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Summary. This review paper consists of a description of the recent results
connected with the exceedance statistics based on ordered random variables. In
particular, the distributions of exceedance statistics in general random threshold
model based on functions of the independent and identically distributed random
variables are given.

Introduction

Let X and Y be two random variables with continuous distribution functions
F and @@ and X1, Xo,..., X,,... and Y7,Y5,...,Y,,, ... be independent copies of
X and Y respectively. Consider two Borel functions  fy(uq ug, ..., un) and
fo(u1,ug, ..., up) with the following property:

f1(u1,u2, ,un) < ,]fg(ul’ug7 ,un) (’U,L’U,Q7 7un) € R". (1)
Define random variables &1, &o, ..., &y, as follows:

f‘ - ]., ’Lf Y; S (fl(Xl,XQ, ...,Xn),f2(X1,X2,...7Xn))
7 0, otherwise

i=1,2..,n. We call f1(X1,Xo,....,X,) and fo(X1,Xs,..., X,,) the lower and
upper random thresholds, respectively. Consider

= Z§i~
i=1

It is clear that the random variable v,, shows the number of the elements
of the sample Y1,Ys,...,Y,, falling into random interval (fi(X1,Xs,...,X,),
fo(X1, X2, ..., Xp). We call v, the exceedance statistics in independent and
identically distributed (iid) sequences of observations. We are interested in
distributional properties of v,,. The particular cases for the lower and upper
thresholds being the 7" and s order statistics, X,., and Xj.,, from the sample
X1, X, ..., X, were investigated in connection with the theory of tolerance lim-
its and invariant confidence intervals for future observations. See for instance
Wilks(1941) , Robbins (1944), Gumbel and Shelling (1950), Epstein (1954),
Sarkadi (1957), Siddigui (1970), David (1981), Bairamov and Petunin (1991).



Some of the results on this topic were used to construct a statistical criteria
for testing hypothesis Hy : F = Q against some classes of alternatives. For
example Matveychuk and Petunin (1991) and Johnson and Kotz (1991) studied
a generalized Bernoulli model defined in terms of placement statistics from two
random samples. Katzenbeisser (1985), obtained a formula for the distribution
of vy, when f1(X1,Xo,...,X,,) = —o0 and fo(X1, Xo, ..., X,,) = X, and pro-
posed a test criterion for testing the null hypothesis Hy : F(z) = Q(z) versus
Lehmann alternatives Q(z) = [F(z)]”,6 # 1. He extended these results to shift
alternatives (Katzenbeisser (1986)). Matveychuk and Petunin (1991), Johnson
and Kotz (1991), (1994) investigated the test criterion for testing the hypothesis
Hy : F(x) = Q(x) by using vp,.

1. Exceedance statistics in iid sequences of observations from
continuous distributions

The probability P {Y € (f1(X1, X, ..., X3n), f2(X1, X2, ..., X))} plays an im-
portant role in determinig of distributions of exceedance statistics. Especially, it
is desirible that this probability would not depend on the distribution function if
the hypothesis Hy : F' = @ is true. For the general consideretation assume that
the distribution function Fx belongs to some general class of distributions . Let
X, 11 be the next (n+ 1) observation which is independent of X1, X, ..., X,,.
We say that the random interval (f1(X1,Xo,...,X,), fo(X1,Xs, ..., X,)) con-
taining the future observation is invariant (or distribution free) with respect to

the class S if the probability p = P {X,,+1 € (f1(X1, Xo, ..., X»), fo(X1, Xo, ..., X))}

is the same for all distributions from the class . It is easy to show that the

order statistics X,.,, and X;.,,, 1 < r < s < n form an invariant confidence
interval containing the future observation for the class of all continuous distri-
bution functions and in this case p = 2=7. It is also known that if f; and f; are
continuous and symmetric functions of n variables then the order statistics are
unique invariant intervals for the class S, (Bairamov and Petunin (1991)). It is
interesting to know that if one narrows the class S, to some parametric subclass
p = {Py,0 € O} C S, then there exist the invariant intervals for the class
which are different those constructed by the order statistics. More precisely, let
Xn+1; Xnt2, ..o, Xntm be a new sample independent of X1, Xo, ..., X,,. Then we
can write for § € ©

Py {Xn+1a -~-aXn+m € (fl(Xla Xo, "'7Xn)7 fQ(XlaX% 7Xn))} =

:/.../[Fg(fg(ul,...,un))—Fg(fl(uh....,un))]mdFe(ul)...ng(un) =

= Ey [Fo(fo(X1, X2, ..., X0n)) — Fo(f1 (X1, Xo, ..., Xp))]™ .



Denote

Tn(Xl,Xg, ,Xn,e) = Fg(fg(Xl,XQ, 7Xn)) — F@(fl(Xl,Xg, ;Xn)) and
Go(u) = Py {To(X1, X, 0, X, 0) < u} .

We can formulate the following

Theorem 1.1. Bairamov et.al (1999) If the distribution of the random
variable (r.v.) T,(X1,Xs,..., Xp,0) is the same for all § € © (i.e. the d.f of
Sp is independent from #), then (f1(X1, Xs,..., Xy), f2(X1, X, ..., X)) is an
invariant confidence interval for family .

