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Abstract

Distributional properties of spacings and exceedances based on progressive type Il censored order
statistics are investigated. Recurrence relations between moments of concomitants for the model of
progressive type Il censoring are given. We unify and extend some results on spacings, exceedances
and concomitants for the model of progressive censoring.
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1. Introduction

The model of progressive type Il censoring is of importance in the field of reliability
and life testing. Suppodd identical units are placed on a lifetime test. At the timetbf
failure, R; surviving units are randomly withdrawn from the experimen{iX n. Thus,
if n failures are observed theR; + --- + R, units are progressively censored; hence
N=n+Ri1+---+R,.
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xR <xR <...<xR describe the progressively censored failure tim@s—=
(R1, ..., R,) denotes the censoring scheme. As a special caBe=if(0, ..., 0) where
no withdrawals are made we obtain the ordinary order statistics.

Progressive censoring is discussed in the work¥ieéros and Balakrishnan (1994)
Kamps (1995)Balakrishnan and Sandhu (1998pgarwala and Balakrishnan (199@nd
Kamps and Cramer (200Balakrishnan et al. (2001g)ve bounds for means and variances
of progressive type Il censored order statistics. In the recent papBalekrishnan et
al. (2001b)progressive type Il censored order statistics from exponential distribution are
considered.

If the failure times are from an absolutely continuous distribution function (@.&hd
probability density function (p.d.f, the joint p.d.f. of the progressive type Il censored
order statistics is given by

P Xl ey =[] Fep@ = Fam®s,

j=1

wherec =[]}_yy; withy; = N — Z’ 1R —j+tlyp=NandN=n+37"_
The marginal d.f. and p.d.f. oY, , are given, respectively, by

F)=1—c,_ 12—(1 F(x)', 1<r<n
Vi
i=1

and

F) = f @ Y an - Fe) ™ 1<r<n, (1)

i=1

wherec,_1 = ]_[j 17; anda; , = ]'[;:l(l/yj —9;), 1<i<r<n, n>2, and the empty
J#
product]‘[d) is defined to be 1Kamps and Cramer, 201
Progressive type |l censored order statistics can be viewed as a special case of generalized
order statistics which were introduced Kgmps (1995)In the present paper, we consider
spacings from exponential distribution, exceedances and concomitants of progressive type
Il censored order statistics.

2. Spacings
Let X1, Xo, ..., X, be arandom sample with continuous é&fDenote byX1.,,, X2, —
X1n, ..., Xnm — Xu_1., the spacings (differences) of this sample. It is well known that

if the underlying distribution is exponential with paramefetthen X, — Xy_1.,, k =
1,2,...,n(Xo, = 0) are independent andly., — X;_1., has an exponential distribution
with paramete(n — k + 1) 4.

Consider the progressive type Il censored order statmﬁ;,g in << XR based
on an absolutely continuous df. The independence property also holds for the random
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variablesxfm, X§n - Xf:n,;. . X,f - Xff 1, In the case of exponential distribution
(Kamps, 199% In this caseXf — XR | . k=1,2,..., n has an exponential distribution

with parameter.y,, wherey, = N — Y *Z1 R, —k +1, 7, =N.
Define the following random variables:

R_kiff xR xR <xB _xB_ = i=12...n i#k

and
R_piff xR — xR, >xB xR = i=12.. . n i#l

Itis clear thatR andn‘ﬁ are the index of a spacing having minimal and maximal length, re-
spectively. In this case the random vanabl’é% —XR . andXR —XR ., represent

the minimal and maximal spacings of progresswe type II censored order statistics, i.e. the

extremes of spacings. Since the random var|aﬁ’l§,§< xR <. < xR can be viewed

the failure times of units in progressive type Il censoring scheme extremes of spacings stand
for minimum and maximum length between two failures. Therefore they play an important
role to make a decision for a system. In this section, the joint and marginal distributions of

the random variable&, ;¥, XRR XRR . xB xR are presented. We shall
n vR—1:n nR:n nR—1n

first establish the following Iemma

Lemma 2.1. LetZ1, Zo, ..., Z, beindependentrandom variables aR{lZ; <x}=F; (x),
i=12,...,n. Define

ao=tk:Zr<Zi, i #k}
and

B={l:Z1>2Zi, i #1}.
It is true that

Plu=k, f=1)

i1 (Fi(y) = F;i(x))
dF(y) dFc(x), Kk #L.
'/ / (FI(Y) Fi(x)(Fr(y) — Fr(x)) 1(y) dFy(x) =

Proof. By the definition ofx andf§

Plo=k, p=1}=P{Zy<Z1,...,.2k<Zp-1,Zk <Zis1,---, Zx <Zj-1,
Zik<Zit1y . s Lk <Zn,Z1>Z7Z1,..., 21> Zk_1,
Z1>Zks1y . L1 >Z1-1, 21> 2141, .., Z1 > Zy)
=P{Zr<Z1<Z|,.... 2k <Zy-1<Z|, Zr<Zry1<Zi,
Ly <Zia<Z,Zx<Zip1<Zp,....2r<Zpn<Zp}

by conditioning onZy, Z; the proof is completed. [
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Theorem 2.1. Let F(x) =1 — e *, x>0, A>0. Then
PR =k =1}

