This article was downloaded by:[TUBITAK EKUAL]

On: 25 March 2008

Access Details: [subscription number 772815469]

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

o Statistics
StatIStICS A Journal of Theoretical and Applied Statistics

Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t7 13682269
Distributions of exceedances of generalized order

statistics

Ismihan Bairamov 2; Halil Tanil ®

@ Department of Mathematics Izmir, University of Economics, Izmir, Turkey
b Department of Statistics, Ege University, |zmir, Turkey

Online Publication Date: 01 February 2008

To cite this Article: Bairamov, Ismihan and Tanil, Halil (2008) 'Distributions of
exceedances of generalized order statistics', Statistics, 42:1, 67 - 76

To link to this article: DOI: 10.1080/02331880701580046

URL.: http://dx.doi.org/10.1080/02331880701580046

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article maybe used for research, teaching and private study purposes. Any substantial or systematic reproduction,
re-distribution, re-selling, loan or sub-licensing, systematic supply or distribution in any form to anyone is expressly
forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents will be
complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should be
independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713682269
http://dx.doi.org/10.1080/02331880701580046
http://www.informaworld.com/terms-and-conditions-of-access.pdf

Downloaded By: [TUBITAK EKUAL] At: 12:11 25 March 2008

Statistics, Vol. 42, No. 1, February 2008, 6776 Taylor & Francis

Taylor & Francis Group

Distributions of exceedances of generalized order statistics
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Distributions of exceedance statistics based on minimal spacing of generalized order statistics are
obtained in a random threshold model. As the special cases of the generalized order statistics
the ordinary order statistics, Progressively Type II right censored order statistics and record values are
considered. The results obtained in the paper imply previous results on exceedance statistics for the
variety of models of ordered random variables.
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1. Introduction

Udo Kamps [1,2] has introduced generalized order statistics as random variables having
certain joint density function which includes as a special case the joint density functions of
many models of ordered random variables. Let F be an absolutely continuous distribution
function with density function f. The random variables X (1, n, m, k), ..., X(n, n, m, k) are
called generalized order statistics based on F, if their joint density function is given by

fX(l,n,rﬁ,k),...,X(n,n,rh,k)(xl’ X2y, xn)

n—1

= k(1 = F)* ™ ) [T (1 = FOa)™ £, (1)

i=1

on the cone F7'(0) < x; <x, <...<x, < F7'(1) of R" with parameters n € N, n > 2,
k>0, =(my,my,...,m,_1) € N"~'\, M, = 3" m;,suchthaty, =k +n —r + M, > 0
for all r € {1,2,...,n — 1}. Denote ¢,_; :]_[f:1 vi,r=1,2,...,n—1 and y, = k. The
distribution theory of generalized order statistics are given in Kamps and Cramer [3]. Let
aj(r) = H;:l,i;éj(l/(yi —y)forl<j<r=n,y #vyj ai(r)(s) = I—[;:r+l,i7&j 1/(vi —vi)
for r+1<i <s<n, and [[, = 1. The probability density function (pdf) of the rth
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generalized order statistic X (r, n, m, k) is

FXOMO ) = ¢, f(x) Y aj(r) (1= F(x)" for 1 <r <n.
j=1

The cumulative distribution function (cdf) of X (r, n, m, k) is
X (. 71,K) " a;(r) .
FXCR0 () = 1= ¢y ) =—=(1 = F(x))".
=t 7

The joint pdf of X (r, n, m, k) and X (s, n, m, k) is

r s
FROMIOXCIDD x, x) = e Y Y a()a”($)(1 = F@))” (

j=li=r+1

1 — F(x)\”
- F(Xr))

y f(xr) fxs)
1—F(x,)1— F(xy)

forl <r <s <nandux, <ux,.

It is not easy to find a natural interpretation of generalized order statistics in terms of
observed random samples but an interesting special case is the Progressive Type II censored
order statistics. This model is one of the most applicable general models of ordered random

variables and is useful in reliability and life time studies. Denote by X 5'}3 N> X;ltl) [T

X fﬁl) v the Progressive Type II right censored order statistics from a sample Xy, X5, ..., Xy
with progressive censoring scheme R = (R, R», ..., R,). A nice description of details of the
theory, methods and applications of Progressive censoring can be found in Balakrishnan and
Aggarwala [4]. The choice of parameters in equation (1) asm; = —1,i =1,2,...,n— 1,
k = 1 gives a well studied in the literature model of record values.

