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Let G = {Gq,a € AU} be some class of general populations with distribution
functions Fo(u) (o € ™), z§,2%,--+,z2 being a sample from the general population
G, obtained by a simple sampling and z®an observation from G, independent of the
sample z¢, - - -, 5. Consider two measurable functions of n variables, f1(u1,u2,- -, us)
and f2(’l£1, U2, ,un)7 Sa'tiSfying the inequa‘lity fl(uh U2y * ’un) < f2(u1’ Uz, v ,un)
(for all (u1, ug, -+, un) € R™).

With the help of the functions fi(u1,u2,-*,us), fo(u1,us, -, u,) and the sam-
ple z¢,- .-,z the random confidence interval Jo = (fi(z§, -, %), f2(z§, -+, 2%))
(o € ) may be constructed for the bulk of the distribution of the general population
Ga,.

DEFINITION 1. A random interval J, = (f1(z$,---,22), f2(2$, - -+, 22)) is called
a confidence interval for the bulk of the distribution G, with invariant significance

level 1 — @ in the class G (or simply an invariant significance interval for the class G)
if

P(z* € Jo) =P(f1(2F,+,28) < 2% < faaf,---,22)) =0  (Vae ).

Note. The definition of an invariant confidence interval admits the cases when
fi(ui, - ,up) = —oo or fa(uy,--+,un) = oo; such invariant confidence intervals are
called one-sided in contrast to two-sided, when neither f;(ui,---,un) # —oo nor
f2(u1’ cot au‘n) ?_é o0.

Thus invariant confidence intervals in the class G have the significance level v =
1 — 6, which does not depend on the population G, € G. The main objective of the
paper is to clarify the construction of invariant confidence intervals for the class Go
of general populations with continuous distribution F,(u), and also to find the set of
significance levels corresponding to all possible invariant confidence levels for the class
Ge.

Invariant confidence intervals for the class G¢ were found for the first time in

[1]; to describe these intervals we denote by z() < 22 £ -+ £ z(n) the varia-
tional series [2], constructed according to the sample z1,z3, -+, Z,; then the functions
fi(zy, -, zn) = x5 and fao(z1, -+, 2n) = 2¢) (i < j), where z(;) and x(;) are the

ith and the jth order statistics, respectively, define an invariant confidence interval
Jo with confidence level 8 = (5 —1)/(n +1):

j—1
P<$° € (wﬁ)’x@_))) =n¥1 (VGq € Go).

It turns out that there is no other invariant confidence interval for the class Gg;
more precisely, the following theorem holds.

THEOREM 1. Let fi(z1,--+,zn) and fo(z1,---,z,) be two continuous symmetric
functions satisfying the inequality
fl(ml,' o ,xn) < f2(:1"1" : 'aa"n))
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16 I. G. BAIRAMOV AND YU. I. PETUNIN

which coincide only on a set in R™ of Lebesgue measure zero. A two-sided confidence
interval Jo = (f1(ag,- -, 22), f2(2$, -+, 22)), containing the bulk of the distribution
of the general population G, with confidence level 0 is invariant for the class G of the
general jopulations with continuous distributions if and only if f1(x1,- -+, xn) = z(),
f2(21,+ -+, 20) = x(j), where i < j and x(;), €(;) are some order statistics constructed
from the sample x1,---,xy,.

For the sake of brevity the proof of the theorem will be given for n = 2; in the
case of arbitrary natural n > 2 the proof is quite similar. So let z1,z3,z3 be a sample
from a general population G € G¢ with continuous distribution function F'(u) and
let fi1(u1,u2), fa(u1,uz) be some functions satisfying the conditions of the theorem.
Define the functional g(F') on the set F¢ of all continuous distributions F'(u) in the
following way:

g(F) = P{xs € (fl(xl,zz),fz(zl,xz))}

(1) 00 poo
= [ [ [P(atur,un)) - P(ra(a, )] dF(wr) dF (o).
Denote by C(—o0,00) the vector space of all continuous bounded functions, de-
fined on the real line R!. It is obvious that the set Fo C C(—o00,00) is convex.
DEFINITION 2. The derivative of a functional h(F') defined on a convex set M of
a vector space E at the point Fy € M in the direction of F; € M is the value

h(Fo + o(F1 — Fo)) — h(FO)’

/ 1
 (Fo) = lim o

0<a<1

The following obvious assertion is valid.