Theorem 1.1 pave a way of methods for constructing invariant confidence
intervals. Development of these methods can be extended to families of dis-
tribution with location parameters. Let us assume that we have the family of
distributions p = {Fp(z) = F(x —0),0 € ©} , F is known. If it is true that
X1, Xo, ..., X, has d.f. Fyp € p, then one can write

Tn(Xlu X27 ~-~7Xn7 9) = F@(fQ(X17X27 7Xn)) - Fe(fl(X17 X2> 7Xn))

= F(f2(X1,X2,....,Xpn) = 0) = F(f1(X1, Xa, ..., Xpn) — 0)
Define DV = {(u1,ua, ..., upn) ; ug > uz > ... > uytand let a = (a1, az,...,a,) €
R" ;b= (by,bs,...,b,) € R", apy] = apg] = ... 2 Qpp), bm > b[g] > 2> b[n]
where a; , by) designate order of magnitude. Given these definitions, under the
conditions of

LY ap =Y by
=1 =1

k k
Q.Zam < Zb[ll’k = 172,...,7’L— 1
i=1 i=1

it is said that vector a is majorant to vector b. This is expressed symbolically
as a < b (see Marshal and Olkin, 1979).

It is known that the necessary and sufficient condition for a < b to hold true
is the condition that

Zaiui < Zbiui,for all u = (u1,ug, ..., u,) € DT.

i=1 i=1
(see Marshal and Olkin,1979, Chapter 4). In order to utilize this theorem let
a= (%1 %), b= (21,1 ...ﬁ,O), and let X717, X[g, ..., XJ,) be the order

n’n’ n—1’n—-1’

statistics for the sample X1, Xo, ..., Xy, X[p—ip1) = X(4)- Set

n n—1
1 1
fl(XlaXQa'-',Xn) = 5;)([@] s fQ(Xl,XQ, ,Xn) = m ;X[z]



Hence , it follows that

i=1 i=1
1 n—1 1 n
_F<n_1 Z(X[%] 9)) _F<nZ(XM_9)>
i=1 i=1
1 n—1 1 n
- (n -1 ;(X(”_“'l) - 9)> - F (n i:l(X(n_H_l) - 9)) .

It is obvious that, here the distribution of X(,_;;1) — 6 is independent of 6 ;
which means that distribution of r.v. T), is the same for all elements of class g.
Obviously, it will be true that for a two parameter family of distributions

o1 = {Fg,u(w) = F(x;M) ,0€0 ,ueB; F(z)is known}

the distribution of a similar random variable

n—1 n
" 1 1
Sn (leXQa ey Xnvevﬂ) = Fevﬂ <n_1 Z(X['L])> - FGHU‘ (n Z(X[l])> )

is also independent from 6 and p.

The exponential distribution case

The exponential distribution occupies an important place in theory and ap-
plication among the families of distributions. For this reason, distribution free
confidence intervals and exceedance statistics based on these intervals need to
be discussed for this class.

Consider the class of distributions

P={Py: Py(z)=1—exp(—0z), x>0,0>0.}

The parameter 6 is a scale parameter for this family. Let X7, X5, ..., X, be a
random sample with d.f. Py €P3, so

Fi(X1, Xay oo, Xn) =D aiX = > i X (i)
i=1 i=1

Fo(X1, Xoy o, X) =D biX( = biX(n_is1),s
=1 =1

and a <b .
A distribution free confidence interval for P is conceived by the following
theorems.



Theorem 1.2. (Bairamov et al. (1999)) For the class of exponential P, it
is true that

Py {Xn+1 S <Z aiX[i], Z biX[i]> }
i=1 i=1

n! n!

I @) 1150+

j=1i=1 j=1i=1

e

= al(a17a27 "'7an;b17b27 7bn) = ﬁl ) for V0 € 97

and (30, a;i Xy, i biXpy) = J(a,b, X1, X2,...,X,) is an invariant confi-
dence interval for the class g3 at §; level.

Corollary 1.1. Let , for example, a = (0,0, ...,1) and b = (1,0, ...,0),a < b.
Then Z?:l aiX[l-] = X[n] = X(l) 5 Z?:l biX[i] = X[l] = X(n) and 041(0,0, ceey 1;
1,0,...,0) = 2=

Theorem 1.3. (Bairamov et al.(1999)) The probability that a new set of
random sample values will fall into interval J(a,b, X1, Xo, ..., X},) is

P@ {X7L+17XTL+27 ~-~7Xn+m € J(CL, ba X17X2a aXn)}

. (D" (%)

n j

k=0

J
= 6m(a1,a2,...7an;b1,b2,...,bn) Eﬁm

1i=1

Corollary 1.2. Let a = (0,0,...,1) and b = (1,0,...,0),a < b. Then
Z?:l aiX[i] = X[n] = X(l) , Z?:l biX{i] = X[l] = X(n). Then one can obtain
from Theorem 1.3

Py {Xn+1,Xn+2v ~'~7Xn+m € (X(l)aX(n))}
_ nlm! (—1)F

B m+nk§(m—k)!(n—1+k)! -

n! (—=1)Fmlk!(n — 1)!
m+n ;} (m—E)k!(n—14+k)l(n—1)!

