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Summary. This review paper consists of a description of the recent results
connected with the exceedance statistics based on ordered random variables. In
particular, the distributions of exceedance statistics in general random threshold
model based on functions of the independent and identically distributed random
variables are given.

Introduction

Let X and Y be two random variables with continuous distribution functions
F and Q and X1, X2, ..., Xn, ... and Y1, Y2, ..., Ym, ... be independent copies of
X and Y respectively. Consider two Borel functions f1(u1,u2, ..., un) and
f2(u1,u2, ..., un) with the following property:

f1(u1,u2, ..., un) ≤ f2(u1,u2, ..., un) (u1,u2, ..., un) ∈ Rn. (1)

Define random variables ξ1, ξ2, ..., ξm as follows:

ξi =
{

1, if Yi ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))
0, otherwise .

i = 1, 2.., n. We call f1(X1, X2, ..., Xn) and f2(X1, X2, ..., Xn) the lower and
upper random thresholds, respectively. Consider

νm =
n∑

i=1

ξi.

It is clear that the random variable νm shows the number of the elements
of the sample Y1, Y2, ..., Ym falling into random interval (f1(X1, X2, ..., Xn),
f2(X1, X2, ..., Xn). We call νm the exceedance statistics in independent and
identically distributed (iid) sequences of observations. We are interested in
distributional properties of νm. The particular cases for the lower and upper
thresholds being the rth and sth order statistics, Xr:n and Xs:n from the sample
X1, X2, ..., Xn were investigated in connection with the theory of tolerance lim-
its and invariant confidence intervals for future observations. See for instance
Wilks(1941) , Robbins (1944), Gumbel and Shelling (1950), Epstein (1954),
Sarkadi (1957), Siddigui (1970), David (1981), Bairamov and Petunin (1991).
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Some of the results on this topic were used to construct a statistical criteria
for testing hypothesis H0 : F = Q against some classes of alternatives. For
example Matveychuk and Petunin (1991) and Johnson and Kotz (1991) studied
a generalized Bernoulli model defined in terms of placement statistics from two
random samples. Katzenbeisser (1985), obtained a formula for the distribution
of νm when f1(X1, X2, ..., Xn) = −∞ and f2(X1, X2, ..., Xn) = Xr:n and pro-
posed a test criterion for testing the null hypothesis H0 : F (x) = Q(x) versus
Lehmann alternatives Q(x) = [F (x)]θ , θ 6= 1. He extended these results to shift
alternatives (Katzenbeisser (1986)). Matveychuk and Petunin (1991), Johnson
and Kotz (1991), (1994) investigated the test criterion for testing the hypothesis
H0 : F (x) = Q(x) by using νm.

1. Exceedance statistics in iid sequences of observations from
continuous distributions

The probability P {Y ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} plays an im-
portant role in determinig of distributions of exceedance statistics. Especially, it
is desirible that this probability would not depend on the distribution function if
the hypothesis H0 : F = Q is true. For the general consideretation assume that
the distribution function FX belongs to some general class of distributions =. Let
Xn+1 be the next (n+1)th observation which is independent of X1, X2, ..., Xn.
We say that the random interval (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) con-
taining the future observation is invariant (or distribution free) with respect to
the class = if the probability p = P {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))}
is the same for all distributions from the class =. It is easy to show that the
order statistics Xr:n and Xs:n, 1 ≤ r < s ≤ n form an invariant confidence
interval containing the future observation for the class of all continuous distri-
bution functions and in this case p = s−r

n+1 . It is also known that if f1 and f2 are
continuous and symmetric functions of n variables then the order statistics are
unique invariant intervals for the class =c (Bairamov and Petunin (1991)). It is
interesting to know that if one narrows the class =c to some parametric subclass
℘ = {Pθ, θ ∈ Θ} ⊂ =c, then there exist the invariant intervals for the class ℘
which are different those constructed by the order statistics. More precisely, let
Xn+1, Xn+2, ..., Xn+m be a new sample independent of X1, X2, ..., Xn. Then we
can write for θ ∈ Θ

Pθ {Xn+1, ..., Xn+m ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} =

=
∫

...

∫
[Fθ(f2(u1, ..., un))− Fθ(f1(u1, ...., un))]m dFθ(u1)...dFθ(un) =

= Eθ [Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn))]m .
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Denote

Tn(X1, X2, ..., Xn, θ) = Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn)) and
Gθ(u) = Pθ {Tn(X1, X2, ..., Xn, θ) ≤ u} .

We can formulate the following

Theorem 1.1. Bairamov et.al (1999) If the distribution of the random
variable (r.v.) Tn(X1, X2, ..., Xn, θ) is the same for all θ ∈ Θ (i.e. the d.f of
Sn is independent from θ), then (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) is an
invariant confidence interval for family ℘.