LEMMA 1. The derivative of the functional g(F) defined by the equality (1) on
the conver set M = Fo C E = C(—o00,00) at the point Fy in the direction of F can
be calculated using the formula

g;:'(Fo) = 2//°° [FO(fZ(ul,w)) - Fo(f1(u1,u2))] dF (uy) dFp(uz)
® p
+ //—oo [F(f2(U1,U2)) - F(fl(ul,ug))] dFO(ul) dFo(uz) _ 3g(F0).

LEMMA 2. Let the functional g(Fy, F1) on the Cartesian product Fc x F¢ of the
set Fco of all continuous distribution functions be defined by the formula

§(Fo, F1) = //_‘: [Fo(fz(uh uz)) — Fo(f1(u1, u2))] dFy(uy) dFy(us);

moreover, let its restriction to the diagonal of the Cartesian product g(F) = g(F, F)
be a constant g(F) = A*, (F € F¢). If there exists a pair (F, F) in Fo x Fc such that

g(F, I?‘) =0, then, for each (Fo, F1) € Fc x Fc, the inequality g(Fo, F1) < % holds.
Proof. By virtue of Lemma 1, we obtain

gfp(Fo) =2 /1: [Fo(fz(u1,u2)) - Fo(f1(u1,u2))] dF (u1) dFy(uz)
+ //_00 [F(fz(m,uz)) - F(fl(ul,uz))] dFo(u1) dFo(ug) — 34* = 0
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whence
(8)  2g(Fo, F1)+ //—°° [Fl (f2(u1,u2)) — A (f1(u1,u2))] dFy(u1) dFo(ug) = 3A".

Accor_ding to the conditions of the theorem there exist distributions F, F such that
g(F, F) = 0; thus, in view of (3) we have

// F (f2(u1,u2)) = F (fl(ul,U2))] dF(u1) dF(ug) < 1

so that A* £ % Assume

6 =sup {g(Fo, F1): (Fo, 1) € Fo x Fc},

and let € be an arbitrary positive number. Choose the distributions F., F=s so that
6 < (Fe, F.) + ¢; then, according to (3),

2(5 - 8 // f2 ul,u2)) 5(f1(U1,U2))] dfs(ul) dF:e(U2) < 3A*,

and hence 2(6 — ¢) < 34*. This inequality and A* < § yield § < % + ¢ and, due to the
arbitrary choice of ¢ > 0, é < 2, which completes the proof.

Let u = (u1,uz, -, uy) be a random point in the n-dimensional Euclidean space
R™ and u(1) £ -+ £ u(n) a permutation of the coordinates of u according to increasing
order.

DEFINITION 3. A function of n variables (n 2 i) having the form

Sai(uly U2, ,un) = U(s)

is called a fundamental ith symmetric function.

The proof of the theorem will now be carried out by contradiction: assume that
at least one of the functions f;(u1,u2) and fa(u1,us2) is not a fundamental symmet-
ric function. Then, by virtue of results of [3], it follows that neither fi(u1,u2) nor
f2(u1,uz) coincides with any of the fundamental functions 1 (u1,ua), 2(u1,u2) :

(4) filu1,u2) # @1(u1,uz), filua,u2) # pa(ur,uz).

As a matter of fact, if at least one of these functions (for example, fi(ui,uz2)) does
coincide with some fundamental symmetric function (for example, with ¢;(u1,u2)),
then the one-sided confidence interval

{zs < fa(z1,22)} = {f1(z1,22) < T3 < faw1,22)} U {z3 £ f1(z1,22)}

being the union of two invariant confidence intervals, is also an invariant interval;
thus, in view of a theorem in (3], f2(u1,u2) = u(z), which contradicts the inequality
fa(u1,uz) # p2(u1,uz). Hence, by the assumption, fi(u1,u2) # u(), fa(u1,u2) # ug)

(:=1,2). Assume
Mi(f1) = {(u1,u2): fi(ua,u2) # e1(u1,u2)},

Ma(f1) = {(u1,u2): fi(u1,u2) # p2(u1,uz)}.
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It is easy to see that Mj(f1) and My(f1) are open sets, their intersection M(f;) =
M;i(f1) N M2(f1) being also a nonempty open set. Denote

T = {(u1,u2): filur,uz) = fa(ur,ug)}.