0
n! n—1 n(n —1)

:(m—i—n)('n—l)!'n—l—l—m:(m—i—n)(n—l—i—m)' 2)




Since ps C Y. (2) is a special case of the following formula (see Bairamov and
Petunin , 1991, Theorem 2)

P {Xn+1, Xnt2, o, Xngm € (X, X(j)) }

! —1— 1)!
_ o dmAi iz DU yp g,
(j—i— D! (m+n)!

taking ¢ = 1 and j = n. (Above in (2) we used the formula
- m\ (a+k\ " a
—1)k —
() () -Ew

Theorem 1.2 and Theorem 1.3 above show that a new random sample of size
m, Xpi1, Xnt2, .-, Xntm will have observed values that fall in the distribution
free random interval J(a,b, X1, Xs, ..., X;,) and the probability of this random
event is independent of the parameter 6 of exponential distribution.

1.1. Distributions of exceedance statistics

Let ¢(u1,us, ..., up) be a real valued integrable n dimensional function. Con-
sider a functional of it is defined as follows ;

Hp(¢) = /.../¢(u1,u2,...,un)dF(ul)dF(UQ)....dF(un) , FeF,

where F is some class of distribution functions. The properties of functional
Hp(¢) are

i) Hp (1) =1

i) Hp(c11 () + 202 () = ct Hp (1) + coHp(¢2).

Where ¢, (.) are distinct functions and ¢; ’s are real valued numbers.

Denote two random samples from two distributions F (u) and @ (u) as
(X1, Xo,..,X,) and (Y1,Ys,...,Y,,), respectively. Let fiand fa be the functions
with properties expressed in (1). The probability of a random event

Ay = (Ve (i(X1, X2,y X)), fo(X1, Xo, .., X00)) S
o= 1,2,..m, is

S
Il

P(Ay)
/.../[Q(fg(ﬂl,’ltg,...,un))—Q(f1(U1,U2,...,Un))] dF (u1)dF (ug)....dF(uy),

which is independent of k, as seen. If we take definition of Hp(¢) above into
consideration, the required probability for the each Ay is calculated by the
following;

P(Ay) = p = Hr [Q(f2(1)) — Q(A1(0))] = Hp(QF: (1)),



where @ = (u1,us, ..., u,) and Q(f2(2)) — Q(f1(n)) = Q7 (). Then it is clear
that
€ = 1, if random event Ay is observed
k 0, if random event A is not observed

and the distribution of the exceedance statistics v, = & + & +... + &, which
can take values from the set {0,1,2,...,m}, can be investigate in terms of the
functional Hp. Note that the r.v.’s £1, &2, ..., & are dependent.

Theorem 1.4. (Bairamov et al. (1999)) For k =0, 1,2, ...,m it is true that
k 2 (= k f2 (s m=k
P{vy =k} = Ch Hp ([Qﬁ @] [1-Qkw) >

Ep <[Q;§§ (X1, Xa, ...,Xn)]k [1-Qf (X1 Xs, Xn)}m_k>

where C* = (’;’j) = k,(;ﬂk)” and mean and variance of v, are obtained as
follows, respectively:

E(”nL) = mHF(Q;? (’L_J,)),

U&T(Vm) — m2 |:HF(Q§? (ﬂ))2 _ (HF(Q}CT(U»)Q]
m [Hp(@QF (@) ~ Hr (@ ()] .

Lemma 1.1. The characteristic function for v, statistic is

vy, (t) = Hp (1 + (eit — 1) Q}?(uhum ~-~7Un)>m-

Now let us define standardized v, as v}, = % with E(v¥) = 0,
var(v)) = 1.
Denote
C(l’) = P{fo(XhXQaaX

n) Sx}
- P{Q(fQ(XlaX2aaXn)) - Q(f1<X17X27"'7Xn) ) < Z}

Theorem 1.5. (Bairamov et al.(1999)) Let f; and f be continuous func-
tions, F' and ) are continuous d.f.’s. Then it is true that

lim sup ‘P{% < :17} —C’(a:)‘ =0.

Mm—000< <1

The following results follow from Theorem 1.5.



Corollary 1.3. Denote a = A(F,Q) = HF(Qﬁ (@))% and b = B(F,Q) =
Hp(Q73: (a)). Then under conditions of Theorem 1.5 it is true

lim sup |P{y;, <z}—Ci(x)] =0,

M—=00_ b pclb
aSTSg

where Cy(z) = C(az +b) and vy, = \/ma(Z"iszi"rL(a_m'

Corollary 1.4. Let (f1(X1, Xa, ..., Xp), f2(X1, Xo, ..., X;)) be the invariant
confidence interval for some class of distributions & with confidence level aq,
i.e.

