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Abstract

A new nonparametric test for two sample problem based on order statis-
tics is suggested. This test can be successful in the case of small samples.
The probabilities of the statistic are given. Comparisons with Kolmogorov-
Smirnov, Mann Whitney-Wilcoxon, and Wilks’ empty block test for small
sample sizes are made by the simulation.
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1. Introduction

Let 3. be the class of all continuous distribution functions (d.f.’s), Xi,
Xo, ..., X, and Y7,Y5, ..., Y,, be random samples obtained from populations
with d.f. F" and @ respectively, F,Q € .. Denote the probability measures
as P, and P, according to F' and (@) respectively. Let @ be the class of
probability measures according to . .

One of the main problem of nonparametric statistics is to test the null
hypothesis Hy : F'(z) = @Q (x) against a composite alternative H; : F (x) #
Qz); F,QeS.

This also can be formulated as the following;:
H() : (F,Q) S So, Hl . (F,Q) € %*\So,
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where

3 = {(F.Q): (F,Q) €3}, 3 ={(FQ): (F.Q) €3 F =Q}.

The test function for testing Hy against H; is determined as follows,

1, if (X1, X0, ., X, Y3, Ya, .., V) €Q

\If(XhXQ, ...,XTLJ}/I7}/27 7Ym) = { 0 otherwise

where Q € R is the critical set.
The function

Bu (P, P2) = Ep xp,V (X1, Xo, oo, X0, Y1, Yo, ., Y)
- Pl X P2 ((X17X27"‘7Xn7}/17)/27‘”7ym> S Q>7P17P2 S p

is the power function of the test, where P; x P, denotes the product of proba-
bility measures Py and Ps; so that Py x Py (X1, Xo, ..., X;,, Y1, Y5, ..., Yy,) € Q)
is the probability of the event ((Xi, Xs,..., Xy, Y1, Y5, ..., Y,,) € Q), while X
has distribution P; and Y has distribution P.

According to Neyman-Pearson theory the desirable property of the test
U is

Pyx P {(X1, Xo, ooy X0, Y1, Ya, ., Yi) €Q) < av, for all Py € p,

for a given level of significance a.
If
lim ﬁq/(Pl,Pg) = 1, for all Pl %PQ,

n,Mm— 00

then the test W is called consistent for checking Hy against H;.
If

EpspV (X1, Xo, oy X0, Y1, Yo, ., Yy) = v, for all Py € p, (1)

then the test W is called nonparametric. If (1) holds asymptotically for large
values of m and n then W is called asymptotically nonparametric test.
Tests of this type have been devised by Dixon (1940), Mathisen (1943),
Smirnov (1939), Wald and Wolfowitz (1940), Wilks (1961), Borovkov (1975).
Most of other tests are somewhat the modification of Wilks’ empty block test
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or Kolmogorov-Smirnov’s test. For more details one can see e.g. Borovkov
(1984).

Let X(l) < X(g) < ... < X(n) and Yv(l) < }/(2) < ... < }/Em) be the
order statistics constructed from X, Xs,..., X, and Y3,Y5,....Y,,, respec-
tively. Kolmogorov-Smirnov test statistic is constructed by the distance
sup |Fp(x) — Gp(x)| , where F,(z) and G,,(x) are empirical distribution

flfnctions of the samples X1, X, ..., X,, and Y7, Y5, ..., Y,,, respectively. Con-
sider the sample blocks A; :(—oo,X(l)}, Ay = (X(l),X(Q)} sy A, =
(X(n_l),X(n)], A = (X(n),oo). Let s, = s.(n,m) be the number of
blocks containing exactly r element of another sample Y7, Y5, ..., Y,,. A class
of tests can be constructed using test statistic based on linear combina-
tion Zf:o ¢-S., where ¢, cy, ..., c, are given weight constants. When k£ = 0
then we have the Wilks” empty block test. Wilks’ test is based on the ran-
dom variables 71,7y, ..., 7,11, Where r; shows the number of the observations
of the sample Y7,Y5, ..., Y, falling into the random interval (X(i_l),X(i)}  (
X(O) = —0Q, X(n+1) = OO) Let uy = F(X(l)), Uy = F(X(g)) — F(X(l)),...,
up, = F(X@u)) = F(X(n-1)), Uny1 = 1 — F(X()) be the coverages of blocks.
The major fact used in all classical tests based on blocks is that the condi-
tional probability for random vector (ry,rs, ..., 7,+1) to have a specific value
(15, by oy i), given (ur, ug, ..., uy) is

m! v /

T r!
U U (1 —ug — ug — oo — uy) L,

eyl !