According to conditions of the theorem, the set T has Lebesgue measure equal to
zero; thus, M(f1)\T is not empty. Indeed, suppose that M(f;) C T; since M(f1)
is a nonempty open set, there exists a ball S(z,e) C M(f1) C T, which contradicts
the fact that the Lebesgue measure of T is equal to zero. Thus there exists a point

(a1,a2) € M(f1)\T(aq) < agz)):
filar,a2) # wilar,a2), (i=1,2), fi(a1,a2) < fa(a1,a2).

Assume first that fao(a1,az) # pi(a1,a2) (¢ =1,2). Let A = f1(a1,a2), B = f2(a1,a2),
where A < B; then, for some ¢ > 0, the intervals (a1) — ¢, a(1) +¢), (ag2) — €, a(2) +¢€),
(A—e,A+¢), (B—¢,B+e¢) are mutually disjoint. According to the conditions of the
theorem, the functions f;(u1,uz) and fa(u1,ug) are continuous and symmetric; thus,
it is possible to choose an ¢; € (0,¢) such that

A-—Eéfl(ul,'lm) <A+e and B—€§f2(UI,U2)§B+E

for any (u1,us2) from the square K = {(ul,ug): a@y — €1 Sup aqy t+er, ap) —€1 <
uz < ag) + 51}. By construction, all the intervals (A — ¢, A +¢), (B —¢,B + ¢),
(aqy — €1,a(1) + €1), (a@2) — €1,0a(2) + €1) will be mutually disjoint. The following
arrangements of the midpoints of these intervals may occur:

1. A<aq) < B<agp), 4. A<aqp) <ap) < B,

2. aq) < A<ag < B, 9. A< B <aqy < ay),

3. a) < A< B < agy), 6. aq) <a@) <A<B.

Consider the alternatives 1 and 2 first. Let us show that in these cases two
pairs of distributions may be constructed: Fy, Fy and F», F3, for which g(Fy, F1) =0,
g(F», F3) = 1. This contradicts Lemma 2. In case 1, one can take as Fy(u) the uniform
distribution in the interval (a(2) — €1,a(2) +£1) and as F1(u) the uniform distribution
in the interval (a(;) — €1,a(1) + €1); then

9(Fo, F1) = //_Z [Fo(fz(uhuz)) - Fo(fl(ul,uz))] dFo(u1) dFy (uy)
= 4%5% //K [Fo(fz(ul,uz)) - Fo(fl(ul,uz))] duy dug =0,

since fi(u1,u2) € (A —¢,A+¢), fa(ui,uz) € (B —¢,B +¢) for any (u1,us) € K.
Assuming now that Fy(u) = Fi(u), F3(u) = Fy(u), we obtain

g(Fa, F3) = 4—i% //K [Fl (f2(u1,u2)) — F1 (fl(ul,uz))] duy dug =1,

since Fy (f1(u1,u2)) = 0 for any (u1,us) € K, and Fy (f2(u1,u2)) = 1.

In case 2, we select as Fo(u) the uniform distribution in the interval (a(l) — €1,
a(1) +€1), and as Fy(u) the uniform distribution in the interval (a() — €1, a(2) + €1);
moreover, g(Fo, F;) = 0. Substituting now F;(u) for Fp(u) and Fy(u) for F3(u), we
obtain g(Fy, F3) = 1.

The subsequent reasoning will be based on the following lemma.

LEMMA 3. Let (x1,x2,73) be a sample from a general population with continu-
ous distribution and fi(ui,us), fa(ui,u2) continuous symmetric functions, forming
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an invariant confidence interval J = (fi(x1,22), f2(z1,2)) for the class Fc of all
continuous distributions. If there exists a point (a1,a) € R? such that the intervals
(A-¢e,A+e¢), (B—¢,B+e), (aq) —€1,a0) +€1), (a@) —€1,a(2) +€1) are mutually
disjoint for some €,e1 > 0, where A = fi(a1,a2), B = f2(a1,a2), a1y = min(ay, az),
a(2) = max(ay,az), then 0 < A* =P(zz € J) < 1.