PF {Xn—i-l € (fl(XlaXQa"'aXn)va(X1;X27"'7Xn))} = o
forany FF € Q.
Denote ag = Pp {Xn11, Xng2 € (f1(X1, Xo, ..., Xn), fo(X1, Xo, ..., Xpn))} , where

X1, X0, ..y X, Xpy1, Xppyo is the random sample from distribution with d.f.
FeS. Let F=Qand FeS, X = (X1, Xo,...,Xp). Then

Vpm — Qo . T
P{\/mZ(az—af)—m(ag—ozl) Sm} Ca(@)

lim sup =0,

m—oo g

where

0, if r < ——=

P{F(f2(X)) - F(f1(X)) <

_ . _ o] 17041
Crle) = Var—ofetar}, TS UEES)
1,

if xzi

OL2—OL?

Corollary 1.5. Let P=S., where <. is the family of all continuous distri-
butions. Let
fl(Xl,Xg, ,Xn) = X(i), f2(X1,X27 ,Xn) = X(j), 1<i<j<n. Given all
these we can write and show that (see Bairamov, Petunin,1991)

j—i

Hp (F:;L((LJ)) (u17u27___7un)) = P{Xn+1 S (X(,L),X(J))} = ] = Qg and
HF |:(F77((ij)) (u17u2,...,u’n)>m:| = P{X’I’L+1>Xn+27 7Xn+m S (X(2)7X(]))}
_onlmA4j—i—1)! _ (m)

T G—i—Dl(mtn) %
n—1 2) (n—1)n

Ifizlalldj:nthenaLn:m ,al’n—m .



Corollary 1.6. Let X;, X, ..., X, be a sample with d.f F' eP=S, where
S is the family of all continuous distributions. Let fi (X1, Xo, ..., Xp) = X3y,
f2(X1, Xo, ., X)) = X(5),1 <@ < j < n. In this case, C(z) in Theorem
1.5 has the form C(z) = Pp {Q(X(j)) — Q(X(»)) < x}. If F = Qthen C(z) =
P{F(X(j)) — F(X4) <z} = P{W;; <z}, where W;; has beta distribution
with parameter (j —i,n — j 4+ i+ 1) (see David, 1981). It is not difficult to see
that a and b in Corollary 1.3 are:

o= G-—90—i+1) (j—i)? b— J—t
(n+1)(n+2) (n+1)2’ n+1

2. Exceedance Statistics based on minimal spacing

Let X3, X5, ..., X, be a sample from nonnegative continuous distribution
with d.f. F, X1, < Xo,, < ... < X,,., be order statistics constructed by
this sample. Consider the spacings X1., — Xo.:n, Xo:n — X1:n, X3:0 — Xoin, -.r)
Xnim — Xn—1.n (X0 = 0). Define a random variable v as follows: v = k iff
Ximw — Xpg—1m < Xiop — Xi_1m, 1= 1,2,..,n. It is clear that v is the number of
a spacing having minimal length.

The following assertions are correct.

Theorem 2.1. (Bairamov (1991)) Let F(x) = 1—exp(—Az),z > 0,A > 0.
Then
2n—k+1)

Plv="k}= n(n+1)

, k=1,2..n.

Theorem 2.2. (Bairamov and Eryilmaz (2000)) Let X411, Xn+2, . Xnt+m
be the next m observations obtained independently of X7, Xs, ..., X, from the
same population with d.f. F.If F(z) =1 —exp(—Az), z > 0, A > 0, then

(M) Dlmtn(m +n + 1)
(2t ) (m + 2)

P{Xn+17Xn+2a '“;Xner S (XI/71:717XV:T7,)} =

Corollary 2.1. For m =1 it is true

4 (n+2)
P{Xn—i-l € (X(V—l)aX(l/))} - g(ng +7’l+2)(ﬂ+ 1)




Theorem 2.3. Let X, 11, Xn42,..., Xn+m be the next m observations ob-
tained independently of X7, Xo,..., X, from the same population with d.f. F'.
If F(z) =1—exp(—Az), z > 0, A > 0, then

P{Xn41, Xns2, s Xngs € (X—1), X)) Xngrst 15 ooy X & (Xw—1), X)) }
—s . . -1
_ 2 mZ(—l)i m—s\n+s+i+1 %—i—s—i—z
 on+1 i s+i+2 s+ ’

i=0
s = 0,1,2,...,m.

Now, define the following random variables

f‘ o 1 if Xn+i S (Xy—lzanD:n)
v 0 if Xn+i ¢ (nyl:anl/:n) ’
i = 1,2,...,m, X =0 and the exceedance statistic S, = Z&.

i=1

It is clear that the random variables &7, &3, ..., &, are dependent.
The following statement is valid.

Theorem 2.4. (Bairamov and Eryilmaz (2000)) Let F(x) = 1 —exp(—Az),
x > 0,A > 0. Then the distribution of random variable .S, is

P{S,, = s}
—s . n(n . -1
_(m\ 2 g (—1)i m—s\n+s+i+1 %—I—s—i—z
S \s/)n+l & i s+i+2 s+i ’

s=0,1,2,...,m.
2.1. Asymptotic distribution of §,, for any continuous F

Theorem 2.5 The asymptotic distribution of %ﬂ for large m is

lim sup
m—000<2<1

P { Sm" < x} — P{F(X,) — F(X,_1.n) < 2}| = 0.

