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Abstract

A system with n independent components which has a k-out-of-n: G structure operates if at least k components operate.
Parallel systems are 1-out-of-n: G systems, that is, the system goes out of service when all of its components fail. This paper
investigates the mean residual life function of systems with independent and nonidentically distributed components. Some
examples related to some lifetime distribution functions are given. We present a numerical example for evaluating the rela-
tionship between the mean residual life of the k-out-of-n: G system and that of its components.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

A technical system has a k-out-of-n: G structure if at least k of the n components work (or are good) for the
entire system and fails if n� k þ 1 or more components fail. Hence, a k-out-of-n: G system breaks down at the
time of the failure of the ðn� k þ 1Þth component. As all components start working at the same time, this
approach leads to an active redundancy of n � k components. Important particular cases of k-out-of-n: G sys-
tems are parallel and series systems corresponding to k = 1 and k = n, respectively.

Assuming that each component of the system has survived up to time t, the survival function of X i � t given
that X i > t, i ¼ 1; . . . ; n, is

SiðxjtÞ ¼
F iðt þ xÞ

F iðtÞ
: ð1Þ
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The MRL function of each component is

WiðtÞ ¼ EðX i � tjX i > tÞ ¼
Z 1

0

SiðxjtÞdx ¼ 1

F iðtÞ

Z 1

t
F iðxÞdx; i ¼ 1; . . . ; n: ð2Þ

Although there are many papers related to the k-out-of-n: G system, few have focused on the MRL of parallel
and k-out-of-n: G systems. For the recent results on the MRL functions of k-out-of-n systems one can see Khal-
edi and Shaked [1], Navarro and Shaked [2], Navarro and Eryilmaz [3], Hu et al. [4]. Asadi and Bairamov [5,6]
have defined the MRL functions of parallel and k-out-of-n: G systems consisting of identical and independent
components and have obtained some of their properties. Sarhan and Abouammoh [7] have investigated the reli-
ability of nonrepairable k-out-of-n systems with nonidentical components subjected to independent and com-
mon shocks. Li and Chen [8] studied the aging properties of the residual life length of a k-out-of-n system with
independent (not necessarily identical) components given that the (n � k)th failure has occurred at time t > 0.
Most of the fault-tolerant systems such as parallel and k-out-of-n: G systems, consist of nonidentical compo-
nents. This type of structures find wide applications in both industrial and technical areas.

In this study, the MRL function for parallel and k-out-of-n: G systems consisting of n INID components
are investigated. Section 2 focuses on the MRL function of the k-out-of-n: G system. In Section 3, a detailed
coverage on MRL evaluation for parallel systems is provided. In Section 4, we provide an example on the
MRL of the k-out-of-n: G system with INID components demonstrating for selected parameters, to examine
the relationship between the MRL of the system and its components.

1.1. Preliminaries

The MRL function for the nonidentical case can be expressed in terms of symmetric functions and perma-
nents. We describe shortly below the definition of symmetric functions and permanents and provide some of
their useful properties.

Definition 1. Let x ¼ ðx1; . . . ; xnÞ 2 Rn, ðn P 1Þ. The rth ð1 6 r 6 nÞ elementary symmetric function denoted
by rrðx1; . . . ; xnÞ, is the sum of all products of r distinct variables chosen from n variables [9]. That is

rrðx1; . . . ; xnÞ ¼ rrðxÞ ¼
X

16i1<���<ir6n

xi1 . . . xir :

It is convenient to define rrðxÞ ¼ 0 for r < 0 and r > n: And rrðxÞ ¼ 1 when r ¼ 0. The generating function
GðxÞ for the elementary symmetric function is

GðxÞ ¼
Yn

i¼1

ð1� xiÞ ¼
Xn

r¼0

ð�1ÞrrrðxÞ: ð3Þ

Nomenclature

Acronyms

MRL mean residual life
IID independent and identically distributed
INID independent and nonidentically distributed

