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Abstract

Let R™,m > 1, be the real Euclidean space. Suppose X1, X2, ..,. X, €
R™ are independent identically distributed (i.i.d.) random variables (m >
1 random vectors) (r.v.’s) with distribution function (d.f.) F. Denote by
|l the norm defined in R™. It is clear that ||Xi],||X2],..., || Xn]| are
iid. rov. with df. P{||X;|| <z} = F*(z), « € R. If F is assumed to be
continuous, the probability of any two or more of these r.v. assuming equal
magnitudes is zero. Therefore, there exists a unique ordered arrangement
within the r.v. || X;||, ¢ =1,2,...,n. We say that X1 precedes X5 (or that
X1 is less than X5 in a norm sense) if || X;|| < || Xz|| and denote X; < Xo.
Suppose X denotes the smallest of the set X1, Xa, .., . Xn; X@ denotes
the second smallest, etc. ; and X denotes the largest in a norm sense.
In this paper we have investigated the distributional properties of r.v.’s
XO x@ X and it’s applications in statistical inference.

AMS 1991 Subject Classifications. 62E20,62G30; 62E15.

Key words and phrases. Random vectors, distribution function, proba-
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1. INTRODUCTION.

Let (22,3, P) be a probability space, where Q is a non-empty set of points
w, § is a o—field of subsets of ) and P is a probability measure defined on
the {Q, 3}, Let us consider the real Euclidean space R™. ||.|| denotes the norm
defined in R™, R™ denotes the Borel o —algebra of subsets of R™. Let {(w), w €
2, be the r.v. mapping Q into R™, so {~1(B) € S for any B € R™. Let us denote
by = the class of continuous r.v.’s. If w is fixed, then £ =¢(w) is a point of R™
and we denote by ||£(w)]| the norm of point £ € R™. It is clear ||{(w)]| , w € Q is
a random variable. In fact {w: ||€(w)|| < 2} = {w : {(w) € S(0,2)} € S, where
S(0,z) ={y € R™: |ly|| <z} € R™. Note that if £ is an element of some class
of r.v.’s, say = , then we use also the notation £ € =.



Definition 1.1. Two r.v.’s & and &> are said to be equal in a norm sense if
I€1 (W) = ||é2(w)|]  for each w € . To denote ”equal in a norm sense ” we
use the notation &; = &o, where Z is read "has the same norm as”. Note that

n . . .
= is an equivalence relation.

Suppose =1 is the sub class of = such that the elements of Z; have the same
continuous (but not necessarily absolutely continuous) distribution, say F. Then
for any X;(w) € Ey and X3(w) € 21, we have P{w : | X1(w)|| = | X2(w)||} =0 .
That is any two or more elements of Z; are different in a norm sense with
probability 1.

Definition 1.2. Let & and & be the r.v.’s defined in {Q, S, P}. & is said
to be less than & in a norm sense if

€1 ()] < [[€2(w)|| for each w € Q.

To denote ”less in a norm sense ” we use the notation & < £2. By Definition
1.2, the following equalities are satisfied:

1. £ < € for each r.v. &

2. If & <& and & < &3, then & < &3;

3. If & < & and & < &, then & £ &.

Let €1 be some subset of 2. Note that if ||£1(w)]| = [|€2(w)]| for each w in
Q1,thené; and & are said to be equal in a norm sense on ;. Analogously, if
I€1(w)]] < [|&2(w)]|| for each w on Q; we say "&; less than &5 in a norm sense on
Q1 7 and write 7&; < & on Q7.