One can observe that Theorem 2.5 can be extended as follows: let X7, X5, ..., X,
be a sample with continuous d.f. F, Y7,Y5,...,Y,, be a sample with continuous

10



d.f. G. Define the following random variables

g‘ _ 1 if }/z S (Xy—lznaxu:n)
! B 0 lf }/1 ¢ (Xy—lzany:n) ’
i = 1,2,..,m; X =0 and S, = Z&
=1

Theorem 2.5A. The asymptotic distribution of % for large m is
P{G(Xun) - G(Xu—l:n) § CE}
i.e. it is true that

P32 <ol - PIGEGL) - 6K, 1) < )| =0

lim sup
m—000< p<1

Lemma. Let X, X5, X3 be iid random variables with ciontinuous d.f. F.
Let X,.3— X, 1.3 < Xi3—Xi—1:3, ¢ = 2, 3. The pdf of random variable F/(X,.5)—

F(Xy—1:3) is

@t = 6/[1 —~FQRF'v) - F (v —1t)+ FQF (v —t)— F~'(v))]dv

0 < t<1.

Example. Let X7, X5, X3 be a sample from uniform distribution. Then

e 62t=1)2 , 0<t<i
Frt) = { 0 , otherwise
and the distribution function is

{8t3—12t2+6t , 0<t<i

1 ,  t>1

F*(t) =

2.3. Exceedance models of Wesolowski and Ahsanullah

Wesolowoski and Ahsanullah (1998) have introduced several interesting ex-
ceedance models and investigated the distributional properties of these statistics.

11



They also have discussed the identification of equiedistribution of observations
and the threshold. We mention here only few of their results.

Wesolowoski and Ahsanullah (1998) consider the number of Y”s not exceed-
ing the level X and counted to the moment of the nt" exceedance. Precisely,
for any integer n > 1 the exceedance statistics is defined as

R,=min{j >0:S,1j-1=75Y1; >X}=min{j >0: Yjy1.ny; > X}.
The exact and assymptotic distributions of R,, is given in the following

Theorem A. Assume that P{Q(X) < 1} > 0. For any integer n > 1

and
E(R,) =nE (1 ?g&)lw,l)(Q(X)))
Vari) = 8 (250 Ton (@)
+n*Var <(1_Qé2)8())2[(071)(Q(X))> .
Theorem B. Assume that Q(X) < 1 a.s. Then for n — oo
1 i QX)
ERn — 71*@()().

3. Exceedance statistics based on record values

Let X3, Xo,..., X, , ... be asequence of independent and identically distributed
random variables with continuous distribution function F, X, 1), Xy(2),..- be a
corresponding sequence of record values.

The distribution function and probability density function (p.d.f.) of record
values can be expressed in terms of

d f(x)

R(z)=—In(1—F(z)) and r(z)= %R(x) =

12



It is known that the distribution function (Ahsanullah (1995), Arnold, Bal-
akrishnan, Nagaraja (1998)) of n th record value is

Fo(z) = P{X,m <z} = / mdF(u) ,—00 < & < 00.

The joint p.d.f. of X, and X, ;) is

_ (R(zi)!
f(xivxj) - (Z — 1)| 7"(1‘1)

—o00 < x; <z <00

(R(x;) = R:)) 1
(j—i—1)!

flxy)

Suppose that X, (n)+1, Xv(n)+2,-» XU(n)+m be the m observations that come
after Xu(n)

For:=1,2,....,m and r < s,

1 1

P {Xu(n)Jri € (X“(T)’Xu(s))} = ? B 275

Define the random variables &1, &o, ..., &, as follows:

Ei — { 1 if XU(")-H € (Xu(r)vXu(s))

_ . 1=1,2,...m; r<s.
0 if Xu(n)Jrz ¢ (Xu(r)7Xu(S))

Denote vy, = ) &, the number of observations X, )11, Xu(n)+2, - Xu(n)+m
i=1
falling into interval (Xy (), Xy(s)). It is clear that the r.v.’s &, &, ..., &n are

dependent.
Theorem 3.1. For r =k —1 and s =k (k =2,3,...), it is true that

Plvg =j} = <Zn) mij(_l)i (mz_]> m

(see Bairamov (1997)).

13



3.1. Assymptotic distributions of exceedance statistics in a record
threshold model

Let {X,}, >, beasequence of i.i.d. r.v.’s with continuous d.f. F', Xy(1), Xo(2), -
is a sequence of record values. Let X{, X%, ..., X/ be iid. random variables
with continuous d.f. G. Define the following random variables

gi (T7S) - { 0 if XZ/ ¢ (Xu(r)7Xu(5)) , 1= 172,...,m , r<s.

and let
m
= & (rs).
i=1

It is clear that Sy, (r, s) denotes the number of X/ ’s falling above the threshold
Xu(ry and below the threshold X, ).