Proof. Denote by [a, b] the minimal segment containing all the intervals (A—e, A+
€), (B—¢,B+¢), (aq) — €1,a(1) +€1), (a@2) — €1,a(2) +€1). Consider the distribution
F(u) with the following properties:

1. Fu)=0ifuga; Fluy=1ifuzb.

2. The function F(u) is linear on the segments [a(1)—€1,a(1)+€1], [a@) —€1, a2)+
€1}, and F(aq) +€1) — F(aqy —€1) = F(a) +¢€1) — Fla@) —€1) = %

3. The function F'(u) takes on the constant value ¢y on the segment [A—e, A+e]
and the constant value c; on the segment [B — ¢, B + €], where Scp—c £ g

4. To the other points of [a,b] the function F(u) is extended continuously (for
example, linearly).

One may observe that such a distribution function exists for any arrangement
of mutually disjoint intervals (A —¢,A4 +¢), (B — ¢, B + ¢), (aq) — €1,a() + €1),
(a(2) — €1,a(2) + €1) on the segment [a, b].

Let z1, x5, x3 be a sample obtained by a simple sampling from the general popu-
lation G with distribution F'(u). Then

P{:cg € (fl(:cl,mg),fz(xl,mz))}
= P{fl(zl,mg) < 3 < fa(z1,72), (71,72) € K}
+P{f1(z1,72) < x3 < fa(z1,72), (21,22) € CK}
> P{fl(ml,wz) < z3 < fa(z1,32), (z1,22) € K}
+P{A+€<m3 < B —¢, (z1,z32) EK}
= P{A+5 <z3< B —s}P{(xl,xg) € K} 2 1/27,

where K = {(acl,:vz): aqy—€1 £z Saq)teEr, ag) —e1 T2 2ap) + 61} and CK
is the complement of K. On the other hand,

P{wz € (f1($1,12),f2($1,$2))}
=P{fi(z1,22) < 23 < fa(21,22), (x1,72) € K}
+ P{fl(zl,wz) < z3 < fa(z1,72), (xl,l‘z) € CK}
<P(A —e<x3< B+€)P{ :L"l,a:z) EK}
8 26

+P{:131,122 ECK}=2—7+§ 2—7<1

The lemma is proved.

Let us now go over to the study of alternative 3. Consider the distribution Fp(u),
which is uniform in (a(;) — €1, a(1) +€1), and the distribution F;(u), which is uniform
in (a(2) — €1,a(2) + €1). Then

a1)teL a<2)+51
/ / Fo (fa(u1,uz)) — Fo(f1(us, uz))] dFy(uy) dFy(u1)

(1)—¢€1 (2)—¢€1

a)+e1 a(2)+€1
= 4_2/ / Fy(f2(u1,u2)) — Fl(fl(u17u2))] duy dup = 0.
€1 Ja a

(1) —€1 (2) €1
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This and equality (3) yield

a(1)+e1 a2)+e1
J= Z?/ / [Fl (f2(ur,uz)) — F1 (fl(ulaUZ))] du; dup = 3A™.
1 Ja@py—e1 Jay—é1

By Lemma 3, the probability A* lies in (0, 1) provided that (f1(z1,z2), f2(z1,2))
is an invariant confidence interval; thus, the equalities A* = 0 or A* = 1 contradict
the conditions of the theorem.

Denote A; = fi(aq), a1)), B1 = fa(aq),aq)). If Ay = By, then for the uniform
distribution in the interval (a(;) — €1,a(1) + €1) the probability A* equals to zero.
Assume A; < Bj. Suppose first that at least one of the inequalities a1y # A1, a(2) #
B holds. The following arrangements of a(1), a(2), B1, A1 are possible:

1. A; < B; < a(g); then

ayter  paayter
/ [Fl (f2(u1,u2)) — FA (fl(ul,uz))] dFo(u1) dFp(u2)

a)—€1 (1)—€1
a(1)+e1 a(1)+51
= ;1—2/ / F1 (f2(u1,u2)) — Fl(fl(uhuz))] duy dug =0,
€1 an)—€1 Jaay—e1

since Fl(fz(ul,uz)) = 0 and Fl(fl(ul,uz)) =0 if (ul,U2) € Kl = {(ul,uz): u; €
(a(l) —€1,a(1) + 61), uz € (a(l) —€1,a01) + 81)}. This and formula (5) yield A* = 0.
2. a(2) < A; < B; moreover, J = 0, since Fi (f2(u1,u2)) = 1and Fy (f1(u1,u2)) =
1if (u1,u2) € Ky; thus, due to (5), A* =0.
3. a@) < A1 < aq2) < By and A; < a(y) < a(2) < Bj. For these cases consider a
sample (z1,x2,z3) from the general population with distribution Fy(u); then

A* = P{a:g € (fi(z1,72), f2($1,~’v2))}
_ / / Fo(falur,u2)) — Fo(fi (1, u2)) | dFo(w) dFo(u2)

451 // [FO f2(u1’“2)) FO(fl(ul,uz))] duj dug

. 0 if a() <A1 < a(2) < By,
11 if A< a1y < aqz) < Bs.

4. A; # aq), B1 = a(2). Under these conditions, a sample from a general popu-
lation with distribution Fy(u) satisfies

A" = P{w3 € (fi(z1,22), f2($1,932))}

- 4% / /K [Fo(fo(aur,w2)) = Fol(fuun,w2) | dur dus

_ 0 if a(1)<A1,
11 if a(1)>A1.

Assume now that A, = a(1), B, = a(2). Set 43 = fl(a(g),a(2)) and By =
fa(agy,a2)). If A2 # a(z) and Bz # a(3), then a uniform distribution in the inter-
val (a(2) — €1,a(2) + €1) satisfies the equality

A* = P{w3 € (f1($17m2)af2(wlam2))} = {(1] ig Zg; g Ej::g;;’



STRUCTURE OF INVARIANT CONFIDENCE INTERVALS 21

Suppose now that Az = a(z), B2 = a() or Az # a(3), B2 = a(g), or else Ay =
a(2), B2 # a(z). Let G = {Ga, @ € [0,1]} be the class of general populations with
distribution functions F,(u), (« € [0,1]) of the form

ot it aq) -1 Sugan +ey,
1- )L‘.‘ﬂy;f_l_+ if ap) —e1sugap +er,
6)  Faw={g i u<aq) -e,
a if a(l)—al <u<a(2) — &1,
1 if u>aq@ —er

Denote
Ko = {(ul,u2): uy € (a(z) — €1,0(2) +e1), ug € (a(g) — €1, a(2) +61)},

K3 = {(u1,u2): u1 € (a@) — €1,a¢2) +€1), u2 € (aq) — €1,a1) + e1)};
recall that
K = {(u1,u2): uy € (a(l) — €1,0(1) +81), ug € (a(z) —€1,4(2) +61)}.

Let ¢, 24, 2§ be a sample from a general population with distribution F,(« € [0, 1]).
Then the following equality holds:

P{z§ € (f1(27,25), f2(2F,25)) }
=P{a5 € (f1(21,23), f2(27,27)), (aF,2%) € K1}
+P{a§ € (f1(27,23), folat,23)), (af,23) € Ka}
(7) +P{a§ € (f1(2F,23), folat,23)), (af,08) € K3}
+P{a§ € (f1(7,25), fa(aF,23)), (27,25) € K}
=P{a§ € (fi(2F,23), f2(27,25)), (af,2%) € K1}
+P{ag € (fi(af,23), fo(at,29)), (2F,23) € K2}

Furthermore,
P{a§ € (f1(a,25), fa(af,3), (o5,25) € Ku }

(8) //Kl o (f2(u1,u2)) — a(f1(u1,u2))] dF(u) dFo(us)
481 //Kl f2 Ul,U2)) a(fl(ul,u2))] du; dug = a2BI,

where

1 [feamte a<1)+€1
BI = P/ / f2 U1, uZ)) Ot(fl(ul’u2))] duy dus.
1 Ja a

(1)—€1 (1)—¢€1

Similarly,
P{sf € (fi(2,99), fol28,25)), (F,28) € Ka }

Y (1 ;51 //K2 f2(u17u2)) a(fl(ul,uz))] duy dug = (1 - a)2B5,
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where