Theorem 1.1 pave a way of methods for constructing invariant confidence
intervals. Development of these methods can be extended to families of dis-
tribution with location parameters. Let us assume that we have the family of
distributions ℘ = {Fθ(x) = F (x− θ), θ ∈ Θ} , F is known. If it is true that
X1, X2, ..., Xn has d.f. Fθ ∈ ℘, then one can write

Tn(X1, X2, ..., Xn, θ) = Fθ(f2(X1, X2, ..., Xn))− Fθ(f1(X1, X2, ..., Xn))

= F (f2(X1, X2, ..., Xn)− θ)− F (f1(X1, X2, ..., Xn)− θ)

Define D+ = {(u1, u2, ..., un) ; u1 ≥ u2 ≥ ... ≥ un}and let a = (a1, a2, ..., an) ∈
Rn , b = (b1, b2, ..., bn) ∈ Rn , a[1] ≥ a[2] ≥ ... ≥ a[n], b[1] ≥ b[2] ≥ ... ≥ b[n]

where a[.] , b[.] designate order of magnitude. Given these definitions, under the
conditions of

1.
n∑

i=1

a[i] =
n∑

i=1

b[i]

2.

k∑
i=1

a[i] ≤
k∑

i=1

b[i], k = 1, 2, ..., n− 1

it is said that vector a is majorant to vector b. This is expressed symbolically
as a ≺ b (see Marshal and Olkin, 1979).

It is known that the necessary and sufficient condition for a ≺ b to hold true
is the condition that

n∑
i=1

aiui ≤
n∑

i=1

biui, for all u = (u1, u2, ..., un) ∈ D+.

(see Marshal and Olkin,1979, Chapter 4). In order to utilize this theorem let
a = ( 1

n , 1
n , ... 1

n ), b = ( 1
n−1 , 1

n−1 , ... 1
n−1 , 0), and let X[1], X[2], ..., X[n] be the order

statistics for the sample X1, X2, ..., Xn, X[n−i+1] = X(i). Set

f1(X1, X2, ..., Xn) =
1
n

n∑
i=1

X[i] , f2(X1, X2, ..., Xn) =
1

n− 1

n−1∑
i=1

X[i].
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Hence , it follows that

Fθ

(
1

n− 1

n−1∑
i=1

X[i]

)
− Fθ

(
1
n

n∑
i=1

X[i]

)

= F

(
1

n− 1

n−1∑
i=1

(X[i] − θ)

)
− F

(
1
n

n∑
i=1

(X[i] − θ)

)

= F

(
1

n− 1

n−1∑
i=1

(X(n−i+1) − θ)

)
− F

(
1
n

n∑
i=1

(X(n−i+1) − θ)

)
.

It is obvious that, here the distribution of X(n−i+1) − θ is independent of θ ;
which means that distribution of r.v. Tn is the same for all elements of class ℘.
Obviously, it will be true that for a two parameter family of distributions

℘1 =
{

Fθ,µ(x) = F (
x− µ

θ
) , θ ∈ Θ , µ ∈ Θ1 , F (x) is known

}
the distribution of a similar random variable

S∗n (X1, X2, ..., Xn, θ, µ) = Fθ,µ

(
1

n− 1

n−1∑
i=1

(X[i])

)
− Fθ,µ

(
1
n

n∑
i=1

(X[i])

)
,

is also independent from θ and µ.

The exponential distribution case

The exponential distribution occupies an important place in theory and ap-
plication among the families of distributions. For this reason, distribution free
confidence intervals and exceedance statistics based on these intervals need to
be discussed for this class.

Consider the class of distributions

P = {Pθ : Pθ(x) = 1− exp(−θx), x ≥ 0, θ > 0.}

The parameter θ is a scale parameter for this family. Let X1, X2, ..., Xn be a
random sample with d.f. Pθ ∈P3, so

f1(X1, X2, ..., Xn) =
n∑

i=1

aiX[i] =
n∑

i=1

aiX(n−i+1)

f2(X1, X2, ..., Xn) =
n∑

i=1

biX[i] =
n∑

i=1

biX(n−i+1),

and a ≺ b .
A distribution free confidence interval for P is conceived by the following

theorems.
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Theorem 1.2. (Bairamov et al. (1999)) For the class of exponential P, it
is true that

Pθ

{
Xn+1 ∈

(
n∑

i=1

aiX[i],
n∑

i=1

biX[i]

)}

=
n!

n∏
j=1

j∑
i=1

(ai + 1)
− n!

n∏
j=1

j∑
i=1

(bi + 1)

= α1(a1, a2, ..., an; b1, b2, ..., bn) = β1 , for ∀θ ∈ Θ,

and
(∑n

i=1 aiX[i],
∑n

i=1 biX[i]

)
= J(a, b, X1, X2, ..., Xn) is an invariant confi-

dence interval for the class ℘3 at β1 level.

Corollary 1.1. Let , for example, a = (0, 0, ..., 1) and b = (1, 0, ..., 0), a ≺ b.
Then

∑n
i=1 aiX[i] = X[n] = X(1) ,

∑n
i=1 biX[i] = X[1] = X(n) and α1(0, 0, ..., 1;

1, 0, ..., 0) = n−1
n+1 .

Theorem 1.3. (Bairamov et al.(1999)) The probability that a new set of
random sample values will fall into interval J(a, b, X1, X2, ..., Xn) is

Pθ {Xn+1, Xn+2, ..., Xn+m ∈ J(a, b, X1, X2, ..., Xn)}

= n!
m∑

k=0

(−1)k (m
k

)
n∏

j=1

j∑
i=1

{(m− k) ai + kbi + 1}

≡ βm(a1, a2, ..., an; b1, b2, ..., bn) ≡ βm.