Lemma 3.1. It is true that

lim sup
Mm—00)< <1

The proof of this lemma is based on the Glivenko-Cantelli theorem.
The case F' = G is of interest on its own and we have the following results
for this case:

Corollary 2. Let F' = G. Then

lim sup =0.

m—000< <1

where U,y = F(Xy(5)) — F'(Xy(ry) has d.f.

P{Sm,(nw < x} = P{F(Xuis) = F(Xu@) <}

x 1—tq

r—1
1
PUTSS —
{ 7} r— D srl'//[ 1@} 1ty "
0
)

1 —¢ 5— 1
x [ln . - ] dtadty,
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Now let again F =G and r =k —1,s =k (k =2,...,n). Then the expected
value and the variance of S, (r, s) is:

ES,,(k—1,k) =m/2",
VarSy,(k—1,k) = m(1/2F — 1/3%) + m?(1/3% — 1/22k).
As a consequence of Lemma 3.1, we have the following:

Theorem 3.2. Let F =G. Forr=k—1and s=k (k=2,3,...,n)

lim sup
m—000<p<1

where kal,k = F(Xu(k)) - F(Xu(k—l)) has d.f.

:07

P{S’”g’s) < x} — P{Up_14 < x}

11
Dk(x)EP{Uk_Lka}:(I{:_]—)'/[lnu} du, O<z<l.
0

and p.d.f.

1 17k
dip(z) = fu,_, . (z) = [ln ] , O0<z <1

Also it is true that

b Sk —1,k) — ES,(k —1,k) <zp — Dglax+D),
\/VarSm(k —Lk) e
where
11 L
a = 37 - ﬁ and b= 27’c

(see Bairamov and Eryilmaz (2001))

4. Exceedance models in multivariate FGM distributions

Let us define a n variate FGM random vector (X7, Xs, ..., X;,) by the uni-
variate marginals F; ~ X;, ¢ = 1,2,...,n and a real number «,, such that the

joint distribution of X3, X5, ..., X,, is given by the Farlie-Gumbel-Morgenstern
(FGM) distribution

n

Higeon() = [[File) {1400 3 Fylep)Fia) y . (3)

i=1 1<j<i<n

where x = (21,22, ...,7,) € R", Fj(z;) = 1 — Fj(x;). For a given n the real
number «,, is admissible if

1+an Z €€l > 0

1<j<i<n

15



hold for all e; = +1 (as a consequence each parameter must satisfy |a| < 1).

We call the random variables whose joint distribution is defined by (3) a
simple- FGM (or s-FGM) random variables. (If it will not confuse the readers
we will also use the term ”finite s-FGM sequence”)

It follows from the Lemma 4.1 below that if n tends to infinity, i.e. if we
consider infinite sequence of random variables whose finite dimensional distri-
butions are given in (3) then we have only a sequence of independent random
variables. We will deal in this paper with finite FGM sequences.

Lemma 4.1. The admissible range of a,, n > 1 allowing (3) to be a n
variate distribution function is

where [z] denotes the integer part of the real number z.

Consider a random variable X with the continuous distribution function F’
and s-FGM random variables Y7, Y5, ..., Y,, independent of X and fitting to the
model (3) with equal marginal distributions G(z;) and pdf g(z;), —oco < x; <
00, j = 1,2,...m. The joint pdf of (Y1,Y5,...,Y,,) is given as follows:

m
W@y, @, ) = [Jol@) S 1+ am Y (1=2G(z))(1 = 2G(w)) ¢,
i=1 1<j<I<m
—00 L X1,%2, ..y Ty < 00
with «,, satisfying

(5)

Definition 4.1. For any integer m > 1

—

m\g‘ —

-
—
=~
N2

Sm=#{k<m:Y, <X}
denotes the number of Y’s falling below the random threshold X.
The exact distribution of S, is given in the following theorem.

Theorem 4.1. (Bairamov and Eryilmaz (2004)) For any integer m > 1 and
real number «,,, satisfying (4)

P{S,, =k}

= (1) [permemoo) + an (M Bk nem 2 x0)
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—k(m — k)E(GFTH(X)G™ (X)) +
4<m_kxm_k_1UwG“%XXWLWX»H

2
k=0,1,...,m,

where G(z) =1 — G().
Corollary 4.1. Let F = G, then

P{Sm = k}

= (Z) {B(k+1,mk+1)+am <k(k21)B(k+1,mk+3)

—k(m —k)B(k+2,m—k+2)+

(m_k)(rg_k_1)B(k+37m—k+1))] (5)
1 1
k:O,l,...,m, ~7m _Oém_T
G

where B(a,b) is a beta function.

Remark 4.1. Since (,/",) = (%) and B(a,b) is a symmetric function

of its arguments it is not difficult to observe from (5) that P{S,, =k} =
P{S,=m—k}.

Let X3, Xo,...,X,, be the finite s-FGM sequence having marginal d.f. F
and Y7,Y5,...,Y,,, ... be a sequence of i.i.d. random variables with d.f. G. Let
X1 < Xo.py < ... < X, be the order statistics of X1, Xo, ..., X,,.