In this work we construct a nonparametric test for testing Hy against
H,, based on the properties of order statistics to be an invariant confidence
intervals containing the main distributed mass, i.e. if Xy, X, ..., X,,, X,,41 is
a random sample with continuous distribution function then

J—1
P{X,1 € (X4, X))} = n+1 @)

(see Madreimov, Petunin, 1982). The proposed test can be used successfully
when sample sizes are small.



2. The test based on the order statistics

Let X1y < Xy < ... < X() be the order statistics constructed from
X1, X5, ..., X,. Denote

Ay = (=00, X)], D2 = (X01), X»)] o An = (X o1y, Xiy] - Anr = (X, 00) -
Define the following random variables (r.v.’s).

0, Yy & A, k=1,2,.m, i=1,2,...n+1

Let .
G=> &
k=1

It is clear that (; is the number of observations (Y7, Ys, ..., Y;,,) falling into
the interval A; When the hypothesis H, is true then

-k

P{Yie (Xw. Xo)} = =

1<k<l <n, 1=1,2,....m

and for [ = k£ + 1 it becomes

1

=P{Y,e Ay} = ——,
Pk { k} n—+1 ’

=12 ...m

Bairamov and Petunin (1991) introduced the notion of invariant confi-
dence interval containing the main distributed mass of general population.
Let X; Xs, ..., X,, be independent r.v.’s with common d.f. F' which belongs
to a class of d.f.’s J. Suppose fi(uy ug, ..., u,) and fo(uy ug, ..., u,) are two
Borel functions with the following property:

fi(ugug, ..yupn) < fo(uy ug, ..., up) (uy ug, ..., u,) € R™.

Let X, 11 be a new sample point which is independent of X; X, ..., X,, and
has the same d.f. F. If

P{Xn11 € (fi(X1, Xy, ..., X)), fo(X1,Xo, ... X)) =« forall Feg,



then (f1(X1Xo, ..., Xy), fo(X1, X5, ..., X;,)) is called an invariant confidence
interval containing the main distributed mass for the class of distributions &
with confidence level « .

It is clear from (2) that the random interval (X, X)), (1 <k <1< n)
is an invariant confidence interval for class of all continuous distribution
functions. If f; and fy; are continuous, symmetric and different on ev-
ery set with a nonzero lebesgue measure functions of n arguments, only
fl(Xl,X27'--7Xn) = X(i), f2<X1’X2,...,Xn) = X(j), 1 <i< 7<n form an
invariant confidence interval for . (see Bairamov, Petunin ,1991).

Consider the following statistic

=G\
n= Z (E - pk)
k=1

which can be interpreted as the sum of squared errors between frequencies

and the probabilities of the events Yj, € (X(;_1), X)) i =1,2,...,n+ 1.

The following lemma will be useful for further discussions.

Lemma 1. For 0 < i, <m, (k=1,2,...n+1), i1 +is+ ... +ipp1 =m
it is true that

P{¢ =1i1,0 =2, .., Gug1 = g1} =
nlm!

- 11122 Zn+1 [ ) [ Qu ZL“1 ZL‘Q) Q(ZEl)] [Q(mn) — Q(xn_l)]Z" X

X [1 — Q)] dF (21)dF ()...dF (x,,).

Corollary 1. Assume that Hy is true. Then for 0 < i < m, (k =
1,2,..,n+1), iy +is+ ... + iy = m it is true that

1
(")

Note that Corollary 1 coincides with assertion 14.3.1 of Wilks (1962, p.
442).

P{G =11,0 =2, ..; Gug1 = lny1} =



Theorem 1. Assume that Hj is true. Let n+1 > m,l; = min (i3+

(i1,82,--in)€EP1,2,....n

Gtotipg)=mb= omax o (f4igttiny) =m0 < <m,
11,22,-..%n)€01,2,....n

kE =1,2,..,n + 1, where g5, denotes the class of all permutations of

1,2,...,n. Then the distribution of statistic 17 has the following form

P{néw}zP{ni(%—pk)zgx}:

k=1
0, r< i g
[mz(era)]
= 1 . AT
Z CZ+um,n,J , T € [m2 a, .2 @}
Jj=bh
17 X 2 % —a

where P, ; is the number of sequences {i1, 42, ..., i+1} satisfying i; + is +
.+ iny1 =mand if + i3 + ... + 42, = j, where [z] is a minimal integer less

|
than z, py = a = .