Definition 1.3. The r.v.’s £1and & are said to be comparable in a norm
sense on (1, if the following equalities are satisfied:

1. P{wte:gl(w)gﬁg(u})}:O 2. &1 <& or & <& on

Now, suppose X; = X;(w), Xo = Xa2(w), ..., Xp = Xp(w) , w € Q, be i.id.
r.v.’s mapping €2 into R™, with continuous d.f. F,ie. X; € 21,72 =1,2,...,n.
For any r € {1,2,...,n} Q may be presented as follows:

Q=AUALUAZU..UA" |

where A = {w : || X1 (W)]], [| X2(@)]| ; -y | Xn(w)|| are different and || Xj(w)|| is the r th smallest
among || X1 (W), | X2(w)] sy [ Xn(w)]|}, 7=1,2..,n. Let us define the event
A = {w : two or more of r.v.’s || X1 (w)]], [|X2(w)]], ..., || Xn(w)|| have equal magnitudes} .

(1.1)
It is clear that P(A) = 0 and this fact will be used in what follows.
Define the r.v.’s X() for any r = 1,2, ..., n as follows:

XM =xM(w) =X, if wedr k=12 .n.



If w € A and A has, for example, the following structure
A =Aw | X || = X | = 1 X | < [ Xl < 11X | = 1 Xl < 1 X | < oo < 1X, M1}

then XU = X;, X® =X, XO = x;.. X = X, , XO) = X, X6 =
Xigy o, X = X; Tt is clear that the r.v.’s X, X2 X comparable in
a norm sense in € and it satisfies

X0 < x@ o< xM),

This paper aims to present an investigation of the distributional properties
of random variables (vectors) X (1), X@ . X™ and their applications in sta-
tistical inference. We will call X, X@) .~ X a "norm ordered statistics”.
Such statistics is closely related to order statistics if » = 1 but not the same
with them at all. Record values can be considered in the sense of norms. So a
theoretical investigation and illustration of applications of norm ordered statis-
tics at the conjunction of order statistics and record values will be a fruitful
attempt. The details on the theory of order statistics and record values can
be found in the works of David (1970), Wilks (1962), Galambos (1987) and
Ahsanullah (1995), among others. A general insight on stochastic ordering and
its application areas is lucidly expressed by Shaked and Shanthikumar(1994).
The ordering of multivariate data is discussed and four-fold classification of
sub-ordering principles is expressed by Barnett (1976).

There are many situations in practice for which we need to investigate the
distributional properties of a random vector whose elements are magnitudes of
distance related characteristics of an event. For instance, in a two dimensional
space, bombing on and around a target point has destructive effects on the point
itself depending on its distance from the site of explosion in conjunction with
some other factors. Similarly, multidimensional epidemiological processes can
be analyzed in terms of the norm ordered statistics for the spread of disease
analysis. It is possible to extend the examples to other fields and application
areas.

Here we have presented some major theoretical results of our work. The
distribution of the above mentioned random vectors and the empirical structural
function are discussed.

2. THE DISTRIBUTIONS OF NORM ORDERED STATISTICS

Let us consider the case m = 2, for simplicity. Suppose F' has the probability
density function f, i.e. for X; = (X}, X?) € R?, i =1,2,...,n, one has

F(z,y) = P{X} <2, X} <y} = /z/yf(u, v)dudv.

— 00 —00

Let us denote h(z,y) = P {||X1]| < ||Z||} , where Z = (x,y) € R%. We call the
function h(x,y) the structural function of the sample X7, X5, ..., X,,. Consider



XU 2 x® < < XM Tt is clear that the r.v.’s XM, X® X are not
independent. By using P(A) = 0 (see (1.1)), for any B € R? one can write

n
P{X" € By =3 P{X¢ € BIIXsll 2 Xl i = 1,2,...m0 # k}
k=1

- Z//P{Xk € BLIXk| = [Xill, i = 1,2, e mii # k/XE = 2, X2 = y) dF (2,y)

—Z//P{xkeB||X||<||xH P=1.2,ms i £ k) dF(2y)

ZZ//P{\|X1I<H:CII}]” L4F (e, y) —n// (e, )" dF (2, ).

Hence the probability density function of X (™ is

fulz,y) = n[h(z,y)]" " fla,y),

where by f,(z,y) we denote the probability density function of r.v. X r =
1,2, ...,n. Similarly one can write

fl ($7y) =n [1 - h(x7y)]n_1 f(-'lf,y)

In general one has for B € R?