Definition 4.2. For any integer m > 1 and 1 <r <n
Vm:#{kgmzyk SXr:n}

denotes the number of Y’s falling below the random threshold X,..,,.

The exact distribution of v, is given in the following theorem.

Theorem 4.2. If Hy : ' = G is true then for any integer m > 1 and
1<r<n

P{v, =k}

17



_ (’;:) zn:(—ms—r (i - 1) (Z) (sB(s + k,m — k +1)

+a, <S2(82_1)B(s+k,m—k+3)—s(s—1)B(s+k‘+1,m—k+2)>}

1
m ., A”AA'S (7% §

(5)
Remark 4.2. Let in Theorem 4.1 «,, = 0 ie. Y1,Ys, ... Y, are iid.
random variables. Then from Theorem 4.1 one obtains

k=0,1,.

bl

m\x‘ —
ki

m

P{S,, =k} = <k>E(G’“(X)Gm"“(X))

which coincides with the Theorem 1 of Wesolowski and Ahsanullah (1998). From
Theorem 4.2 in this case one has

CCED )

r—1 n—r
("2")
which coincides with Corollary 1 (b) of Wesolowski and Ahsanullah (1998) (see

also Katzenbeisser (1985), (1986), Matveychuk and Petunin (1990), Johnson
and Kotz (1991), (1994) ).

P{v, =k} =

5. Exceedance statistics for arbitrary distributions

Let X be a random variable defined on a probability space {2, S, P} with
c.df. F(z) = P{X < z}. Throughout this paper we will assume that F is an
arbitrary distribution, i.e. F' may contain a discrete, absolutely continuous and
singular components. Let M = {a1,a2,....,a;}, (a1 < as < ... < a;) be the
set of atoms of the distribution. The following lemma will be useful for our
investigations.

Lemma 5.1. Let A€ S and E{A |z} exist for all € R. Then

l ak+1—0

l
Sy / P{A|X =} dF(z)+ 3 P{A| X = a} P{X = ay},
k=0 o k=1
(6)
where ag = —00, a;4+1 = 0.

The proof is a direct application of the total probability rule.
It is clear that if we have only one atom, say a then (6) becomes

a—0

P{A}:/P{A\X:x}dF(a:)+/P{A|X:x}dF(m)

18



+P{A| X =a} P{X =a}. (7)

Now let X1, Xs,...,X,, be a sample from distribution with the c.d.f. F, and
Xn+1s Xnt2y ooy Xpgm be the another sample from the same distribution in-
dependent of the first. Denote by X1y, X(2),..., X() the order statistics of
X1, Xo,..., X,. Consider the random variables &;(r),&2(r), ..., &m(r) defined as
follows:

17 Zf Xn+i < X(r) 3
' = = . < <
s { 0 if Xopi> Xy 0T DB lETsn

Finally define as above

Sm(r) = Z &i(r).

Evidently S,,(r) is the number of observations X, 11, Xnt2,..., Xntm falling
in to the interval (—oo, X(,). It is well known that the distribution function of
X(T) is

Fy(z)=P{X, <z} = Z (’Z) Fi(z)(1 = F(2))" " = Ipey(r,n —r + 1),

P

where I,(c,d) = [t°71(1 — t)?'dt/B(c,d) is the uncompleted beta function
0

(see e.g. David (1981))

Theorem 5.1. Using the notation above:

F(aj41-0)

l
Pisu =t = (1) o e

I=0" F(ay)

l
+(Fr(a) = Fr(a —0)) ZFk(aj —0) ((Flaj) = F(az —0)" " 4,

k=0,1,...,m.

Let X1, Xs, - -+ be a sequence of independent and identically distributed ran-
dom variables with distribution F of arbitrary type and let D be the set of points
of discontinuity of F'. Throughout X;i., < Xs., < --- < X,,.,, will represent the
order statistics from a sample of size n and Fi..,, will be the distribution of X,.,,.
For a second sample, X, 11, -, Xptm, define the exceedance statistic, Sy, (r),
to be the number of X,, 1, that fall strictly below X,.,,. (We should remark that
one may modify our results if exceedance is defined as X, ; < X,.,,, however
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we will not duplicate such results.) The sampling distribution of S,,(r) is as
follows.

Theorem 5.2. (Bairamov and Khan (2004)) For £k =0,1,--- ,m, we have

PO ) (15 )
) e |7 2 A
+ Y (Fd)F (1= F(d )" (AP,
deD

where (AFy)a = Frn(d) — Frn(d™), and ), stands for summing over all
points of discontinuity of F'.

When D is empty, one gets the classical result of Gumbel and Schelling(1950),
see also Gumbel (1954), Epstein (1954), and Sarkadi (1954). When D is a finite
set, one gets the recent result of Bairamov and Kotz (2001).

Our next result deals with the weak convergence of the statistic Sy, (r)/m.
When F' is a continuous distribution, the weak convergence of S, (r)/m to a
beta distribution was proved by Matveychuck and Petunin (1990, (1991). The
following theorem not only provides the weak limit of S, (r)/m for an arbitrary
F but also gives its rate of convergence.