Corollary 1.2. Let a = (0, 0, ..., 1) and b = (1, 0, ..., 0), a ≺ b. Then∑n
i=1 aiX[i] = X[n] = X(1) ,

∑n
i=1 biX[i] = X[1] = X(n). Then one can obtain

from Theorem 1.3

Pθ

{
Xn+1, Xn+2, ..., Xn+m ∈ (X(1), X(n))

}
=

n!m!
m + n

m∑
k=0

(−1)k

(m− k)!(n− 1 + k)!
=

n!
m + n

m∑
k=0

(−1)km!k!(n− 1)!
(m− k)!k!(n− 1 + k)!(n− 1)!

=
n!

(m + n)(n− 1)!

m∑
k=0

(−1)k

(
m

k

)(
n− 1 + k

k

)−1

=
n!

(m + n)(n− 1)!
.

n− 1
n− 1 + m

=
n(n− 1)

(m + n)(n− 1 + m)
. (2)
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Since ℘3 ⊂ =c (2) is a special case of the following formula (see Bairamov and
Petunin , 1991, Theorem 2)

PF

{
Xn+1, Xn+2, ..., Xn+m ∈ (X(i), X(j))

}
=

n!(m + j − i− 1)!
(j − i− 1)!(m + n)!

∀F ∈ =c,

taking i = 1 and j = n. (Above in (2) we used the formula

m∑
k=0

(−1)k

(
m

k

)(
a + k

k

)−1

=
a

a + m
)

Theorem 1.2 and Theorem 1.3 above show that a new random sample of size
m, Xn+1, Xn+2, ..., Xn+m will have observed values that fall in the distribution
free random interval J(a, b, X1, X2, ..., Xn) and the probability of this random
event is independent of the parameter θ of exponential distribution.

1.1. Distributions of exceedance statistics

Let φ(u1, u2, ..., un) be a real valued integrable n dimensional function. Con-
sider a functional of it is defined as follows ;

HF (φ) =
∫

...

∫
φ(u1, u2, ..., un)dF (u1)dF (u2)....dF (un) , F ∈ F ,

where F is some class of distribution functions. The properties of functional
HF (φ) are

i) HF (1) = 1
ii) HF (c1φ1 (.) + c2φ2 (.)) = c1HF (φ1) + c2HF (φ2).
Where φj (.) are distinct functions and cj ’s are real valued numbers.
Denote two random samples from two distributions F (u) and Q (u) as

(X1, X2, ..., Xn) and (Y1, Y2, ..., Ym), respectively. Let f1and f2 be the functions
with properties expressed in (1). The probability of a random event

Ak = {Yk ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} ,
k = 1, 2, ...m , is

p ≡ P (Ak)

=
∫

...

∫
[Q(f2(u1, u2, ..., un))−Q(f1(u1, u2, ..., un))] dF (u1)dF (u2)....dF (un),

which is independent of k, as seen. If we take definition of HF (φ) above into
consideration, the required probability for the each Ak is calculated by the
following;

P (Ak) = p = HF [Q(f2(ū))−Q(f1(ū))] ≡ HF (Qf2
f1

(ū)),
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where ū = (u1, u2, ..., un) and Q(f2(ū)) − Q(f1(ū)) ≡ Qf2
f1

(ū). Then it is clear
that

ξk =
{

1, if random event Ak is observed
0, if random event Ak is not observed

and the distribution of the exceedance statistics νm = ξ1 + ξ2 +... + ξm, which
can take values from the set {0, 1, 2, ...,m} , can be investigate in terms of the
functional HF . Note that the r.v.’s ξ1, ξ2, ..., ξm are dependent.

Theorem 1.4. (Bairamov et al. (1999)) For k = 0, 1, 2, ...,m it is true that

P {νm = k} = Ck
mHF

([
Qf2

f1
(ū)
]k [

1−Qf2
f1

(ū)
]m−k

)

EF

([
Qf2

f1
(X1, X2, ..., Xn)

]k [
1−Qf2

f1
(X1, X2, ...., Xn)

]m−k
)

where Ck
m =

(
m
k

)
= m!

k!(m−k)! , and mean and variance of νm are obtained as
follows, respectively:

E(νm) = mHF (Qf2
f1

(ū)),

var(νm) = m2

[
HF (Qf2

f1
(ū))2 −

(
HF (Qf2

f1
(ū))

)2
]

−m
[
HF (Qf2

f1
(ū))2 −HF (Qf2

f1
(ū))

]
.

Lemma 1.1. The characteristic function for νm statistic is

ϕνm
(t) = HF

(
1 +

(
eit − 1

)
Qf2

f1
(u1, u2, ..., un)

)m

.

Now let us define standardized νm as ν∗m = νm−E(νm)√
var(νm)

with E(ν∗m) = 0,

var(ν∗m) = 1.
Denote

C(x) = P
{

Qf2
f1

(X1, X2, ..., Xn) ≤ x
}

= P {Q(f2(X1, X2, ..., Xn))−Q(f1(X1, X2, ..., Xn) ) ≤ x}

.

Theorem 1.5. (Bairamov et al.(1999)) Let f1 and f2 be continuous func-
tions, F and Q are continuous d.f.’s. Then it is true that

lim
m→∞

sup
0≤x≤1

∣∣∣P {νm

m
≤ x

}
− C(x)

∣∣∣ = 0.