P {X<"> € B} =" P{X; € B, || Xx|| is the r th smallest among [|Xy]|, | Xz, -, || XaI}
" /n—1
=5 (07 1) P X € B < I Xl < 1l Kl € Bl Xt 1
k=1

n

1l > 1%l = 3 (" 1) / [ PGl < 1ol - P < o] dF (e =

k=1

("_i)// (@) [ b )" A (),

Therefore the probability density function of X", 1 <r < n is
n—1

pa) =" ) e I B S ()

one can write

1
[ [rworn-sepr ey = (271 @

4

From (2.



From (2.2) it follows for any n > 1

[ [ 1= dre.y) -

n+1’

[ [ irey = —

It is clear that in the case of m = k (2.1), has the following form:

n—1

f’l‘(x17x27 71.]6) = n(’l" 1

Let us consider some examples:

Example 2.1. Let X1, Xo, ..., X,, beiid. r.v.’sand X; = (X}, X2,..., X}),
where X{, X2, ..., XF arei.i.d. normal distributed random variables with EX{ =
0, var(X7) = 1. The probability density function of X7 is

1 i exp{_x%—i—x%—i—...—!—xi}.
(27‘()5 2

f(.’l?]_,IQ, ceey xk) =

Suppose for any Z = (1,2, ...,7;) € R* the norm is defined as ||z|°> =
2%+ 2%+ ...+ 22. Then (X1)2 + (X?)? + ... + (XT)? is distributed as a random
variable with x?2 distribution of degree k :

P{IXi|* <2} =Gy (@),

1k
272
where G4, g() denotes the d.f of gamma distribution with the parameters («, §).
Then

h(z1, 22, ..., 25) =G %(ac% +ad 4.+ xh).

1
2

Example 2.2. Let (X{, X?, ..., XF) has a probability density function

- ){ Meexp{—Nz1 + 22+ ... + a1}, ifog > 0,20 >0,...,26 >0
K) =
’ 0’

f(z1, 22, ... otherwise .

Suppose for any = (z1,2,...,7;) € RF the norm is denoted by ||Z| =
S°F | |#] .One can write for X, = (X}, X2, ..., XF)

(w1, @a, . xp) = P{|XT| + | XF| + oo+ [XTF| < Jan] + [wo] + o+ 2]} =
P{X]+ X} + .+ XF < x|+ |za| + oo + |2k]} = Gea(lza] + [z2] + ... + |zi]),

since X7, X2, ..., XF are i.i.d. r.v.’s with d.f. F(u) =1—e % u > 0.

) (h(z1, @9y s xi)] [ = W1, @y ooy 3)]™ " flan, 3o, ..



Example 2.3. Let Z = (21,22, ..., 7) € R* and ||Z|| = max(z1, 22, ..., 7%) =
T (k). Consider X = (X1, X2, .., XF)withd.f. P {X11 <2, XE < 29,..,XF <L mk} =
F(x1,xa,...,xk). It is clear that

h(zy, 29, ..., 2) = P{|X1]| < ||Z||} = P {rzlax(Xll,Xf, s XT) < max(z1, 22, ... 2p) } =
P{Xll < {E(k),Xlz < Z(k)s ""Xl < 1’(@} = F(x(k),x(k), ,x(k))

As an important class of two dimensional distributions let us consider the
class of exponential distributions for k£ = 2. This class may be defined as

F(x,y) =1 —exp(—z) — exp(—y) + G(z,y),

where G(z,y) = P {X{ > z, X} > y} . For example selecting G(z, y) = exp(—z—
y—Amax(x,y)), A > 0, we have the two dimensional exponential distribution of
Marshal-Olkin. In reliability theory this distribution expresses the distribution
of life time of two dependent elements (see Barlow and Proschan, 1975). It is
clear that in this case h(z,y) = 1—2exp {— max(z, y) }+exp {—(2 + ) max(z,y)} .