Notation

F ðnÞðtÞ survival function of a system
WiðtÞ MRL function of the ith component
Wn:nðtÞ MRL function of the n components parallel system
Un:nðtÞ MRL function at the system level of the n components parallel system
Hk
ðnÞðtÞ MRL function of the (n� k þ 1)-out-of-n: G system under the condition that all components are

alive at time t
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A recurrence relation for the elementary symmetric functions can be obtained from (3) as [10]

rrðx1; . . . ; xnÞ ¼ rrðx1; . . . ; xn�1Þ þ xnrr�1ðx1; . . . ; xn�1Þ: ð4Þ

When the variables are independent but not assumed to be identically distributed, the distributions of order
statistics can be expressed in terms of permanents. Consider Sn as the set of permutations of 1; 2; . . . ; n. For an
n� n matrix, say A ¼ ðai;jÞ, the permanent of A, denoted by PerA, can be defined by

PerA ¼
X
p2Sn

Yn

i¼1

ai;pðiÞ;

where p ¼ ðpð1Þ; pð2Þ; . . . ; pðnÞÞ. If a1; a2; . . ., are column vectors, then

½ a1|{z}
i1

; a2|{z}
i2

; . . . ; � ¼ ½a110i1; a210i2; . . .�;

where 10i1 represents a column vector of 1’s of length i1. The permanent is defined just like the determinant,
except that all signs in the expansion are positive. Also the permanent states a Laplace expansion along
any row or column of the matrix. If we denote by Aði; jÞ the matrix obtained by deleting row i and column
j of the n� n matrix A, then for i; j ¼ 1; 2; . . . ; n

PerA ¼
Xn

j¼1

aijPerAði; jÞ and PerA ¼
Xn

i¼1

aijPerAði; jÞ:

Vaughan and Venables [11] have shown that the density of X r:n is expressed in terms of permanents, when
X 1:n;X 2:n; . . . ;X n:n are order statistics of the independent random variables with absolutely continuous distri-
bution functions F 1; F 2; . . . ; F n and densities f1; f2; . . . ; fn, respectively. The distribution function of X r:n

ð1 6 r 6 nÞ was given by Bapat and Beg [12] as

PðX r:n 6 xÞ ¼
Xn

i¼r

1

i!ðn� iÞ! Per

F 1ðxÞ 1� F 1ðxÞ
..
. ..

.

F nðxÞ|fflffl{zfflffl}
i

1� F nðxÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
n�i

2
66664

3
77775; �1 < x <1;

where PerA denotes the permanent of a square matrix A. A simple argument shows [13] that

P ðX r:n 6 xÞ ¼
Xn

i¼r

P ðexactly i variables from X 1; . . . ;X n are 6 xÞ ¼
Xn

i¼r

X
j1;...jn

Yi

l¼1

F jl
ðxÞ

Yn

l¼iþ1

½1� F jl
ðxÞ�;

where the summation extends over all permutations j1; . . . ; jn of 1; . . . ; n for which j1 < � � � < ji and
jiþ1 < � � � < jn.

2. The MRL function of the k-out-of-n: G system

Let X k:n, k ¼ 1; 2; . . . ; n, represents the lifetime of (n� k þ 1)-out-of-n: G system. Considering the following
definition, the MRL function of a k-out-of-n: G system can be given as follows under the assumption that
X 1;X 2; . . . ;X n are INID random variables with distribution function F i and survival function F i ¼ 1� F i.
Let also X 1:n 6 X 2:n 6 � � � 6 X n:n be the ordered lifetimes of the components.