The details of the theory of records can be found in Galambos [5], Nagaraja [6],
Nevzorov [7], Ahsanullah [8], Arnold et al. [9] among others.

There are also other special cases of generalized order statistics such as sequential order
statistics, kth records, Pfiefer’s record model etc.

Let X = (X, X5, ..., X,;) be a random sample of size n from an absolutely continuous
distribution with a common cdf Fy (-). Denote the ordinary order statistics of X1, X», ..., X,
by X1 < Xom < ... < Xy Let Xp41, X125 - - -, X+ be another sample of size m from the
same distribution independent from X. It is well known thatfor 1 <i < j <n

j—i

P Xn € X[:an‘:n = >
{ +1 ( J )} n+1

(2)
i.e. (X, Xj.,) is a distribution free confidence interval containing the future obser-
vation in the class of all absolutely continuous distribution functions .. Let
X1, X0, ooy Xy Xut1s - oo s Xptm be the sample from the distribution with continuous cdf
F. Denote

[=1,2,...,m

%. _ 17 if Xi:n = Xn+l = Xj:n
"o, otherwise,

and

Sm = Z &
=1
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The distribution of S, is

Pmﬁ=u=.jfikgﬁfx
JoiAk () 3)

k=0,1,2,...,m

(see e.g., refs. [10-12]. The asymptotic distribution of S, is

Sm
lim sup P{—fx}—lx(j—i,n—j+i+1)‘=0,
m

m— 00 0<x<l

where

L(j—in—j+i+1)= ! /xtf*‘”(l—t)"*’”dt
e B(j—in—j+i+1 ) ’

1
B(a, b) =/ N1 =P ds.
0

Bairamov [13] considered the exceedance statistics in record model and derived the exact and
asymptotic distriutions. Wesolowski and Ahsanullah [14] considered more general models
of exceedances based on records of two independent sequences {X,},>1 and {Y,},>1 with
distribution functions Fx and Fy, respectively. They apply their results for characterizing
equidistributions. Bairamov and Eryilmaz [15] consider the exceedance model based on spac-
ing having minimal length. Stepanov [16] considered the multiple exceedance statistics in a
record model and derived the joint distributions.

In this paper we consider the generalized order statistics X (1, n, m, k), ..., X(n, n, m, k)
based on the continuous distribution function F' and observations X, 1, X412, ..., Xpim
from the population having distribution function F. For m; =0, i =1,2,...,n —1,
k =1 the random variables X (1, n,m, k), ..., X(n,n, m, k) are ordinary order statistics
X1y X2y - -« Xni of thesample X1, X5, ..., X,, and we assume that X, 1, X142, ..., Xn4m
are new observations independent from X, X,,...,X,; for k=R, + 1, m; = R;,
i=1,2,....m—1 and vy, :N—Z;;llRi—r—}—l, r=2,3...,n—1 and yy =N
the X(1,n,m,k),..., X(n,n,m,k) are Progressive Type II censored order statistics
based on the sample X, X», ..., X, with distribution function F and we assume that
Xot1s Xn+2s - -+ » Xnem are new observations from F independent from X, X, ..., X,,; for
m; =—1,i=1,2,...,n— 1,k =1 the random variables X(1,n,m, k),..., X(n,n,m, k)
are records Xy 1y, Xv(), - - -, Xvum) of the sequence X, X», ..., X,, ... and we assume that
Xnt1, Xnt2s - o s Xygm are new observations X v )+1, Xvmy+2s - - - » Xv(n)+m coming after the
rth record etc.

2. Exceedance statistics based on minimal spacing

Let X, X5,...,X, be ii.d. random variables with continuous cdf F and pdf f.
Let X(r,n,m,k) be the rth generalized order statistic based on f. Consider the
spacings X(1,n,m, k) — X(0,n,m, k), X2,n,m, k) — X(1,n,m, k), ..., X(n,n,m, k) —
X(n —1,n,m, k)with X(0, n, m, k) = 0.Define arandom variable v as the index of a spacing
having minimal length.
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Ahsanullah [17] has shown that if the underlying distribution is exponential with parameter
A, then X(j,n,m, k) —X(j—1,n,m, k), j=1,2,...,n, (X(O,n,m,k)=0) are inde-
pendent. Furthermore, for 1 < r < n, the statistics X (r,n,m, k) — X(r — 1, n,m, k) and

X (r — 1, n, m, k) are also independent.
The following lemma is useful in our work.