2.1. The marginal distributions

Let X1, Xs,...,X, € R? be i.id. rv.’s and X; = (X}, X?),i =1,2,...,n.
Consider XM < X® < < xm xO = (xO x{V) i =12 .. n Itis
casy to see that the marginal density function f{" of X\ and f{" of x{"

,1 <r <n, are expressed as follows:

o0

10 = T fotegdy=nG=l) [ )™ 1= )] fy)dy,

— 00

D) = T fowde =n(70) T hley)l ™ 1= )" fay)do.

— 00

For r = n, we have f{(z) =n [ [h(z,y)]" " f(z,y)dy. Denote by fl(r;) (z]y)

the conditional probability density function of X l(n) with respect to { XQ(”) = y} )

Then we have

f1(|"2) (x | y) - — [h(x,y)} n__lf(xay) .
[ [, y))" ™ f(x,y)da

— 00

3. THE JOINT DISTRIBUTIONS OF TWO OR MORE NORM
ORDERED STATISTICS

Let 1 <7 <s<n, X" < X®) Consider By, By € ®?, such that ||z| <
||Z2|| for any Z; € By, T2 € Ba, T, = (2k,yx), k = 1,2. Suppose F has the
probability density function of f.



Theorem 3.1. Under the above mentioned assumptions it is true that

. | N\ fn—r—1
P{X(’) e B, X ¢ Bg} = n(n—1) (” 1) (” " >><
.

s—r—1

<[ [ ][ err ™ ez vm) = bl T L b)) dF ) dF o)

Bl ><Bz

and the joint probability density function of X () and X&) is

n(n =129 (215) (b1, y1)) " (2o, y2) — Bz, 91)]° " x

s—r—1

frs(@iyn,w2,y2) = ¢ X [1 = h(x,92)]""° f@1,51) f (22, 92) if [zl <z
0, elswhere .

(3)

Proof. By using P(4) =0 for 1 <r < s < n,see (1.1), one has

P {X(T) € B, X® e 32} ZP {X € By, X € By, X}, is r th smallest in a norm sense,

k#j
-2 -2—(r—1
X; is s th smallest in a norm sense} = " " (r=1) X
r—1 s—r—1
x> PAXk € B1, X € Boy | Xull < Xkl ooy Xl < IXRI IXRI < X i < (1X5 1] ey
k#j
n—2\/n—-2—-(r—1)
Xkl < 11X sl < G G < NI X sl oo X< I X} = {0 o x
r—1 s—r—1
x Z/P{Xk € B1, X € Bo, [| X[ < [ Xkl ooy 16— [l < Xk (1Kl < (1] < (12X -
k#j
Xkl < X ama | < I 11X < X sl oo 1G] < 1 Xnll /X g = 20, X = 41, Xj = 2, X =12} X

arerwires = () (“‘f‘rTl)Z////P{||X1||<||xl||}1

[P < 22l = PG < 223777 [ = PUXL < 122017 dF (21, 91)dF (22, 92)

- (Z:D (” _sz—;i; ! ) Z//lx// (21,90)]" " [A(w2,y2) = (w1, 91)] 7 x

k#j
X [1 = h(zo,y2)]" " dF (x1,y1)dF (x2,y2) .
=0 ("2 (") / [ [ ] el s, - e <
X [1 = h(z2,y2)]" " ° dF (z1,y1)dF (22, yg)l. 2 (Q.E.D.)



Corollary 3.1. Let 1< r; <1y < ... <1 < n. The joint probability density
function of X(m) X (r2) X (%) s

n! .
r1— Dl (re —r — Dli(n — )] (1, 51)] U x

f’l‘l,Tg,...,Tk ($1>y1’1727y27 ""7xkayk> - (
(@2, y2) — h(a1,y0)]* " 7 (@, y) — P(@r—1, ye-1)) ™ T L = B, )] %
X f(xr,y1) f(@2,y2) . f(@r, Yi),

if Azl <zl <o <[l

and
frl,rg,...,rk (xla Y1,X2,Y2y covey Ty yk) = 07 elsewhere.