Definition 2. The MRL function of the (n� k þ 1)-out-of-n: G system under the condition that all components
alive at time t, is

H k
ðnÞðtÞ ¼ EðX k:n � tjX 1:n > tÞ; k ¼ 1; 2; . . . ; n: ð5Þ
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Theorem 1. If H k
ðnÞðtÞ is the MRL of the parallel system defined as (5), then for F ðtÞ > 0;

H k
ðnÞðtÞ ¼

Pk�1
i¼0

n

i

� �
n!
Qn

i¼1F iðtÞ

Z 1

t
Per F ðtÞ � F ðxÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

i

F ðxÞ|ffl{zffl}
n�i

2
4

3
5dx; k ¼ 1; 2; . . . ; n; t > 0: ð6Þ

Proof. If Sk
ðnÞðxjtÞ denotes the survival function of conditional random variable X k:n � tjX 1:n > t then for x > 0,

Sk
ðnÞðxjtÞ ¼ PðX k:n � tjX 1:n > tÞ ¼ P ðX k:n > xþ t;X 1:n > tÞ

P ðX 1:n > tÞ

¼
Pk�1

i¼0

P
j1;...;jn

Qi
l¼1½F jl

ðxþ tÞ � F jl
ðtÞ�
Qn

l¼iþ1F jl
ðxþ tÞQn

i¼1F iðtÞ

¼
Pk�1

i¼0

P
j1;...;jn

Qi
l¼1½F jl

ðtÞ � F jl
ðxþ tÞ�

Qn
l¼iþ1F jl

ðxþ tÞQn
i¼1F iðtÞ

ð7Þ

Hence the full sum is recognizable as the permanent of a matrix, so Sk
ðnÞðxjtÞ has the following expression:Pk�1

i¼0
1

i!ðn�iÞ! Per½F ðtÞ � F ðxþ tÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
i

F ðxþ tÞ|fflfflfflffl{zfflfflfflffl}
n�i

�

Qn
i¼1F iðtÞ

: ð8Þ

Finally, given that all the components of the system are working at time t, the MRL function of the system is

H k
ðnÞðtÞ ¼

Z 1

0

SðxjtÞdx ¼

Pk�1
i¼0

n

i

� �R1
t Per½F ðtÞ � F ðxÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

i

F ðxÞ|ffl{zffl}
n�i

�dx

n!
Qn

i¼1F iðtÞ
; k ¼ 1; 2; . . . ; n; t > 0:

Thus the proof is completed. h

The motivation for this structure can be given as an example of the high priority freight train, which is
structured as a 3-out-of-4: G system consisting of four locomotives [14]. The train is delayed only if two or
more locomotives fail. It is assumed that the four locomotives in a train fail independently and times to failure
for locomotives are distributed as exponential distributions. In this example, X 2:4 represents the lifetime of this
system. The MRL of the system is

H 2
ð4ÞðtÞ ¼

1

k1 þ k2 þ k3

þ 1

k1 þ k3 þ k4

þ 1

k1 þ k2 þ k4

þ 1

k2 þ k3 þ k4

� 3

k1 þ k2 þ k3 þ k4

:

This expression can also be obtained from Remark 5 of Navarro and Hernandez [15]. It is clear that the MRL
of the system is a decreasing function of failure rates k1; k2; k3; k4 as expected.

3. The MRL function of a parallel system with INID components

A 1-out-of-n: G system is a parallel system. In this section we investigate the MRL function of the parallel
system with INID components. At time t, t > 0, the residual lifetime of the n components parallel system is
X n:n � tjX n:n > t. If Sn:nðxjtÞ denotes the survival function of this conditional random variable then, it can be
shown that, for x > 0:

Sn:nðxjtÞ ¼ P ðX n:n > xþ tjX n:n > tÞ

¼ 1

1�
Qn

i¼1F iðtÞ
1�

Yn

i¼1

F iðxþ tÞ
" #

:

S. Gurler, I. Bairamov / Applied Mathematical Modelling 33 (2009) 1116–1125 1119
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The MRL function is