Proof. From (2) one can write

P =1} =P{X € (X4_1), X))} = =a, k=1,2,..,m,i=1,2,... n+1

X(0) = —00, X(n+1) = 00. One has

n+1
1
P<Z<5=j>= S e it mt
k=1

114+i24.. . Fipp1=m n+m
Gt A =T

(3)
It is clear that P, ,; = 0 for a values of j € [m,m+1,m+ 2,...,m?| for
which does not exists a sequence {iy, is, ..., i,11 } satisfying iy +is+... + i1 =
m and i} 4+ 3 + ... + 2 = J.
One deserves that n may be written as follows
n+1 2 n+1 2 n+1 n+1 2
BTN T
k=1

Therefore using (3) and (4) one has

F,(z)=Pn<z) = ( ch—a<x>:P<ZC£§m2(aj+a}),

k=1



0, r< g

m
[m2(1’+a)] ) l l
=y X e Pengs v€ [ - agh—d
j:ll n+m
1, T > % —a
1 1
0’ Z S m n+1
[mQ(era)]
— 1 1 1 1
=\ X abessreln-aa ool
j=m
1
1, 21—

Thus the theorem is proved.

Intuitively the large values of 1 conforms with H; . Hence we can reject
H, for large values of nand the declared a. So we propose the following test

function as

N 1, n>z,(m
\I/ (X17X27"'7Xn7)/17}/2)"‘7ym> :{ O z< T Em;

Denote critical region as W, = {(X1, Xo, ..., X5, Y1, Yo, ..., Y0) i > 20 (m)} .
Considering X7, X, ..., X, as a training sample, Y7, Y5, ..., Y}, as a control
sample and selecting x,(m) such that z,(m) — 0 as m — oo one can prove

the following

Theorem 3. Let F' # ) and for any x; < x5 < ... < x, there exist
xg,{k = 2,3...n} such that Q(zy) — Q(xk_1) # F(xr) — F(x5—1). Then the
test W, for testing Hy : F' = @), against H; : F' # () is consistent , i.e.

n+1 C 1 2
lim PFXPQ{Z(EZ_TH—l) >xa(m)}:1, for F# Q.

m—o0o -
=1

Proof. Let —co <21 < 29 < ... < x, < 00 and
A = (=00, 21|, A5 = (z1,22] , ..., AL 1 = (T, 00)
be the nonrandom intervals. Define the r.v.’s

xk ) k ) _
éi _{ 7 g ;k , k_1,2,...,m Z—1,2,...,n—|—1



and (*; = Y2 &*. Tt is clear that
k=1

P{grk=1}=P{V, €

Then one can write

(xz lvxz)} i = f dQ Q(l’z) _Q(xi—l)

Ti—1

{z<>}

[ S (-
S A

n+1
- Z (pz

n+1
n‘/ P Z
r1<r2<...<Tn,
n+ n+1 * 1
! P * 2 T
n/ r1<x2<...<In {(Z pz) + Z( )(z TL+1)+

=1

1
n+1

XAF (21)...dF ()

n+1 * 1

m n_|_1) >xa(m)}dF(ZE1)...dF(:En)

*

1 2
_pl —l—p: - n——|—1> > xa(m)} dF(ml)dF(xn)

n+ 1) ) > xa(m)} dF(xy)...dF(z,)

By the law of large numbers % — pI, a.s. as m — oo.

n+1 2
Gi 1
P{Z (E_n—l—l) ~

=1

Then one obtains from (5

lim P{

n+1 1
To(m — n'/ / (pZ ) >0
} m—oo r1<22<...<ZTn { 2 n + 1

1=

XAF(x1)...dF (zy) (5)

) for large n,

SICHE S

=1




n+1 9

1
n! / . / P ( Q(zi—1) — ) >0 dF(zy)...dF (z,
r1<w2<...<Tp {2; n+1 )

7

= n! / . /zl<x2<m<$n {Z Qziy) — F(;) + F (w,-1))* > O} dF(x1)...dF(xy)

2

- m/ /WQ< . {Z (Qz:) — Qai_y) — F(a) + Flai_y))* > o} dF (21)..dF (2, =

i=2
Thus the theorem is proved.
Now consider the test W, = {(X1, Xa, ..., X5, Y1, Y2, ..., Y;) 1 ) > z4(m)} , where
T, 18 determined from the equality

P{(X1, X0y, Xp, Y1, Ya, . V) € Wo [Hy} = 1 — Fy ().

The numerical values of F,(z)—d.f. of n for n = m = 15 is provided in
Table 3.

Here, F, (x,) should be close to one, in order to make small probability
of error of type one. As the next step the d.f.