The joint probability density function of XV, X®) . X ) s

nUf (@, y10) f(@2, y2) o f(@nsyn) if (|20 < [|Z2f] < ..o < [|Z|
L1y YL, T2y Y2y eevns Ty =
f1,2,...7n( 1,Y1,22,Y2 n yn) { 0, elsewhere .

4. THE DISTRIBUTION OF SAMPLE RANGE
Let us consider X = (X x{”) and X = (X{", x{" ), where X\ i =

1,2 denotes the i th coordinate of random vector XV ¢ R2. 1 = 1,2,....n.
Denote R,s = X ) fX(T), 1<r<s<n.

Theorem 4.1. The probability density function of R,s is

'fL' r—1 s—r—1
= h(ty,t h(t t — h(ty,t
ers(x,y) (T—l)'(s—r—l)'(n—s)’ [ (17 2)] [ (1"‘1’7 2+y) (17 2)} X
liEl<lIE+z]l

[1—h(ts +x,te +y)]" 7 ft1,t2) f(t1 + 2, t2 + y)didis. (4)
Proof. Let B = {(u,v): —co <u<z,—00 <v <y}, crs = (T_l)!(s_:f!_l)!(n_s)!

,0 = (v1,v2), @ = (u1,us2),z = (21, 22). By using (3.1) one can write
P{x® - x0 e B} = P{x{" - X{" <o, x{ - X{" <y}

= //// frs(UhU27U1,U2)dU1dU2dvldvz

u —v1 <x
Ug —v2 <Y
o]l < [l



0 //// h(v1, 02)™L [h(un, u2) — A(vn, v2)" " x .

u —v1 <x
Uy —v2 <Y
o]l < @l

X []. — h(ul, Ug)]nis dF(’LLl, Ug)dF(’Ul, UQ). (5)

After changing the variables u; — vy = 21 ,v1 = ] Us — vy = 29 Vs = to,
from the (4.2) one obtains

P {X(S) —x0 ¢ B} = Crs / / // [ty t2)] " [ty + 21, s + 22) — A(ty, t2)]° 1 x

00 —od||E]|<||E+2]|

[1 — h(tl + 21,120 + 22)]71—3 f(tl,tg)f(tl-l—zl,t2+22)dt1dt2d21d2’2. (QED)

5. THE EMPIRICAL STRUCTURAL FUNCTION

If it is difficult or impossible to obtain admissible expression for h(x1, xo, ..., T} )
one needs to estimate the structural function empirically. Let B € R2. Denote
by v, (B) the number of observations X1, Xs, ..., X, falling in B. One can write

vn(B) = Z Ix,(B), (6)

where I;(B) =1 if x € B and I,(B) =0 if © ¢ B. Let us denote the points of
R? as = (u1,us), T = (x1,22) etc. We call F*(t1,t2) = @ , the empirical
structural function, where By = {(y1,y2) : [|7]| < |||} . One can write

ity ta) = ZIX (By) = En(llt]), (7)

where F),(u) denotes the empirical d.f. of the sample | X1], || Xza|l,-.., | Xn] -
Hence by using the representation (5.1) and the equality (5.2) the existing results
for empirical d.f. (see Borovkov 1984, Gaensler and Stute 1987 etc.) can be
formulated for F(t1,t2). Note that EF*(t1,t2) = h(t1,t2) and var(F(t1,t2))
= h(t1,t2)(1 = h(t1,t2)).

Theorem 5.1. For k=1,2.....n the following relation is true:

PinFi(e ) =8 = () )] - he )



Theorem 5.2. It is true that

sup |F) (t1,t2) — h(t1,t2)] — 0, almost surely as n — oo.
teR?