— Ay x — A
(e Vi Vi iV _}v —Ay
_ Y e MY dydx (2
yl/k/ f (e” ’U/X — e‘””y)(e_’l“x B e_)'ky) ’ ?

and

~ 1 e/L X R

— e i)
k#1, k,1=21,2,...,n

Proof. The equation given in (2) is obtained takifigx) =1 — e #'*, i =1,2,...,nin
Lemma 2.1. For marginal distributions one can write

PIR=k) =P xE, - Xy, <xB xRy, i=12. . nitk) @
and

Pinf =t} =P xf - xR, >xB - xRy, i=12. . itl) B

conditioning onXk X,f In andX,’?n — X,Rilm in (4) and (5), respectively, and using the
independence property of spacings the result is obtained.

In the following theorem, the joint and marginal distributions of extremes of spacings
are given.

Theorem 2.2. Let F(x) =1 — e *, x>0, /.>0. Then

R R R R
- < = N <
P {XVR xR <o xh —xRo < y}

n n
— 1_[ (L—e MYy — l_[ (e M — gy x < y.
j=1 i=1

Proof. Itis obvious that

R R R R
PixE —xB | <x, xR —xk <y
:P{Xfﬁ_n—XR- SIENEP GRS GRS S IR 8

nR—1n vR:p yR—1:n nR:n nR—1n

Repeating the arguments similar to the proof of Theorem 2.1 the result is obtained.
Corollary 2.1. LetF(x)=1—e*, x>0, A>0.Then

R R =2V
P{Xv,é -xR <x}=1—e PIERTE
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and

n
R _ yR — A Ay
P{Xan X']Rilzngx} 1‘{(1 e Ty
=

3. Exceedances

Exceedances are closely related to the theory of tolerance limits first introduced by
Shewart (1931and to the invariant confidence intervals containing the future observations
introduced byBairamov and Petunin (199 arly discussions for exceedance statistics are
expressed in the works @umbel and von Schelling (195@pstein (1954)andSarkadi
(1957) Recent discussion are dueBairamov (1997)Wesolowski and Ahsanullah (1998)
Bairamov and Eryllmaz (2000Bairamov and Kotz (2001 andEryilmaz (2002)

LetX1, Xo, ..., X be arandom sample with continuous &.fDenote the order statistics
of this sample by 1.4 < Xo < -+ - < Xgk. Let Yy, Yo, ..., ¥, be another random sample
with continuous d.fG. Define the statistics

VEM = #{i <m ¢ Y < X}
and
WEM —#i<m : Vi € X, Xo))-

The random variablé’,k’m shows the number of's below the random threshold, ...
These type of statistics are used in life testing, nonparametric tests for slippage and modeling
nature events such as floods and droughts.

Now, let Xf <XX <...<X[F be the progressive type Il censored order statistics
based on an absolutely continuous d:f. Suppose thati, Yo, ..., Y,, are independent
and identically distributed random variables with absolutely continuou&dTie random
variablesYy, Yo, ..., Y,, can be viewed as the life times of units which belong to the
second system and independent of the first systemMsebe the number o¥-failures
beforeXX andM; the number ofy-failures betweerk X | andx® ,i=23 ... 1.
Recently,Ng and Balakrishnan (2004roposed the weighted precedence test, based on
M, Mo, ..., M,, for testing hypothesis §i: F = G againstH : F > G. The joint distri-
bution of M1, Mo, ..., M,, under hypothesis 1: F = G and under Lehmann alternative
can be found ifNg and Balakrishnan (2004)

It is of interest to consider the exceedance statistics
r,m

i o i
v, =#{z<m.y,<xm}

which shows the number 8fs below the random threshomf:n. This statistic can be used
to compare the reliability structure of systems. Under the hypothesisfH= G, the exact

distribution of VX is

r,m
r

P{anlzj}:(j)crlz ai,B(j+1lm—j+vy), j=01....m,
i=1

whereB(a, b) is a Beta function.
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In the case of ordinary order statistics, = (0, .. ., 0) the statistid/fm coincides with
V5™ and its probability mass function is given by

<r+j—1> <m+n—j—r)
km _ :| r—1 n—r
P{V, "—J}— 6D
n
_(m\BG+rm—j+n—r+1)
S \J B(r,n—r—+1)

which is the negative hypergeometric distribution. Under the hypothesisitH= G, it is
also true that

P{me=j}=crflz ai’rP{Vii’m=j], j=01....m

where the random variablEi"’m denotes the number &fs below the random threshold
X1, X1:5, denotes the smallest ordinary order statistics in a sample of size
Let us consider the statistic

wk _#{z <m:Yie (an, Xf,,)}
which can be representéﬁf = VYRm Vﬁ
In the following we give the asymptotic distributions UIRm and W,RS - Proofs are

omitted since they follovBairamov (1997)See als®Bairamov and Eryllmaz (2000)