Wn:nðtÞ ¼ EðX n:n � tjX n:n > tÞ ¼
Z 1

0

Sn:nðxjtÞdx ¼ 1

1�
Qn

i¼1F iðtÞ

Z 1

t
1�

Yn

i¼1

F iðxÞ
" #

dx: ð9Þ

By using the generating function (3), we rewrite the product part of (9) asYn

i¼1

½1� F iðtÞ� ¼
Xn

r¼0

ð�1Þr
X

16i1<���<ir6n

F i1ðtÞ . . . F irðtÞ ¼
Xn

r¼0

ð�1ÞrrrðF 1ðtÞ; . . . ; F nðtÞÞ:

Then by Definition 1 r0ðx1; . . . ; xnÞ ¼ 1, (9) can be expressed in terms of the elementary symmetric functions as
follows:

Wn:nðtÞ ¼
1

1�
Pn

r¼0ð�1ÞrrrðF 1ðtÞ; . . . ; F nðtÞÞ

Z 1

t
1�

Xn

r¼0

ð�1ÞrrrðF 1ðxÞ; . . . ; F nðxÞÞ
" #

dx;

Wn:nðtÞ ¼
1Pn

r¼1ð�1Þrþ1rrðF 1ðtÞ; . . . ; F nðtÞÞ
Xn

r¼1

ð�1Þrþ1

Z 1

t
rrðF 1ðxÞ; . . . ; F nðxÞÞdx:

ð10Þ

The following examples illustrate this concept.

Example 1. An important life distribution is the exponential distribution. Let

F iðxÞ ¼ 1� e�kix; x P 0; ki > 0; i ¼ 1; . . . ; n:

The MRL function of such a system containing three components has the following form:

W3:3ðtÞ ¼

P3
r¼1ð�1Þrþ1P

16i1<���<ir63
1Pr

k¼1
kik

Qr
k¼1e�kik t

P3
r¼1ð�1Þrþ1P

16i1<���<ir63

Qr
k¼1e�kik t

;

where the denominator is the survival function of the parallel system and can be written as

F 3:3ðtÞ ¼
X3

r¼1

ð�1Þrþ1
X

16i1<���<ir63

Yr

k¼1

e�kik t

¼
X3

j¼1

e�kjt � e�ðk1þk2Þt � e�ðk1þk3Þt � e�ðk2þk3Þt þ e�ðk1þk2þk3Þt:

Note that F 3:3 is a generalized mixture of the survival functions of series systems. Navarro and Hernandez [15]
showed that this is a general property of k-out-of-n systems.

The MRL function of a system containing n exponential components has the form

Wn:nðtÞ ¼

Pn
r¼1ð�1Þrþ1P

16i1<���<ir6n
1Pr

k¼1
kik

Qr
k¼1e�kik t

Pn
r¼1ð�1Þrþ1P

16i1<���<ir6n

Qr
k¼1e�kik t

: ð11Þ

For the large values of t, the MRL function is

lim
t!1

Wn:nðtÞ ¼
1

minðk1; k2; . . . ; knÞ
: ð12Þ

That is, it is asymptotically equivalent to the MRL functions of its components. Indeed, assume that
k1 ¼ minðk1; k2; . . . ; knÞ. Then we have from (11)

Wn:nðtÞ ¼
e�k1t

Pn
r¼1ð�1Þrþ1P

16i1<���<ir6n
1Pr

k¼1
kik

e

�
k1�
Pr

k¼1
kik

�
t

� �
e�k1t

Pn
r¼1ð�1Þrþ1P

16i1<���<ir6ne

�
k1�
Pr

k¼1
kik

�
t

� � : ð13Þ

Since k1 �
Pr

k¼1kik < 0 and limt!1e

�
k1�
Pr

k¼1
kik

�
t ¼ 0, (12) follows from (13).

1120 S. Gurler, I. Bairamov / Applied Mathematical Modelling 33 (2009) 1116–1125
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Navarro and Hernandez [15] prove under some conditions that, (12) is a general property of the MRL func-
tions of parallel systems.