LEMMA 1 Let X(j,n,m, k) —X(j—1,nmky=W;, j=1,2,...,n, (W =X(1,n,
m, k)) and F(x) =1 —exp(—=Ax),x > 0,1 > 0. The cdf of W; is

FViw)=1- exp(—Ay;w),
where w > 0, L > 0.

The following theorems can be easily concluded from this lemma.

THEOREM 1 Let F(x) =1 —exp(—Ax), x >0, A > 0. Then

Vr

i1 Vi 7

Let F(x) =1 —exp(—Ax), x >0, A > 0. Then the p.dfof X(j — 1,n,m, k) is

Plv=r}= r=1,2,...,n.

j—1
FRUTIR () = heja Y ai(j— De 1

i=1

LemMA 2 Let X,y1, Xn12, ..., Xnam be m observations from population with cdf F.
Assume that the generalized order statistics X(1,n,m, k), X(2,n,m,k),..., X(n,n,m, k)
and X1, Xus2, .-, Xnam are independent. Let (X(v — 1,n,m, k), X(v,n,m, k)) be the
interval with minimal length. If F(x) =1 —exp(—Ax), x >0, A > 0, thenfor1 <l <m

P{Xnt1, Xpto, ..o, Xy € X (v —1,n,m, k), X (v, n,m, k)),
Xn+l+17 Xn+l+21 ceey Xn+m ¢ (X(U - 1’ n, ﬁ;ls k)? X(U, n, ”;l, k))}

n m—I n
m—1
=y1B<m—l—|—§ Vi,l+1)+2 ( ; )B m—l—t—i—E vi, 1 +1
i=1 =0

Jj=1

n r—1
x YD crair = DBy +m— 1,1 +1),

r=2 i=lI

where B(a, b) is the beta function.

Proof One observes that the probability of the event

{Xn+]7 Xn+29 ceey Xl’l+l € (X(U - 17 n, ’,;l’ k)9 X(U9 n, ’/;l, k))5
Xonti+1, Xnvi42, oo Xogm ¢ (X (v — 1, n,m, k), X (v, n,m, k))}
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can be calculated as follows:

P{Xn+lv Xn+2’ ceey Xn-H S (X(U - 17 n, njl’ k)’ X(U, n, l/;l, k))’ Xn+l+17 Xn+l+2’ LI

¢ (X(v—1,n,m,k), X(v,n,m,k))}

= P{Xﬂ"rl? Xn+2’ AR ] Xn+l e (X(O’ n& n’;lv k)7 X(19 nv n’:lv k))9 Xn+]+l’ Xil+l+27 ...

& (XO,n, i, 5), X(Ln,m, ), v =1+ P{Xui1, Xut2, o, Xogs
r=2

S (X(r - 17”7 r;la k)a X(ra n, I’;l, k))’ Xn+[+1’ Xn+l+27 ceey Xn+in
¢ (X(r - 1,”,7’;’1,](), X(r,n,l’;l,k)), V= r}'

By using the independence of spacings we can write

P{Xpi1, Xnt2s ooy Xppy € (X0, n,m, k),

71

’ Xn+m

P Xn+1n

X(17 n, ”;l, k))9 Xn+l+la X11+Z+2’ LI Xn+m ¢ (X(Oa n, ’/;l, k)a X(la n, ﬁl, k))a V= 1}

= P{Xn+1, Xﬂ+27 s Xn+l € (09 X(l, n, ’/hv k)), Xn+l+17 Xn+l+2s B Xner

¢ (0, X(1,n,m, k), X(1,n,m, k) < Wa, X(1,n,m, k)
S W31"'7X(17nan7lsk) S Wn}

o0
= / P{Xn+]7 Xl‘l+25 sy Xn+l € (07 tl)5 Xn+l+]7 Xn+l+2’ LI Xn+m ¢ (t15 OO),
0

xti < Wity < W, ... 10 < W) fXEmM0 1)dry

00
— / (1 _ 67)”‘1)167“] (m—I+Y"7, Vi)fX(l,n,m,k) (l])d[]
0

o0
— f (1 _ e*)»tl)lef)utl (mflJrZi:z y,))\’ylef)»tl dtl
0

— )\)/1 / (1 _ e—ktl)le—)\fl(m—l"rzi":l Vi)dtl = le (m — l + Z Yis l + 1)
0

i=1

Similarly, by using the independence of X (r,n,m,k) — X(r — 1,n,m, k) and X(r — 1,

n,m, k) for 1 <r < n we have

P{Xn+l’ XVH-Z: R XVH-I € (X(r - 17 n, njl’ k)’ X(r’ n, l/;l, k))’ Xn+l+17 Xn+l+2’ e