[m CE+(1)]

lh lo
Z Cn Pring e{w_mﬁ_a}- (6)

j=l n+m

has been tabulated for different values of n and m (n + 1 > m). The values
P, in (6) calculated using the following iterative relation

m m—i1 Mm—i1—i2—...—in
E E E [(il,ig,...,in+1,m,n),
i1=0 1d2 in4+1=0

where

o . 1, if 242+ +i2 =4, i1 +ic+..+ip=m
I<Zla7/27"'7zn+lam7n) :{ 0 ! 2 n+10th67"’lUi8€ "

Using Minitab package program the samples from different distributions
are obtained. These samples are given in Table 1. Comparison of results for
two sample problem made for test W, ,based on test statistics n with Mann



Whitney-Wilcoxon and Kolmogorov Smirnov tests. Using software SPSS it
is observed that the test W, for small sample size gives more efficient results.

Table 1.The values of order statistics drawn from different distribution
n = 15.

For an evaluation of the results obtained by application of 7 statistic
and for comparison with the other tests statistics we provide the following
numerical examples:

Table 2. Comparison of test based on n statistics with Mann Whitney
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Wilcoxon, Kolmogorov Smirnov and Wilks” empty block tests for o = 0.05.

Comparison with the Wilks” empty block test is also made. Given in
Table 2 critical region sy > Sy for Wilks” empty block test is constructud
as follows:

Suppose X1, X, ..., X,, is a sample obtained from distributions with d.f.
F(z) and Y1,Y5,....Y,, is a sample obtained from distributions with d.f.
Q(z). Let Xy < Xy < ... < X( be the order statistics constructed from
X, X, ..., X,

The intervals (—OO, X(l)] , (X(l), X(g)] s ey (X(n,l), X(n)] , (X(n), OO) are called
sample blocks Bil), Bf), e BYHD respectively. Let s; be the number of the
blocks B%l), B§2), e BYLH) which contain 7 elements from Y7, Y5, ..., Y,,. That
is, so the number which contain 0 elements from Y7, Y5, ..., Y. (S0, 1, -y Sim)
is a multidimensional random variable which must satisfy the conditions

80+81+...+Sm:n+1

s1+ 289 + ...+ ms,, = m.
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Assume that Hj is true. Probability function of s is
( n+1 ) ( m—1 )
s n—s
Plso) = 0 0
n+m
()
so =k,k+1,..,n , where k = max(0,n —m + 1).
The test has its critical region W,,.

Waa = {(X1;X27 ...,Xn,Yi,}/é, ~"7Ym) D S0 > SOa(aanam)} .
Soa(@,m,m) is the smallest integer for
P(Waa \ (Fl,FQ) € %0) S . (7)

For n = 15 and m = 15 sgu(a,n, m) = Sape = 10 found from (7). Using
Table 1 we obtained values of sy. In the table 2 results of Wilks empty block
test is presented.

Now using Table 2 we try to explain how to use the test based on the n
statistic.

Case 1. (See Table 2) Let Xi, Xs,...,X, (n = 15) be a sample ob-
tained from distribution with d.f. F(z) and Y},Y5,...,Y,, (m = 15) be a
sample obtained from distribution with d.f. @Q(x). Here F(z) is a uniform
over (0, 1) distribution function and Q(x) is the standard Normal distribu-
tion function .

We want to test hypothesis Hy : F'(x) = Q(x) by the help of 7 statistic.
Consider

Ay = (=00, X1)], A2 = (X, X9)] o, An = (X(nm1), Xy |, Anir = (X (), 00)

Denote by (; the number of observations Y, Y, ..., Y5 falling to A;, ¢ =
1,2,...,15.

That is 1 =10,6=1,3=0,G=1,6=0,06 =0, =0,(s =1, (g =
0,610 =0,01=0,02=0,03=2,014 = 0,015 = 0,(16 = O;Fy definition the

numerical value of 7 statistic has been calculated as n = ) (% — a)2 . Thus
k=1

10 1)\? 1 1\’ 2 1\? 1\
Y - 2= 1m{o-—) =041
7 (15 16) +3(15 16) +(15 16) * (0 16> 04130
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and 7ape can be found from the Table 3 (see Appendix) for n = 15 and
m = 15. F, (m*(zq + 745)) = 0.95 in order to have m? (zo + —15) = 60 =
152 (a:a + 11—6) = 60 = 4 = Ntable = 0.2041 and since n > Naple, Ho rejected.

Since, these samples are obtained from different distributions, it is ex-
pected that Hy will be rejected. X7, Xs, ..., X, ~U(0,1) and Y7, Y5, ..., Y}, ~
N(0,1). Other cases given in Table 2 is analyzed analogously.
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