The following results follow from Theorem 1.5.
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Corollary 1.3. Denote a = A(F,Q) = HF (Qf2
f1

(ū))2 and b = B(F,Q) =
HF (Qf2

f1
(ū)). Then under conditions of Theorem 1.5 it is true

lim
m→∞

sup
− b

a≤x≤ 1−b
a

|P {ν?
m ≤ x} − C1(x)| = 0,

where C1(x) = C(ax + b) and ν?
m = νm−Eνm√

m2(a−b2)−m(a−b)
.

Corollary 1.4. Let (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn)) be the invariant
confidence interval for some class of distributions = with confidence level α1,
i.e.

PF {Xn+1 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} = α1

for any F ∈ =.

Denote α2 = PF {Xn+1, Xn+2 ∈ (f1(X1, X2, ..., Xn), f2(X1, X2, ..., Xn))} , where
X1, X2, ..., Xn, Xn+1, Xn+2 is the random sample from distribution with d.f.
F ∈ =. Let F = Q and F ∈ =, X = (X1, X2, ..., Xn). Then

lim
m→∞

sup
x

∣∣∣∣∣P
{

νm −mα1√
m2(α2 − α2

1)−m(α2 − α1)
≤ x

}
− C2(x)

∣∣∣∣∣ = 0,

where

C2(x) =


0, if x ≤ − α1√

α2−α2
1

P {F (f2(X))− F (f1(X)) ≤√
α2 − α2

1x + α1

}
,

if x ∈ (− α1√
α2−α2

1

, 1−α1√
α2−α2

1

)

1, if x ≥ 1−α1√
α2−α2

1

.

Corollary 1.5. Let P==c, where =c is the family of all continuous distri-
butions. Let
f1(X1, X2, ..., Xn) = X(i), f2(X1, X2, ..., Xn) = X(j), 1 ≤ i < j ≤ n . Given all
these we can write and show that (see Bairamov, Petunin,1991)

HF

(
F

u(j)
u(i) (u1, u2,...,un)

)
= P

{
Xn+1 ∈

(
X(i), X(j)

)}
=

j − i

n + 1
≡ αi,j and

HF

[(
F

u(j)
u(i) (u1, u2,...,un)

)m]
= P

{
Xn+1, Xn+2, ..., Xn+m ∈

(
X(i), X(j)

)}
=

n!(m + j − i− 1)!
(j − i− 1)!(m + n)!

≡ α
(m)
ij .

If i = 1 and j = n then α1,n = n−1
n+1 , α

(2)
1,n = (n−1)n

(n+1)(n+2) .
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Corollary 1.6. Let X1, X2, ..., Xn be a sample with d.f F ∈P==c, where
=c is the family of all continuous distributions. Let f1(X1, X2, ..., Xn) = X(i),
f2(X1, X2, ..., Xn) = X(j), 1 ≤ i < j ≤ n. In this case, C(x) in Theorem
1.5 has the form C(x) = PF

{
Q(X(j))−Q(X(i)) ≤ x

}
. If F = Q then C(x) =

P
{
F (X(j))− F (X(i)) ≤ x

}
= P {Wij ≤ x} , where Wij has beta distribution

with parameter (j − i, n− j + i + 1) (see David, 1981). It is not difficult to see
that a and b in Corollary 1.3 are:

a =

√
(j − i)(j − i + 1)
(n + 1)(n + 2)

− (j − i)2

(n + 1)2
, b =

j − i

n + 1
.

2. Exceedance Statistics based on minimal spacing

Let X1, X2, ..., Xn be a sample from nonnegative continuous distribution
with d.f. F, X1:n ≤ X2:n ≤ ... ≤ Xn:n be order statistics constructed by
this sample. Consider the spacings X1:n − X0:n, X2:n − X1:n, X3:n − X2:n, ...,
Xn:n − Xn−1:n (X0:n = 0). Define a random variable ν as follows: ν = k iff
Xk:n −Xk−1:n ≤ Xi:n −Xi−1:n, i = 1, 2, .., n. It is clear that ν is the number of
a spacing having minimal length.

The following assertions are correct.

Theorem 2.1. (Bairamov (1991)) Let F (x) = 1−exp(−λx) , x ≥ 0, λ > 0.
Then

P {ν = k} =
2 (n − k + 1 )

n(n + 1 )
, k = 1, 2, ..., n.

Theorem 2.2. (Bairamov and Eryilmaz (2000)) Let Xn+1, Xn+2, ..., Xn+m

be the next m observations obtained independently of X1, X2, ..., Xn from the
same population with d.f. F . If F (x) = 1− exp(−λx), x ≥ 0, λ > 0, then

P {Xn+1, Xn+2, ..., Xn+m ∈ (Xν−1:n, Xν:n)} =
(n(n+1)

2 − 1)!m!n(m + n + 1)

(n(n+1)
2 + m)!(m + 2)

.

Corollary 2.1. For m = 1 it is true

P
{
Xn+1 ∈ (X(ν−1), X(ν))

}
=

4
3

(n + 2)
(n2 + n + 2)(n + 1)

.
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Theorem 2.3. Let Xn+1, Xn+2, ..., Xn+m be the next m observations ob-
tained independently of X1, X2, ..., Xn from the same population with d.f. F .
If F (x) = 1− exp(−λx), x ≥ 0, λ > 0, then

P
{
Xn+1, Xn+2, ..., Xn+s ∈ (X(ν−1), X(ν)), Xn+s+1, ..., Xn+m /∈ (X(ν−1), X(ν))

}

=
2

n + 1

m−s∑
i=0

(−1)i

(
m− s

i

)
n + s + i + 1

s + i + 2

((n(n+1)
2 + s + i

s + i

))−1

,

s = 0, 1, 2, ...,m.