1 a2)+e1 a(2)+€1
B; = 4—1—6_2/ / f2 ul,u2)) a(fl(ul,U'Z))] duy dus.
1Ja a

(2)~¢1 (2)~¢1

Using equalities (7), (8), and (9), we obtain
A= P{w?z € (f1(a3,29), fale5,29)) }
45 // o (fa(ur,uz)) — a(fl(ul,uz))] duy duz

a)2 // o (fa(u1,u2)) — a(fl(ul’“z))] duy duy
_(12B1 +(1— 32 = p(a),

where Bf > 0, B} > 0. It is obvious that the expression ¢(a) = o?B} + (1 — «)%B}
depends on « contradicting the conditions of the theorem. Thus, the theorem is proved
for case 3. Its proof for cases 4, 5, and 6 is carried out analogously.

Let now A = fi(a1,a2) # ag) # a@), B= fa(a1,a2) = a(z); then one can assume,
without loss of generality, that in some neighbourhood K = {(u1,u2): w1 € (a1) —
e1,a(1) +€1), u2 € (ae) — €1,a02) + e1)} of the point (a1,a2) the function fa(us,us)
coincides with the fundamental symmetric function: fa(uy,u2) = uz V(u1,u2) € K.
Choose ¢ > 0 and €1 < ¢ in such a way that the intervals (A — ¢, A + ¢€), (a@) —
e1,a(1) + €1), (ag@) — €1,a(2) + €1) do not intersect and A — e £ fi(u,u2) £ A +¢,
a@) — € £ fa(ur,u2) Sap) +eifag) —e1 Sur S aq) +e1, ag) —e1 Sug Sap) +e1.

It is easy to see that Lemma 3 remains correct if the intervals (a(1) — €1,a¢) +
€1),(A—¢&,A+¢), (a@) — €1,a(2) + €1) are mutually disjoint; thus, in this case

(10) 0<A* <L
Suppose first that there exists a point (a,a) lying on the diagonal such that
(11) Al =f1(a'7a) #a? Bl =f2(a)a) ?éa'

Reducing if necessary the numbers ¢, €1, one can achieve it that the intervals
(A; —¢e, Ay +¢), (By —¢, By +¢) do not intersect (a —e1,a+¢1), and that fy(uy,up) €
(A1-E A1+€) fz(ul,U2) (Bl—a,Bl+5) ifa—e; Suy £ater,a—e1 Lug £a+ter.

Consider the distribution F(u), which is uniform on the segment [a — €1,a + €1];
then the sample z1, z2, 3 from the general population with distribution F'(u) satisfies
the equality

A* = P{xa € (fi(z1,z2), fz(wl,wz))}

atey a+61
451 / / F(fa(ui,u2)) — (fl(ul,uz))] duy duy

0 1fA1 <a< By,
- 1 ifa € (Al,Bl)

and that contradicts the inequality (10).
If the conditions (11) are not satisfied the two following alternatives occur:
L fl(u3u) =u, f?(u7u) =uVue Rla
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2. fo(u,u) # u at the points (u,u), where f1(u,u) = u.

Consider first case 1. Choose €1 > 0 in such a way that all the previous relations in
which e, occurs are satisfied and, moreover, f1(u1,u2) € (au) —¢,a@)+¢), f2(ua,uz) €
(a@) —e€,a0)+e) if (ur,u) € {(u1,u2): u1 € (ap) —€1,00) +€1), u2 € (ap) —€1,a3)+
e1)} (i =1,2). Let Fi(u) be a uniform distribution on the interval (a(z) — €1, ac) +€1)
and F5(u) on the interval (a1) — €1,a(1) + €1). Then, by formula (2),

34* = 2//_0:0 [F1(f2(u1,uz)) - Fl(fl(ul,UQ))] dFy (u1) dFs(us)
+ //_: [F2(f2(u1, ug)) — F2(f1(u1,uz))] dF;(uy) dF;(ug)