¢ (X(r—1,n,m k), X(r,n,m,k)),v=r}
= P{X,11, Xpna2, -, Xpu € X(r — 1,n,m, k), X(r,n, m, k),
Xnti+1s X425« ooy Xngm ¢ (X(r — L,n,m, k), X (r,n,m, k)),
Wy =Wy, W, =W, ..., W, = W,}

00 OO
- / f P{Xn+la Xn+27~-~aXn+l S (t29t1 +t2)7 Xn+l+1» Xn+l+2a -~-7Xn+m
0 0

¢ (i +0), 0 < Wi, tp < Wa, .oty < Wl fV (1) fXO718 (1) deydey

00 oo m—1 m—1
N / / Z ( )P{X"H’ X2,y Xopt € (2,11 + 12),
o Jo g\t

’ Xn+m
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exactly ¢ of X,,; € (0, 1p), exactly (m — [ —t) of

Xuii € (1 +1,00), 11 < Wity < Wa, ...ty < Wl f V() fXO=1m0 (1) dry dry

m—l

m—1 o0 *© [ t
-y ( ) / / (F(t1 + 1) — F(12))' (F(12))
t 0 0

[Ti= (1 — FYi(1r))
1 — FW (1))

m—l o } |
"N 00(1 eyl — gy S Hom—l=t4 Ejer v
t ’ ‘ e~ vt

t=0

x (1 — F(t; +n)" '~ PV @) X (1) d de

Il
Ny

r—1
x e MMy oMy eL Z a;j(r — e dty dn
=1

m—Il r—

— )\'zcr_] Z Z (m t— l)a](r _ 1) <\/0\ooe)h(mlt+z7-_] y,-)tl(l _ ef)xh )ld[1>

t=0 j=1

oo
X (/ e—l(y/+m—t)t2(1 _ e—)nfz)tdlé)
0

m—I r—1 _ B I+ 47 ’l+]
=Nem1) (mt l)“J(r -D <m Zim ¥ )

=0 j=1 A
XB()/j+m—t,l‘+1)
A
m—l m—1 n r—1
=cr_1 Blm—-I—t+ yi, [ +1 ai(r—DBy;+m—t,t+1)-
(") Yoni+t) L :

Therefore,

P{Xl‘l+la Xn+27 ) Xn+l [S (X(v - la n, ’/h, k)a X(U, n, 7;15 k))’ Xn+l+la Xn+l+27 ey Xn+1n
¢ (X(v - 1» n, n’jlv k)a X(U, n, ’/;ls k))}

n n m—I
m—1
= B -1 (K] r—
) (m LY l+l>+2c ("
i=1 r=2 =0
n r—1
xB[m—1—14> "y 1+1|> a;¢ = DBy +m—t.1+1)
j=1 j=1
n m—I m— | n
== B —l iy — — i
y (m % 1+1>+Z( RO L] CRETES s
i=1 =0 j=1
n r—1
XZZC,_laj(r—1)B(yj+m—z,r+1)
r=2 j=1

The lemma thus proved. |



Downloaded By: [TUBITAK EKUAL] At: 12:11 25 March 2008

Exceedance of generalized order statistics 73

Remark For m = [, it follows from the Lemma 2

P{XIH-I» Xn+27 ey Xn+l S (X(v - 1» n, ’771, k)v X(U, n, };l, k))v Xn+l+ls Xn+l+27 ey Xn+m
¢ (X(U - 17 n, n‘:l’ k)s X(U’ n, ”h, k))}
- P{Xl‘l+la Xn+27 ceey Xn+l [S (X(U - 15 n, n‘;’l7 k)a X(v7 n, ’;la k))}

=B (Zy,,l+l)+B Zy,,z+1 ZZC _iaj(r — DB(y; +1,1)

r=2 j=1

=B Zy,,l—l—l yl—i—ZZcr waj(r — D)B(y; +1,1)

r=2 j=1
=B Zy,,l+l > criajr = DB(y; +1. 1)
-y
=B Zy,,l+1 7/1+Z(Vr+l)]_[ J_fH

)
b
)
)