Now, define the following random variables

ξi =
{

1 if Xn+i ∈ (Xν−1:n, Xν:n)
0 if Xn+i /∈ (Xν−1:n, Xν:n) ,

i = 1, 2, ...,m, X(0) = 0 and the exceedance statistic Sm =
m∑

i=1

ξi.

It is clear that the random variables ξ1, ξ2, ..., ξn are dependent.
The following statement is valid.

Theorem 2.4. (Bairamov and Eryilmaz (2000)) Let F (x) = 1− exp(−λx),
x ≥ 0, λ > 0. Then the distribution of random variable Sm is

P {Sm = s}

=
(

m

s

)
2

n + 1

m−s∑
i=0

(−1)i

(
m− s

i

)
n + s + i + 1

s + i + 2

((n(n+1)
2 + s + i

s + i

))−1

,

s = 0, 1, 2, ...,m.

2.1. Asymptotic distribution of Sm for any continuous F

Theorem 2.5 The asymptotic distribution of Sm

m for large m is

lim
m→∞

sup
0≤x≤1

∣∣∣∣P {Sm

m
≤ x

}
− P {F (Xν:n)− F (Xν−1:n) ≤ x}

∣∣∣∣ = 0.

One can observe that Theorem 2.5 can be extended as follows: let X1, X2, ..., Xn

be a sample with continuous d.f. F, Y1, Y2, ..., Yn be a sample with continuous
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d.f. G. Define the following random variables

ξ̄i =
{

1 if Yi ∈ (Xν−1:n, Xν:n)
0 if Yi /∈ (Xν−1:n, Xν:n) ,

i = 1, 2, ...,m; X(0) = 0 and S̄m =
m∑

i=1

ξ̄i.

Theorem 2.5A. The asymptotic distribution of S̄m

m for large m is

P {G(Xν:n)−G(Xν−1:n) ≤ x}

i.e. it is true that

lim
m→∞

sup
0≤x≤1

∣∣∣∣P { S̄m

m
≤ x

}
− P {G(Xν:n)−G(Xν−1:n) ≤ x}

∣∣∣∣ = 0.

Lemma. Let X1, X2, X3 be iid random variables with cıontinuous d.f. F.
Let Xν:3−Xν−1:3 ≤ Xi:3−Xi−1:3, i = 2, 3. The pdf of random variable F (Xν:3)−

F (Xν−1:3) is

f∗(t) = 6

1∫
t

[1− F (2F−1(v)− F−1(v − t)) + F (2F−1(v − t)− F−1(v))]dv

0 < t < 1.

Example. Let X1, X2, X3 be a sample from uniform distribution. Then

f∗(t) =
{

6(2t− 1)2 , 0 < t < 1
2

0 , otherwise

and the distribution function is

F ∗(t) =
{

8t3 − 12t2 + 6t , 0 < t < 1
2

1 , t ≥ 1
2

.

2.3. Exceedance models of Wesolowski and Ahsanullah

Wesolowoski and Ahsanullah (1998) have introduced several interesting ex-
ceedance models and investigated the distributional properties of these statistics.

11



They also have discussed the identification of equiedistribution of observations
and the threshold. We mention here only few of their results.

Wesolowoski and Ahsanullah (1998) consider the number of Y ′s not exceed-
ing the level X and counted to the moment of the nth exceedance. Precisely,
for any integer n ≥ 1 the exceedance statistics is defined as

Rn = min {j ≥ 0 : Sn+j−1 = j, Yn+j > X} = min {j ≥ 0 : Yj+1:n+j > X} .

The exact and assymptotic distributions of Rn is given in the following

Theorem A. Assume that P{Q(X) < 1} > 0. For any integer n ≥ 1

P{Rn = j} =
(

n + j − 1
n− 1

)
E(Qj(X)(1−Q(X)), j = 0, 1, ...

and

E(Rn) = nE

(
Q(X)

1−Q(X)
I(0,1)(Q(X))

)

V ar(Rn) = nE

(
Q(X)

(1−Q(X))2
I(0,1)(Q(X))

)
+n2V ar

(
Q(X)

(1−Q(X))2
I(0,1)(Q(X))

)
.

Theorem B. Assume that Q(X) < 1 a.s. Then for n →∞

1
n

Rn
d→ Q(X)

1−Q(X)
.

3. Exceedance statistics based on record values

Let X1, X2, ..., Xn , ... be a sequence of independent and identically distributed
random variables with continuous distribution function F, Xu(1), Xu(2), ... be a
corresponding sequence of record values.

The distribution function and probability density function (p.d.f.) of record
values can be expressed in terms of

R(x) = − ln(1− F (x)) and r(x) =
d

dx
R(x) =

f(x)
1− F (x)

.

12



It is known that the distribution function (Ahsanullah (1995), Arnold, Bal-
akrishnan, Nagaraja (1998)) of n th record value is

Fn(x) = P
{
Xu(n) ≤ x

}
=

x∫
−∞

Rn−1(u)
(n− 1)!

dF (u) ,−∞ < x < ∞.