Theorem 5.3. For any distribution F, and any x € (0, 1), the rate of weak
convergence is

—

P(Sp(r) < mz) — Lyp(z)| = O(m™/?), where

— )

L, ,(z):=

Br,n—r-i-l(F(d)) if xfoer gfrgldeicg’fg,)]

= _ . x=F(d")
%[BnnfrJrl(F(d)) + Br,anl(F(d )] if for some d € D,

By —ry1(x) otherwise

where B, p(x) is the beta distribution with parameters a,b. (Of course, the
weak limit is the right continuous version of L, ,,.)
In particular, when F' is a continuous distribution, we get

|P(Sm(r) < max) — Bpp_ryi1(x)] = O(m™1/?).

References
Ahsanullah, M. (1995) Records. Nova Science Publishers. Huntigton, New York.

Arnold, B.C. , Balakrishnan, N. and Nagaraja, H.N. (1998) Records. Wiley, New
York.

20



Bairamov, I.G. and Petunin Yu.I. (1991) Structure of the invariant confidence
intervals containing the main distributed mass. Theor. Probab. Appl. , Volume 35,

15-26.

Bairamov I.G. (1991) Distributions related with differences of addjacent order
statistics. Transactions of Academy of Sciences of Azerbaijan. Series of Physical-
Technical and Mathematical Sciences. Vol. 12. No 1, p. 42-44.

Bairamov, I.G. (1997) Some distribution free properties of statistics based on
record values and characterizations of the distributions trough a record. J. Appl.Statist.
Sci., 5, 1, 17-25.

Bairamov I.G., Gebizlioglu O.L. and Kaya M.F. (1999) Distributional properties
of statistics based on invariant confidence intervals. Istatistik. Journal of the Turkish
Statistical Association. Vol. 2. No 1, 15-32.

Bairamov, I.G. and Eryilmaz, S. (2000) Distributional properties of statistics based
on minimal spacing and record exceedance statistics. Journal of Statistical. Planning
and . Inference, 90, 21-33.

Bairamov, I.G. and Kotz, S. (2001) On distributions of exceedances associated
with order statistics and record values for arbitrary distributions. Statistical . Papers.
Vol. 42, Issue 2, 171-185. D

Bairamov 1.G. and Eryilmaz S.N. (2001) On properties of statistics connected
with minimal spcing and record exceedances. In Applied Statistical Scinec V, Eds. M.
Ahsanullah, J. Kennyon and S.K. Sarkar, 245-254.

Bairamov I.G. and Eryilmaz S.N. (2004) Characterization of symmetry and ex-
ceedance models in multivariate FGM distributions. Journal of Applied Statistical
Science. Volume 13, Number 2, 87-99.

Bairamov I. and Khan M. K. (2004) On exceedances of record and order statistics.
Preprint in Elsevier Science: MPS: Statistics/0401010, Statistics, 22 January, 2004.

David, H.A.(1981) Order Statistics. Wiley. New York.

Epstein, B. (1954)Tables for the distribution of the number of exceedances, Ann.
Math. Stat., 25, 762-768.

Gumbel, E.J. and Schelling, H, von (1950) The distribution of the number of
exceedances. Annals of Mathematical Statistics, 21, 247-262.

Johnson, N. and Kotz, S. (1991) Some generalizations of Bernoulli and Polya-
Eggenberger contagion models. Statistical Papers, 32, 1-17.

Johnson, N. and Kotz, S. (1994) Further comments on Matveychuk and Petunin’s
generalized Bernoulli model, and nonparametric tests of homogeneity. Journal of
Statistical Planning and Inference, 41, 61-72.

Katzenbeisser, W. (1985) The distribution of two sample location exceedance test
statistics under Lehmann alternatives. Statistishe Hefte (now Papers), 26,131-138.

Katzenbeisser, W. (1986) The exact power of two-sample location tests based on
exceedances against shift alternatives. Math. Op. Forsch. (Statistics), 20, 47-54.

Marshal A.W., Olkin I. (1979). Inequalities. Theory of majorization and its
applications. Academic Press.

Matveychuk, S.A., Petunin Yu.I.(1990/1991) A generalization of the Bernoulli
model arising in order statistics. I/II Ukr. Math. J., 42, 518-528/ 43, 779-785.

Robbins, H. (1944) On distribution free tolerance limits in random sampling. An-
nals of Mathematical Statistics., Vol. 15, P.70-79

21



Sarkadi, K. (1957) On the distribution of the number of exceedances. Annals of
Mathematical Statistics, 28, 1021-1022.

Siddiqui, M.M. (1970) Order statistics for a sample and extended sample. In: Puri,
M.L. (Ed.), Nonparametric Techniques in Statistical Inference. Cambridge University
Press, Cambridge, 417-423

Wesolowski, J. and Ahsanullah, M. (1998) Distributional properties of exceedance
statistics. Annals of the Institute of . Statistical Mathematics., 50, 543-565.

Wilks S.S. (1941) Statistical prediction with special references to the problem of
tolerance limits, Annals of Mathematical Statistics, 13, 400-409.

22