2 a1yter a(2)+61
= F/ / fg(ul, U2)) du1 duz
€1 Ja a

(1)—¢€1 (2) €1

1 azyter  pace)ter
+ P / / Fz fz(’ul, u2)) Fy (fl(ul, uz))] duy dus
1Ja a

(2)—€1 (2) €1
2 a1)ter a(2)teL _ —¢
= _2/ / -l —a) dug | duy = 1;
46l a(1)—€1 a(2)—€1 261
thus,
1
12 AY ==,

Let now F;j(u) be a uniform distribution in the interval (a(;) — €1,a¢) +€1) (i =
1,2). Using formula (2) as in the previous case, we obtain

2 aq1)+er a(2)+51
34* = _452 / / Fl f2 U]_,’ug)) - F (fl(ul,uz))] duj dug
1Ja a

(1)~¢€1 (2)7¢€1

1 a1yter a(1)+€1
+ ZEE/ / By (fa(u,u2)) — Fz(fl(ul,uz))] duy dua
1Ja a

(1) —€1 (1) €1

2 [ewter raater 0 if A>aq),
= 4—621,/11 /a 1 - F1(f1(u1,u2))] duy dup = {2 if 4 < ag).

(1) €1 (2) €1

Hence, A* =0if A > q(;), and A* = % if A < a(1), which contradicts the equality
(12).

We pass now to the study of case 2. Condition 2 implies that one of the following
relations holds at the point (a(2),a(2)):

(a) filagz),a@)) = ag), f2(a@),a@2) > a@),

(b) fa(ag),a2)) = a2), fila),a2) < a)-

Since conditions (4) do not hold in this case, the function f;(u1,u2) is equal to
u(9) in the points where fi(u1,u2) # u(1), f1(u1,u2) # u(z). Consider case (a). We
have fi(a(2),a(2)) # a(2), f2(a(2),a(2)) = a(2), where the last equality may be assumed
to hold in some neighbourhood K, = {(ul,uz): a@) —€1 S u1 £ agg) +€1, a) —€1 £
uz < agg) + €1} of the point (a(2),a(2)). Let Giay)—e;,a0+e1] Pe the class of general
populations with continuous distribution functions which are concentrated on the
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segment [a(2) — €1, a(2) + €1]. It is clear that, for this class of distributions,
A* = P{a:3 < fz(xl,xz)} - P{xs < f1($1,$2)}
a(z)ter a(g)+€1
= / / fz(’ul, Uz)) dF(ul) dF(U2)
a a

(2)—€1 (2)—¢€1

a@zyter  raz)ter
- / / F(f1(u,u2)) dF (uy) dF (uz),
a a

(2)—¢€1 (2)—€1

where the first integral, as it was shown in [3], does not depend on the distribution
F(u) of the general population G € G[a(z)_eha(z)ﬁl], while the second one varies
depending on F. Hence, we arrive at a contradiction, since (fi(z1,z2), fo(z1,22)) is
an invariant confidence interval.

Case (b) is analyzed similarly.

For an arbitrary natural number n > 2 the proof of the theorem is carried out
using the procedure introduced above by analyzing various arrangements of the points
A, B,a(y,",a(s) which are analogous to alternatives 1-6. For example, consider one
of the most general cases, when there exists a point (a,a,---,a) € R™ such that

Dl = fl(a’aa"'7a) 7-‘-‘(1,
(13) Dy = f2(a7a""aa) # a.

Then, for D; # D3 one can choose an ¢ > 0, for which the intervals (a — ¢,a + €),
(D1 —¢&,D1 +¢), (D2 — &,D3 +¢) do not intersect (or, if D; = Dy = D, the intervals
(a—¢€,a+¢), (D —¢,D +¢) do not intersect). Since the functions f1(u1,u2,-*,un),
fa(u1,ug,--+,u,) are continuous according to the conditions of the theorem, there
exists, for any € > 0, an ¢; € (0,¢) such that

Dy —¢€ £ fi(u,ug, -+, un) £ D1+,

(14)
Dy — € < fa(ur,uz, -+ ,un) £ D2 +¢,
for all (u1,ug,--+,un) € L= {(u1,u2,"-~,un): a—e1 Suy Sa+ey, -,a—e1 £ up <
a+e€; } .
Consider a distribution F,(u) which is uniform on the segment [a —e1,a+¢;1]. Let
Z1,Z2,-,Tn, £ be a sample from the general population with distribution function
Fo(u); then conditions (13), (14), and the definition of F,(u) imply that