The joint p.d.f. of Xu(i) and Xu(j) is

f(xi, xj) =
(R(xi))i−1

(i− 1)!
r(xi)

(R(xj)−R(xi))j−i−1

(j − i− 1)!
f(xj) ,

−∞ < xi < xj < ∞

Suppose that Xu(n)+1,XU(n)+2,..., XU(n)+m be the m observations that come
after Xu(n).

For i = 1, 2, ...,m and r < s,

P
{
Xu(n)+i ∈ (Xu(r), Xu(s))

}
=

1
2r
− 1

2s
.

Define the random variables ξ1, ξ2, ..., ξm as follows:

ξi =
{

1 if Xu(n)+i ∈ (Xu(r), Xu(s))
0 if Xu(n)+i /∈ (Xu(r), Xu(s))

, i = 1, 2, ...,m ; r < s.

Denote νm =
m∑

i=1

ξi, the number of observations Xu(n)+1,Xu(n)+2,..., Xu(n)+m

falling into interval (Xu(r), Xu(s)). It is clear that the r.v.’s ξ1, ξ2, ..., ξm are
dependent.

Theorem 3.1. For r = k − 1 and s = k ( k = 2, 3, ...), it is true that

P {νm = j} =
(

m

j

)m−j∑
i=0

(−1)i

(
m− j

i

)
1

(j + i + 1)k

j = 0, 1, ...,m.

(see Bairamov (1997)).
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3.1. Assymptotic distributions of exceedance statistics in a record
threshold model

Let {Xn}n≥1 be a sequence of i.i.d. r.v.’s with continuous d.f. F , Xu(1), Xu(2), ...
is a sequence of record values. Let X ′

1, X
′
2, ..., X

′
m be i.i.d. random variables

with continuous d.f. G. Define the following random variables

ξ∗i (r, s) =
{

1 if X ′
i ∈ (Xu(r), Xu(s))

0 if X ′
i /∈ (Xu(r), Xu(s))

, i = 1, 2, ...,m , r < s.

and let

Sm(r, s) =
m∑

i=1

ξ∗i (r, s).

It is clear that Sm(r, s) denotes the number of X ′
i ’s falling above the threshold

Xu(r) and below the threshold Xu(s).

Lemma 3.1. It is true that

lim
m→∞

sup
0≤x≤1

∣∣∣∣P {Sm(r, s)
m

≤ x

}
− P

{
G(Xu(s))−G(Xu(r)) ≤ x

}∣∣∣∣ = 0.

The proof of this lemma is based on the Glivenko-Cantelli theorem.
The case F = G is of interest on its own and we have the following results

for this case:

Corollary 2. Let F = G. Then

lim
m→∞

sup
0≤x≤1

∣∣∣∣P {Sm(r, s)
m

≤ x

}
− P

{
F (Xu(s))− F (Xu(r)) ≤ x

}∣∣∣∣ = 0.

where Urs = F (Xu(s))− F (Xu(r)) has d.f.

P {Urs ≤ x} =
1

(r − 1)!(s− r − 1)!

x∫
0

1−t1∫
0

[
ln

1
1− t2

]r−1 1
1− t2

×

×
[
ln

1− t1
1− t1 − t2

]s−r−1

dt2dt1,

and p.d.f.

fUrs(x)

=
1

(r − 1)!(s− r − 1)!

1−x∫
0

[
ln

1
1− t2

]r−1 1
1− t2

[
ln

1− x

1− x− t2

]s−r−1

dt2,

0 < x < 1.
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Now let again F = G and r = k − 1, s = k (k = 2, ..., n). Then the expected
value and the variance of Sm(r, s) is:

ESm(k − 1, k) = m/2k,

V arSm(k − 1, k) = m(1/2k − 1/3k) + m2(1/3k − 1/22k).

As a consequence of Lemma 3.1, we have the following:

Theorem 3.2. Let F = G. For r = k − 1 and s = k (k = 2, 3, ..., n)

lim
m→∞

sup
0≤x≤1

∣∣∣∣P {Sm(r, s)
m

≤ x

}
− P {Uk−1,k ≤ x}

∣∣∣∣ = 0,

where Uk−1,k = F (Xu(k))− F (Xu(k−1)) has d.f.

Dk(x) ≡ P {Uk−1,k ≤ x} =
1

(k − 1)!

x∫
0

[
ln

1
u

]k−1

du , 0 < x < 1.

and p.d.f.

dk(x) ≡ fUk−1,k
(x) =

1
(k − 1)!

[
ln

1
x

]k−1

, 0 < x < 1.

Also it is true that

P

{
Sm(k − 1, k)− ESm(k − 1, k)√

V arSm(k − 1, k)
≤ x

}
→

m→∞
Dk(ax + b),

where

a =

√
1
3k
− 1

22k
and b =

1
2k

.