Remark Form =1 = 1, from the Lemma 2 one obtains

Z:l=1()/r +1) H;=1 vi/(yj +1)
(Z;’:l Vj) (1 + 200 Vj)

P{Xypne X(w—1,n,m, k), X(v,n,m,k))} =

Remark Form =1=1,k=1,andm = (0,0, ..., 0), for ordinary order statistics we have

P{X,;1€e X(v—1,n,0,1), X(v,n,0, 1))}
1
T (Tao—i0) (1D w4 ) f
_4
3

Z(n—r—i—Z)l_[n_jI;

n—+2
m+Dm2+n+2)

THEOREM 1 Leti =1,2,...,m, and F(x) =1 —exp(—Ax), x >0, A > 0 and v be the
index of the minimal spacing. Denote

1, Xpyi€ X(w—1,n,m, k), X(v,n,m,k))

0, otherwise

&=
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and T,, = Y "' | & be the number of those observations that fall into interval (X (v —1,
n,m,k), X(v,n,m, k)). Then the probability function of T, is

n m—l
P{T, =1} = (7))/13 (m—l+2y;,l+1> +(’7>Z(mt—l)

i=1 t=

n r—1

XBm—1—t+> v l+1]| Y > crair = DB +m —t.t+1)-

j=1 r=2 i=lI

Proof By definition of 7, and from the Lemma 2 one can write

P{T,, =1} = P{Exactly [ of /s are equal to 1 and (m — [) of ¢/s are equal to 0}
= (r;/l) P{XnJrl,XnJrZ, ey XnJrl, € (X(U - 1, n, njlv k)7 X(U, n, I’;"l, k))’

X Xngirts Xngir2s oo s Xpgm € X —1,n,m, k), X (v, n, m, k))}

m n
:(l>le<m—l+§Vi,l+l>

m—I n
m m—1
+<l>z§_0< ) )B m—l—t+y y.l+1

j=1

n r—1

X 33 eraai(r = DBy +m —t,t + 1)

r=2 i=1

The theorem thus proved. |

Consider now some special cases.

3. Special case: Progressively type II censored order statistics
Fork =R, + landm = (R\, Ry, ..., Ru—),cm1 = [[1; (n —i + 1+ Y,_; R.), We have
Bm—I1+ Y/ vil+1)=Bm—1+Y]_  (—i+1+ X, R),[+]1),Bm—1—1
+ Xy ) =B (=Lt S (1= L X R D), Bk m—t,
t+1)=B(m—t+n—i+1+Y._ R+ 1)andwehave

(—1)y—1=i
(M2 Zio R+ D) (27 T Rz + D)

where [Ig =land 1 <i <r — 1.
Let

ai(r—1) =

a j
U =D (R + 1)

j=1u=1



Downloaded By: [TUBITAK EKUAL] At: 12:11 25 March 2008

Exceedance of generalized order statistics 75

and

a j
\I}a(2) = 1_[ Z(Rr7a72+u + 1)

j=1u=1

wherea € {0, 1,2, ...} and 1y = 1.
Finally we obtain

_1\y—1-J
ar—1= D

and for Progressively Type II censored order statistics Theorem 2 can be expressed as follows

u=1 i=1 u=i
m m—I m—1 n n

n r—l—i
<y n—j+1+> R, (_1)—(2)

@
r=2 i=1 j=I1 u=j \piflwrflfi

x B(m—t—f-n—i—l—l—}-ZRu,t—i—l))]

u=i

where "Ilc(tl) = Hj:l Zi:l(RaHfu + ]) and \I/L(12) = 1—16_;:1 Zi:l(Rr7a72+u + 1)-

4. Special case: Ordinary order statistics

fm=I=1and R = (0,0, ...,0), then we have ordinary order statistics. For this case
\IJCE” =al, \Ila(z) = a! and

P{Tl = 1} = P{XnJrl € (valznv Xv:n)}

=nB<Z(n—i+1),2)+B<Z(n—i+1),2>

i=1 i=1

n r—1 r i .
. (=D """"Bmn—i+2,1)
<y (n—j+1 . :
== i i—-D'r—1=10)!
Then we have
dn(n + 2)

P{Xn-H € (Xo—1:n, Xu:n)} = 3(n2+n+2)n(n+ 1

which agrees with the Corollary 1 of Bairamov and Eryilmaz [15].
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