For identically distributed components, i.e. when k1 ¼ k2 ¼ � � � ¼ kn ¼ k, the MRL function of the system
in (11) is reduced to expression given below:

Wn:nðtÞ ¼

Pn
r¼1ð�1Þrþ1 n

r

� �
1
rk e�rkt

Pn
r¼1ð�1Þrþ1 n

r

� �
e�rkt

: ð14Þ

Example 2. Another important class of life distributions is the power distribution. Let

F iðxÞ ¼ 1� ð1� xÞhi ; 0 < x < 1; i ¼ 1; . . . ; n:

The MRL function of a parallel system containing n components has the following form:

Wn:nðtÞ ¼
ð1� tÞ

Pn
r¼1ð�1Þrþ1P

16i1<���<ir6n
1

1þ
Pr

k¼1
hik

Qr
k¼1ð1� tÞhikPn

r¼1ð�1Þrþ1P
16i1<���<ir6n

Qr
k¼1ð1� tÞhik

: ð15Þ

In the following theorem we present a recurrence formula for the MRL function of the parallel system given
in (10).

Lemma 1. Let AnðtÞ ¼ 1�
Qn

i¼1½1� F iðtÞ� be the survival function of n INID components parallel system. Then

AnðtÞ ¼ An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�:

Proof. Since the survival function of a parallel system consisting of ðn� 1Þ INID components can be defined
as An�1ðtÞ ¼

Pn�1
r¼1ð�1Þrþ1rrðF 1ðtÞ; . . . ; F n�1ðtÞÞ, using (4) one can write AnðtÞ in terms of An�1ðtÞ as follows:

AnðtÞ ¼
Xn

r¼1

ð�1Þrþ1rrðF 1ðtÞ; . . . ; F nðtÞÞ

¼
Xn

r¼1

ð�1Þrþ1 rrðF 1ðtÞ; . . . ; F n�1ðtÞÞ þ F nðtÞrr�1ðF 1ðtÞ; . . . ; F n�1ðtÞÞ
	 


¼
Xn�1

r¼1

ð�1Þrþ1rr F 1ðtÞ; . . . ; F n�1ðtÞÞ þ F nðtÞ
Xn

r¼1

ð�1Þrþ1rr�1ðF 1ðtÞ; . . . ; F n�1ðtÞ
 !

: �

Theorem 2. Let Wk:kðtÞ be the MRL function of the parallel system with INID components having distribution

function F i; i ¼ 1; 2; . . . ; k. Then,

Wn:nðtÞ ¼ xðtÞWn�1:n�1ðtÞ þ dðtÞ; t > 0; ð16Þ

where

xðtÞ ¼ An�1ðtÞ
An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�

; dðtÞ ¼
R1

t F nðxÞ½1� An�1ðxÞ�dx

An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�
and

AnðtÞ ¼
Xn

r¼1

ð�1Þrþ1rrðF 1ðtÞ; . . . ; F nðtÞÞ: ð17Þ

S. Gurler, I. Bairamov / Applied Mathematical Modelling 33 (2009) 1116–1125 1121
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Proof. For the MRL function of a system consisting of ðn� 1Þ nonidentical components we have,Xn�1

r¼1

ð�1Þrþ1rrðF 1ðtÞ; . . . ; F n�1ðtÞÞWn�1:n�1ðtÞ ¼
Xn�1

r¼1

ð�1Þrþ1

Z 1

t
rrðF 1ðxÞ; . . . ; F n�1ðxÞÞdx: ð18Þ

The MRL function of a system consisting of n nonidentical components is

Wn:nðtÞ ¼
1

AnðtÞ
Xn

r¼1

ð�1Þrþ1

Z 1

t
rrðF 1ðxÞ; . . . ; F nðxÞÞdx: ð19Þ

Now using Lemma 1, and (18), (19) follows that

Wn:nðtÞ ¼
Pn

r¼1ð�1Þrþ1 R1
t ½rrðF 1ðxÞ; . . . ; F n�1ðxÞÞ þ F nðxÞrr�1ðF 1ðxÞ; . . . ; F n�1ðxÞÞ�dx