Pae (fl(x1,~--,wn> faler,+2n)) }

a+e€; a+51
(281 / / f2(u1a : aun)) _Fa(fl(ula"')un))] duy -+ - dup

_Jo 1fD1<a,D2<aor Dy >a, Do>a (D <a),
" 11 ifDi<a, Dy>a (D >a),

since either Fy(fa(ui, -+,un)) — Fa(fi(u1, -,un)) = 0 or Fo(fo(u1,- - un)) —
Fo(fi(u1,--+,un)) = 1, depending on the arrangements of the points D; and D,
(D) for (u1,us,---,up) € II, contradicting Lemma 3.

The theorem is proved.

Note. A result analogous to Theorem 1 has been obtained by Robbins for non-
parametrical tolerance intervals ([4], § 2.6); however, these theorems are only slightly
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related and do not imply each other. Moreover, the proof of Robbins’ theorem is much
simpler than that of Theorem 1.

Let G = {G,, a € 2} be an arbitrary class of general populations, {J(z1,
To,++,Tp), t € T}, (n € N) the set of all invariant confidence intervals for the
class G and B(G) = {Bt,n = P{x“‘ € Ji(z1, -+ zn), t € T, 2% € Ga}} the set
of all confidence levels, corresponding to the confidence intervals Ji(z1, z2, -+, Zn).
Theorem 1 and the equality

-1
n + 1
immediately yield the following corollary.

COROLLARY. The totality B(Gc¢) of all confidence levels corresponding to all
possible invariant confidence intervals, satisfying the conditions of Theorem 1 for the
class G¢ of general populations with continuous distribution functions is the set of all
rationals from the interval [0,1] : B(G¢) =1[0,1] N Q.

THEOREM 2. Let (21,2, +,%n) be a sample from the general population G with
continuous distribution, obtained by means of simple sampling, let J = ( fi(z1,- -+, zn),
fa(z1,-- ,:cn)) be an invariant confidence interval constructed from the sample values
T1,° Ty, Satisfying the conditions of Theorem 1, and let xpt1, Tpy2, *» Tnym be
subsequent sample values from the general population G. Then,

P(z € (z(),2(5))) = (i <3, 4,5 € {1,2,---,n})

nl(m+s—r—1)!
(s=r=1D!(m+n)’

P(xn+1," *yTntm € J) =

where r < s; r,s € {1,2,---,n}.

Proof. Indeed, by virtue of Theorem 1, the invariant confidence interval J for
the class of continuous distributions has the form J = (x(y),z(s)), where r < s; r,s €
{1,2,---,n}. Furthermore, the joint density function of the uniform order statistics
Z(r) and Z(,) is determined by the formula

n!
(r=Dl(s—r—1Dl(n-s)!
(0 £ u < v £ 1); thus, the following equality holds:

frs(u,v) =

ur——l(v _ u)s—r—l(l _ v)n—s

1,1
/ / v —uw) T 1 - o) P dvdu = (r — 1)!(s —r — 1){(n — s)!/nl.
0 Ju
Taking Smirnov’s transformation into account, we obtain
P(znt1,+ Tntm € J)
=P (2nt1 € (2(), T(e))s 1 Tntm € (T(r); T(s)))

=P (Znt1 € F(r), E(s))s *» Entm € (E(r), E(s)))
n!

(7‘ —Di(s—r—=1(n—-2s) / / (v —=u)™ fr.s(u,v) dv du

N (7‘—1)'(8—1”—1 n—s)'/ / "o —w)* L - 0)" 0 du du
r—l s+m—r—1)'(n_s)l
(r - li(s—r—=1)(n-s)! (m +n)!
_nl(s+m—r—1)
T (n+m)(s—r—1)"
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The theorem is proved.
COROLLARY. Under the conditions of Theorem 2, the equality

P(iL‘n+1,.’IIn+2,- *yZpgm,y € J) =0

holds.
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