(see Bairamov and Eryılmaz (2001))

4. Exceedance models in multivariate FGM distributions

Let us define a n variate FGM random vector (X1, X2, ..., Xn) by the uni-
variate marginals Fi ∼ Xi, i = 1, 2, ..., n and a real number αn such that the
joint distribution of X1, X2, ..., Xn is given by the Farlie-Gumbel-Morgenstern
(FGM) distribution

H1,2,...,n(x) =
n∏

i=1

Fi(xi)

1 + αn

∑
1≤j<l≤n

F̄j(xj)F̄l(xl)

 , (3)

where x = (x1, x2, ..., xn) ∈ Rn, F̄j(xj) = 1 − Fj(xj). For a given n the real
number αn is admissible if

1 + αn

∑
1≤j<l≤n

εjεl ≥ 0

15



hold for all εj = ±1 (as a consequence each parameter must satisfy |α| ≤ 1).

We call the random variables whose joint distribution is defined by (3) a
simple- FGM (or s-FGM) random variables. (If it will not confuse the readers
we will also use the term ”finite s-FGM sequence”)

It follows from the Lemma 4.1 below that if n tends to infinity, i.e. if we
consider infinite sequence of random variables whose finite dimensional distri-
butions are given in (3) then we have only a sequence of independent random
variables. We will deal in this paper with finite FGM sequences.

Lemma 4.1. The admissible range of αn, n > 1 allowing (3) to be a n
variate distribution function is

− 1(
n
2

) ≤ αn ≤
1[
n
2

] ,
where [x] denotes the integer part of the real number x.

Consider a random variable X with the continuous distribution function F
and s-FGM random variables Y1, Y2, ..., Ym independent of X and fitting to the
model (3) with equal marginal distributions G(xj) and pdf g(xj), −∞ ≤ xj ≤
∞, j = 1, 2, ...m. The joint pdf of (Y1, Y2, ..., Ym) is given as follows:

h(x1, x2, ..., xm) =
m∏

i=1

g(xi)

1 + αm

∑
1≤j<l≤m

(1− 2G(xj))(1− 2G(xl))

 ,

−∞ ≤ x1, x2, ..., xm ≤ ∞

with αm satisfying

− 1(
m
2

) ≤ αm ≤ 1[
m
2

] (4)

Definition 4.1. For any integer m ≥ 1

Sm = # {k ≤ m : Yk ≤ X}

denotes the number of Y ’s falling below the random threshold X.

The exact distribution of Sm is given in the following theorem.

Theorem 4.1. (Bairamov and Eryilmaz (2004)) For any integer m ≥ 1 and
real number αm satisfying (4)

P {Sm = k}

=
(

m

k

)[
E(Gk(X)Ḡm−k(X)) + αm

(
k(k − 1)

2
E(Gk(X)Ḡm−k+2(X))

16



−k(m− k)E(Gk+1(X)Ḡm−k+1(X))+

+
(m− k)(m− k − 1)

2
E(Gk+2(X)Ḡm−k(X))

)]
k = 0, 1, ...,m,

where Ḡ(x) = 1−G(x).

Corollary 4.1. Let F = G, then

P {Sm = k}

=
(

m

k

)[
B(k + 1,m− k + 1) + αm

(
k(k − 1)

2
B(k + 1,m− k + 3)

−k(m− k)B(k + 2,m− k + 2)+

+
(m− k)(m− k − 1)

2
B(k + 3,m− k + 1)

)]
(5)

k = 0, 1, ...,m, − 1(
m
2

) ≤ αm ≤ 1[
m
2

] .
where B(a, b) is a beta function.

Remark 4.1. Since
(

m
m−k

)
=
(
m
k

)
and B(a, b) is a symmetric function

of its arguments it is not difficult to observe from (5) that P {Sm = k} =
P {Sm = m− k} .

Let X1, X2, ..., Xn be the finite s-FGM sequence having marginal d.f. F
and Y1, Y2, ..., Ym, ... be a sequence of i.i.d. random variables with d.f. G. Let
X1:n ≤ X2:n ≤ ... ≤ Xn:n be the order statistics of X1, X2, ..., Xn.

Definition 4.2. For any integer m ≥ 1 and 1 ≤ r ≤ n

νm = # {k ≤ m : Yk ≤ Xr:n}

denotes the number of Y ’s falling below the random threshold Xr:n.

The exact distribution of νm is given in the following theorem.

Theorem 4.2. If H0 : F = G is true then for any integer m ≥ 1 and
1 ≤ r ≤ n

P {νm = k}
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=
(

m

k

) n∑
s=r

(−1)s−r

(
s− 1
r − 1

)(
n

s

)
[sB(s + k,m− k + 1)

+αn

(
s2(s− 1)

2
B(s + k,m− k + 3)− s(s− 1)B(s + k + 1,m− k + 2)

)]

k = 0, 1, ...,m , − 1(
n
2

) ≤ αn ≤
1[
n
2

] .

Remark 4.2. Let in Theorem 4.1 αm = 0 i.e. Y1, Y2, ..., Ym are i.i.d.
random variables. Then from Theorem 4.1 one obtains

P {Sm = k} =
(

m

k

)
E(Gk(X)Ḡm−k(X))

which coincides with the Theorem 1 of Wesolowski and Ahsanullah (1998). From
Theorem 4.2 in this case one has

P {νm = k} =

(
r+k−1

r−1

)(
m+n−k−r

n−r

)(
m+n

n

)
which coincides with Corollary 1 (b) of Wesolowski and Ahsanullah (1998) (see
also Katzenbeisser (1985), (1986), Matveychuk and Petunin (1990), Johnson
and Kotz (1991), (1994) ).

