(

�i − 1
�i + 1

)
.

Thus the p.d.f. ofY R̃[r:n] is

f
Y R̃[r:n](y)= cr−1

r∑
i=1

ai,r

�i

{
1+ �(1− 2y)

(
�i − 1
�i + 1

)}
.

In the case of FGM distribution thekth moment ofY[1:�i ] is

�(k)�i = 1

k + 1
{
1− �

[
�i − 1
�i + 1

]
k

k + 2
}

and hence

�(k)
r,R̃

= cr−1
r∑
i=1

ai,r

�i

1

k + 1
{
1− �

[
�i − 1
�i + 1

]
k

k + 2
}
.

Lemma 4.2. It is true that,

f
Y R̃[r:n](y)− f

Y R̃[r−1:n](y)= cr−2
r∑
i=1

ai,rfY[1:�i ](y).

Proof. By using Lemma 4.1,

f
Y R̃[r:n](y)− f

Y R̃[r−1:n](y)= cr−1
r∑
i=1

ai,r

�i
fY[1:�i ](y)− cr−2

r−1∑
i=1

ai,r−1
�i

fY[1:�i ](y).



I. Bairamov, S. Eryılmaz / Journal of Statistical Planning and Inference 136 (2006) 527–536535

Since,ai,r−1= ai,r (�r − �i )

f
Y R̃[r:n](y)− f

Y R̃[r−1:n](y)= cr−2�r
r∑
i=1

ai,r

�i
fY[1:�i ](y)

− cr−2
r−1∑
i=1

ai,r (�r − �i )

�i
fY[1:�i ](y)

= cr−2
r∑
i=1

ai,rfY[1:�i ](y).

By using a relation which is given in Lemma 4.2, recurrence relation between�(k)
r,R̃
and

�(k)
r−1,R̃ is given by

�(k)
r,R̃

− �(k)
r−1,R̃ = cr−2

r∑
i=1

ai,r�
(k)
�i .

For FGM distribution given in (9)

�(k)
r,R̃

− �(k)
r−1,R̃ = cr−2

r∑
i=1

ai,r
1

k + 1
{
1− �

[
�i − 1
�i + 1

]
k

k + 2
}
.
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