Theorem 3.1. It is true that form — oo

R

G(Xr n)

and
WE 5
—n S G(xE) - G,

R
Corollary 3.1. Under the hypothesidg : F = G, the asymptotic distribution o¥m—" for
large mis

p
{F(X,n)<x} {Uargx}zl—c,_lzal—’r(l—x)Vi, O<x<1l
i=1 i

We denotd/" R as therth progressive type Il censored order statistics based on a standard
uniform d|str|but|on
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4. Concomitants

Let(X1, Y1), (X2, Y2), ..., (X,, Y,) be arandom sample from a continuous bivariate d.f.
F(x, y). Ifwe denote byX,., therth order statistics of th¥ sample values then tivasalues
associated withX,.,, is called the concomitant of theh order statistic and is denoted by
Y(-.»]- The concomitants are of interest in selection and prediction problems. For a detailed
review of the concomitants s@&hattacharya (1984ndDavid (1993)

In the literature, there are many papers connected with concomizntil et al. (1977)
derived the distribution of the rank df;.,;. David and Galambos (1974)iscussed the
asymptotic properties of the rank Bf..,;. Bairamov and Bekg¢i (199%onsidered the con-
comitants for bivariate Farlie—Gumbel-Morgenstern (FGM) distributions and they gave the
recurrence relation between moments of concomitants. RecEmflymaz and Bairamov
(2003)derived the distribution of the new sample rank of an order statistics and its con-
comitant.

Concomitants can also be defined in the case of generalized order statistics, or progressive
type Il censoring. IrKamps (1995)he distribution of concomitant is given for Pfeifer’'s
record model. This way the p.d.f. ofh progressive type Il censored concomitant is given

by

fY[IS:n] (y) = /; fxgé:” (x)f(y | )C) dx, (8)

where f(y | x) is the conditional p.d.f. of given X = x ande'R:n (x) is the p.d.f. of the
rth progressive type Il censored order statistics.

In this section, we consider the concomitants for the model of progressive type Il cen-
soring.

Lemma 4.1. The p.d.f. oﬁ/[‘f:n] can be represented as follows

~ r
YR oy — ir
frrmi(y) =cr-1 E . Tqu:-,»,-l(y)’
i—

where Ty ) is the p.d.f. of the first concomitant of ordinary order statistics from a
sample of size;.

Proof. By using (8)

P = [ emar Y @@ Fey e 1 x ds
- i=1
—ea)a, [ A= F@I O 0
i=1 —
r o0 1
—ea Y [~ 050 0
i=1 o0 Ji
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sincefy[l,m(y) = ffooo f19,(x) f(y | x) dx the lemma is proved. [J

According to Lemma 4.1 the p.d.f. oth concomitant of progressive type Il censored
order statistics is represented as the weighted sum of the first concomitant of ordinary order
statistics.

By using Lemma 4.1, it is possible to representktremoment ofr K

[r:n]
d a
(k) i,r (k
,U I3 =Cr-1 E _/“t"f’i)’
im1 i

jas follows:

wherey!") = EY{, .
For |Ilustrat|on Iet us consider the bivariate FGM distribution with uniform marginals
whose two dimensional d.f. and p.d.f. are given, respectively, by

Fx,y)=xy{(1+a(l—x)Q—-y)}, fl,y)=1+al-2x)(1-2y),
O<x, y<l1, —-1<a<l. (9)

In this case, it is easy to compute that
v —1

fY[l:'fjJ(y) = 1 + O((l - 2)’) (ﬁ) .
Thus the p.d.f. ot is

f rn(y)_C Z lr{l—i—oc(l 2y)< 1)}

r— ll — 7 +1
In the case of FGM distribution th¢h moment ofy{y.,, ; is
1 -
OIS P /Sl
k41 yi+1lk+2
and hence

(k) "a, 1 y, —17 k&
Mo g=Cr-1 ——— 11—« — .
Sy kTl S

Lemma 4.2. Itis true that

P = P10y = 623 a e .

i=1

Proof. By using Lemma 4.1,

From(y) = flrny =1y ‘f;—i’fy ) = e 22 = Fria (-
i=1 !
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Since,ai r—1=air(y, — ;)

~ ~ r
R R a;
Flemy) = flram@)y =c, 29,y i )
i=1 !
ai,r(? i)

r—1
-7
r
— Cr—2 Z TfY[lwi] ()’)
i=1

r
=Cr-2 Z aj’r fy[li'r'i] (y)
i=1

By using a relation which is given in Lemma 4.2, recurrence relation betwr%%rand

(k) ~
r—1,R

.
(k) k) _ O
'ur.ﬁ - 'urfl,l? =Cr-2 Z ajry,;” -

i=1

In is given by

For FGM distribution given in (9)

PO G ia. 1 1_4 7 — 1] k
nR o Tr-LR ’_Zi_l k1 A+l k+2]
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