6. THE RECORDS IN A NORM SENSE

Let X; = (X}, X2,...,X™) € R™ i =1,2,... be asequence of i.i.d. r.v.’s with
df. F(x1,z9,...,%m) = P{Xl1 <z, X2 <a9,.., X" < xm} and probability
density function f(x1,z2,...,%m ). Let Y, = max(min) (|| X1||, || Xzl -, | Xnl])-
We say that X; is upper(lower) record value in a norm sense (or norm-record
value) of this sequence if ¥; > (<)Y;_1,7 > 1. By definition, X; is an upper as
wel as a lower record value. Let us define the following random variables

V1) =1,V(r)=min{i:i>V(r—1),

Xy || > [ Xveyll}.r>1.

We will call the random variables V(1),V(2),...,V(r),... upper norm- record
times. Accordingly the r.v.’s Xy (1), Xv(2), .., Xy (), ... Will be called norm -
records.

Example 6.1. In analyzing the growth of Olympic records in weighlifting,
the sum of two-hand snatch and two hand clean and jark is also considered as
a record. It is clear that in this case we use the norm ||Z|| = |x1| + |z2| defined
in R2.

The proof of the following lemma is easy and hence omitted.

Lemma 6.1. 1) For any r» = 1,2, ... the random variable V (r) has the same
distribution as that of the record times of arbitrary continuous i.i.d. r.v.’s.

2) The sequence of random variables V(n),n > 2 is a Markov chain with the
transition probabilities

, i k>j>n—1>2
PV =k/V(n-1)=j} = { k((;%l) otherwise

From Lemma 6.1 and using the known results of theory of records (for more
details one can look of works of Ahsanullah(1995), Nevzorov (1988), Nagaraja
(1988) etc.) we have

P{V(2) =k} = gy, k = 2,

PIVE) =K = £ PIVE) =KV =) PIVE) = ) = iy g L et

One can easily obtain the probability density function of Xy (.y,r = 1,2,...
expressed by h(z1, ..., T ). For simplicity consider the case of m = 2. Let B(f) =
{(u,v) : —00 < u < t1,—00 < v < ta}. Elements of R? will be denoted as above

10



by Z, § and so forth, or more explicitly as T = (z1,22), § = (1, y2), and so on.
Let 0 < F(z1,22) < 1, (w1,22) € R% Then 0 < h(.1717.’1?2) < 1,(z1,22) € R2.
One can write

P{Xve € B} = 3 P {(Xvey € BO.VC) =4} = 3 [[[[PLX; € BO X > 1%,

X0 > 1o 00 Xl X < 0 /2 = 1, X = 2, X3 = 0, X2 = g } dF (e, 0
) dF () = S [ PUXl < 121 o 1X5 1] < 120} dF e, 22)dF n,p2)
J=B()zl<7l
oo
=3[ ] s arenear ). (®)
=2B (D)=l <7l

It easy to see that if Z € {(x1,x2) : [|Z]| < ||g]|} it satisfies

h(zy,z2) = P{[I X0l < ||z[]} < PAIM < |7ll} < h(y1,92)-

For any (y1,y2) € R2, theseries 3. [A(y1,12)]’ 2 is convergent, therefore S [A(z1, x2)] >
j=2 j=2

converges uniformly, due to Weierstrass theorem (see Rudin, 1959, Theorem 7.10,

p.134). That is to say that the series in (6.1) may be integrated term by term.

Hence from (6.1) it follows

oo

P{xve e BOY = [[ [ S horma)l 7 dF @ a)dF )
B®llzli<lgll =3

B (=<l ’

Hence the probability density function of Xy, (o) is

1

ty,tg) = —
Fxv e (t1,2) s

izl <zl

dF(fEl,SCQ).

Similarly one can obtain the probability density function of Xy (3

f(@1,22) f(1,2)
(t1,t2) dz1dzody 1 dys ete.
fXV“) 1 t2) //// 1= h(zy,22) 1= h(y1,y2) et

Izl<lgh<I#l
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