An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�

¼
An�1ðtÞWn�1:n�1ðtÞ þ

Pn�1
r¼0ð�1Þr

R1
t F nðxÞrrðF 1; . . . ; F n�1Þdx

� �
An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�

:

Since it is easy to show that

Xn�1

r¼0

ð�1ÞrrrðF 1ðxÞ; . . . ; F n�1ðxÞÞ ¼ 1� An�1ðxÞ;

we obtain

Wn:nðtÞ ¼
An�1ðtÞ

An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�
Wn�1:n�1ðtÞ þ

R1
t F nðxÞ½1� An�1ðxÞ�dx

An�1ðtÞ þ F nðtÞ½1� An�1ðtÞ�
:

Thus the theorem is proved. h

Recurrence relation (16) expresses Wn:nðtÞ in terms of the MRL function and the survival function of n� 1
INID components parallel system.

For the case of a system having IID lifetimes with distribution function F ðxÞ an easy reduction follows from
Theorem 2:

Wn:nðtÞ ¼
1� F n�1ðtÞ
1� F nðtÞ Wn�1:n�1ðtÞ þ

R1
t F ðxÞF n�1ðxÞdx

1� F nðtÞ : ð20Þ

3.1. The MRL function of a parallel system having n INID components all alive at time t

Consider a parallel system with INID components each following the distribution function F i and survival
function F i ¼ 1� F i, i ¼ 1; 2; . . . ; n: When the system is put into operation at time t, all components are work-
ing. Let also X 1:n 6 X 2:n 6 � � � 6 X n:n be the ordered lifetimes of the components. The consideration of the
MRL function of this system leads us to the following definition.

Definition 3. The MRL function of a system under the condition all components are alive at time t, i.e.,
X 1:n > t, is

Un:nðtÞ ¼ EðX n:n � tjX 1:n > tÞ ¼ EðX n:njX 1:n > tÞ � t: ð21Þ
This function is called the MRL function at the system level in [5,6].

As it follows from the Theorem 1, we obtain the MRL function defined in (21) by substituting k ¼ n

Un:nðtÞ ¼

Pn�1
i¼0

n

i

� �
n!
Qn

i¼1F iðtÞ

Z 1

t
Per½F ðtÞ � F ðxÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

i

F ðxÞ|ffl{zffl}
n�i

�dx; t > 0: ð22Þ

In the following theorem, we give an alternative expression for (21).
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Theorem 3. Let Un:nðtÞ be the MRL function of a system having a parallel structure and consisting of n INID

components with distribution function F i, i ¼ 1; 2; . . . ; n, respectively. Given that all components of the system are

working at time t then

Un:nðtÞ ¼
1Qn

i¼1F iðtÞ
1

ðn� 1Þ!

Z 1

t
xPer½ f ðxÞ|ffl{zffl}

1

F ðxÞ � F ðtÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�1

�dx� t; t > 0: ð23Þ

Proof. We have for x P t

P ðX n:n 6 xjX 1:n > tÞ ¼
Qn

i¼1½F iðxÞ � F iðtÞ�Qn
i¼1F iðtÞ

: ð24Þ

Differentiating (24) with respect to x we obtain the probability density function of the conditional random
variable ðX n:njX 1:n > tÞ as

1Qn
i¼1F iðtÞ

Xn

k¼1

fkðxÞ
Y
i–k

½F iðxÞ � F iðtÞ�: ð25Þ

Using the identity (25) we have

Un:nðtÞ ¼
1Qn

i¼1F iðtÞ

Z 1

t
x
Xn

k¼1

fkðxÞ
Y
i–k

½F iðxÞ � F iðtÞ�dx� t:

It can be seen thatXn

k¼1

fkðxÞ
Y
i–k

½F iðxÞ � F iðtÞ� ¼
X

j1;...;jn

fj1
ðxÞ
Yn

l¼2

½F jl
ðxÞ � F jl

ðtÞ�;

where the summation extends over all permutations j1; . . . jn of 1; . . . ; n for which j1 and j2 < � � � < jn. The
result now follows from the definition of the permanent. Thus the proof is completed. h