5. Exceedance statistics for arbitrary distributions

Let X be a random variable defined on a probability space {Ω,=, P} with
c.d.f. F (x) = P {X ≤ x} . Throughout this paper we will assume that F is an
arbitrary distribution, i.e. F may contain a discrete, absolutely continuous and
singular components. Let M = {a1, a2, ..., al} , (a1 < a2 < ... < al) be the
set of atoms of the distribution. The following lemma will be useful for our
investigations.

Lemma 5.1. Let A ∈ = and E {A | x} exist for all x ∈ R. Then

P {A} =
l∑

k=0

ak+1−0∫
ak

P {A | X = x} dF (x) +
l∑

k=1

P {A | X = ak}P {X = ak} ,

(6)
where a0 = −∞, al+1 = ∞.

The proof is a direct application of the total probability rule.
It is clear that if we have only one atom, say a then (6) becomes

P {A} =

a−0∫
−∞

P {A | X = x} dF (x) +

∞∫
a

P {A | X = x} dF (x)
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+P {A | X = a}P {X = a} . (7)

Now let X1, X2, ..., Xn be a sample from distribution with the c.d.f. F, and
Xn+1, Xn+2, ..., Xn+m be the another sample from the same distribution in-
dependent of the first. Denote by X(1), X(2), ..., X(n) the order statistics of
X1, X2, ..., Xn. Consider the random variables ξ1(r), ξ2(r), ..., ξm(r) defined as
follows:

ξi(r) =
{

1, if Xn+i < X(r)

0 if Xn+i ≥ X(r)
, i = 1, 2, ...,m; 1 ≤ r ≤ n.

Finally define as above

Sm(r) =
m∑

i=1

ξi(r).

Evidently Sm(r) is the number of observations Xn+1, Xn+2, ..., Xn+m falling
in to the interval (−∞, X(r)). It is well known that the distribution function of
X(r) is

Fr(x) = P
{
X(r) ≤ x

}
=

n∑
i=r

(
n

i

)
F i(x)(1− F (x))n−i = IF (x)(r, n− r + 1),

where Ip(c, d) =
p∫
0

tc−1(1 − t)d−1dt/B(c, d) is the uncompleted beta function

(see e.g. David (1981))

Theorem 5.1. Using the notation above:

P {Sm(r) = k} =
(

m

k

) 1
B(r, n− r + 1)

l∑
j=0

F (aj+1−0)∫
F (aj)

tk+r−1(1− t)m+n−k+rdt

+(Fr(a)− Fr(a− 0))
l∑

j=1

F k(aj − 0) ((F (aj)− F (aj − 0))m−k

 ,

k = 0, 1, ...,m.

Let X1, X2, · · · be a sequence of independent and identically distributed ran-
dom variables with distribution F of arbitrary type and let D be the set of points
of discontinuity of F . Throughout X1:n ≤ X2:n ≤ · · · ≤ Xn:n will represent the
order statistics from a sample of size n and Fr:n will be the distribution of Xr:n.
For a second sample, Xn+1, · · · , Xn+m, define the exceedance statistic, Sm(r),
to be the number of Xn+i that fall strictly below Xr:n. (We should remark that
one may modify our results if exceedance is defined as Xn+i ≤ Xr:n, however

19



we will not duplicate such results.) The sampling distribution of Sm(r) is as
follows.

Theorem 5.2. (Bairamov and Khan (2004)) For k = 0, 1, · · · ,m, we have

P (Sm(r) = k)(
m
k

) =
r
(
n
r

)
(m + n)

(
m+n−1
k+r−1

) (1−
∑
d∈D

(∆Fk+r:m+n)d

)
+
∑
d∈D

(F (d−))k (1− F (d−))m−k(∆Fr:n)d,

where (∆Fr:n)d = Fr:n(d) − Fr:n(d−), and
∑

d∈D stands for summing over all
points of discontinuity of F .

When D is empty, one gets the classical result of Gumbel and Schelling(1950),
see also Gumbel (1954), Epstein (1954), and Sarkadi (1954). When D is a finite
set, one gets the recent result of Bairamov and Kotz (2001).

Our next result deals with the weak convergence of the statistic Sm(r)/m.
When F is a continuous distribution, the weak convergence of Sm(r)/m to a
beta distribution was proved by Matveychuck and Petunin (1990, (1991). The
following theorem not only provides the weak limit of Sm(r)/m for an arbitrary
F but also gives its rate of convergence.

Theorem 5.3. For any distribution F , and any x ∈ (0, 1), the rate of weak
convergence is ∣∣∣P (Sm(r) ≤ mx)− L̂r,n(x)

∣∣∣ = O(m−1/2), where

L̂r,n(x) :=

=


Br,n−r+1(F (d)) if

x ∈ (F (d−), F (d)]
for some d ∈ D,

1
2 [Br,n−r+1(F (d)) + Br,n−r+1(F (d−))] if

x = F (d−)
for some d ∈ D,

Br,n−r+1(x) otherwise

,

where Ba,b(x) is the beta distribution with parameters a, b. (Of course, the
weak limit is the right continuous version of L̂r,n.)

In particular, when F is a continuous distribution, we get

|P (Sm(r) ≤ mx)−Br,n−r+1(x)| = O(m−1/2).
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