Example 3. Let F iðxÞ, i ¼ 1; 2; . . . ; n be the exponential distribution function

F iðxÞ ¼ 1� e�kix; x P 0; ki > 0:

Then, using (23) one can show that for i ¼ 1; . . . ; n, the MRL function of a system containing three compo-
nents has the following form:

U3:3ðtÞ ¼
1

k1

þ 1

k2

þ 1

k3

� 1

k1 þ k2

� 1

k1 þ k3

� 1

k2 þ k3

þ 1

k1 þ k2 þ k3

:

According to Definition 3, the MRL of the system with exponential distributed components does not depend
on t. The MRL function of a system containing n components has the form

Un:nðtÞ ¼
Xn

i¼1

ð�1Þiþ1
X

16j1<���<ji6n

1Pi
k¼1kjk

: ð26Þ

An extension of this result is given in Remark 5 of Navarro and Hernandez [15].

4. Numerical example

This section introduces a numerical example for a 2-out-of-3: G system with Weibull distributed compo-
nents. Let us consider an airplane that has three engines. Furthermore, assume that at least two engines
are required to function for the aircraft to remain airborne. It is assumed that the times to failure of compo-
nents X i, i ¼ 1; 2; 3, are Weibull distributed random variables with parameters (ai; ki), respectively. The
two-parameter Weibull distribution is one of the most useful probability distributions in reliability. It can
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be used to model both increasing, and decreasing failure rates. a is referred to as the shape parameter. If a < 1,
the MRL function is increasing over time. If a > 1, the MRL function is decreasing over time. If a ¼ 1, the
MRL function is constant over time, that is it has an exponential distribution.

The time to failure X i of an engine is said to be Weibull distributed with parameters ai > 0 and ki > 0 for
i ¼ 1; 2; 3 if the distribution function is given by F iðxÞ ¼ 1� e�ðkixÞai

; x P 0. It is assumed that the scale param-
eter k1 ¼ k2 ¼ � � � ¼ kn ¼ k and each component works independently from others. The MRL of an engine at
age t is the average remaining life among those engines which have survived until time t. The MRL function of
the 2-out-of-3: G system under the condition that all components alive at time t > 0 is

H 2
ð3ÞðtÞ ¼

P1
i¼0

3

i

� �
3!
Q3

i¼1e�ðktÞai

Z 1

t
Per½e�ðktÞai � e�ðkxÞai|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

i

e�ðkxÞai|fflffl{zfflffl}
3�i

�dx:

To study the effect of increasing system level and various parameters on the MRL function of the system, a
particular case with n ¼ 3 and k ¼ 1; 2; 3 is analyzed numerically. The MRL function of the k-out-of-3: G con-
figuration is calculated versus different parameters of required units. All the computations are made using
Maple 5.1. For the components having constant MRL functions, i.e a1 ¼ a2 ¼ a3 ¼ 1, the MRL function
of the 2-out-of-3: G system is constant. We observe numerically that, if k1 ¼ k2 ¼ � � � ¼ kn ¼ k and ai > 1,
the system has decreasing MRL function, and when ai < 1 it has increasing MRL function. When either
all the components have a linear decreasing MRL function, i.e. ai > 1, or two components have linear decreas-
ing MRL function, the system has a linear decreasing MRL function. As the values of ai get larger, the values
of MRL decrease. Either all components have linear increasing MRL function, i.e. ai < 1, or two components
have linear increasing MRL function, the system has increasing MRL function.

5. Conclusions

In this paper, we derived the MRL function for both parallel and k -out-of-n: G structures with nonidentical
components. We have focused on exponential, Power and Weibull models which can be used to model mono-
tonic MRL function. The non-monotonic models such as exponentiated Weibull can be the next issue for pos-
sible lifetime distribution function of components.
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