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y,=k+n—r+M,>0 for all ref{l,2,...,n—1}. Denote «c¢,_, =T[I_ 1

r=1,2,...,n—1andy, = k. The distribution theory of generalized order statistics

are given in Kamps and Cramer (2001). Let a;(r) = [T, .;(;5) for 1 < j <7 < n,
STV

a”(s) = [T— i1z 75 for r+1<i<s<n, and [[, = 1. The probability density

function (pdf) of the rth generalized order statistic X(r, n, m, k) is
SR () = 6, f(0) Y () (1= F@) ™ for I <r <.
=1
The cumulative distribution function (cdf) of X(r, n, m, k) is

- - anr
FXermmby =1—¢,_, > )

j=1 J

(1= F(x))".
The joint pdf of X(r, n, m, k) and X(s, n, m, k) is

PO 5, ) = ¢33 (000 = P (s )
j=1i=r+1 1 —F(x,)

f) fx)
[—F(x,) 1 - F(x,)

forl <r<s<mnandux, <x,.

There not exists yet a natural interpretation of generalized order statistics in
terms of observed random samples, but an interesting special case is the progressive
Type-1I censored order statistics. This model is one of the most applicable general
models of ordered random variables and is useful in reliability and life time studies.
Let X,, X5, ..., X be a sequence of independent and identically distributed (i.i.d.)
random variables (r.v.’s) representing failure times of n identical units placed on
a life test. Under the progressive Type-II right censoring scheme, at the time of

ith failure R, (i=1,2,...,n and n < N) surviving items are removed at random
from the experiment, where n+ > R, =N. Let R= (R, R,,...,R,). Denote
the n ordered observed failure times by Xl(i):,\,, Xgl):,\,, oy X . These random

variables are called progressive Type-1I right censored order statistics from a
sample X, X,, ..., X,y with progressive censoring scheme R = (R, R,,..., R,). A
nice description of details of the theory, methods and applications of progressive
censoring can be found in Balakrishnan and Aggarwala (2000). If the failure times
of the N items originally on the test are from a continuous population with
distribution function (df) F and probability density function f, the joint pdf of all
n progressively Type-II censored order statistics is

fran(xnxgsx) =3 fO) {1l = FOe)}, xy<xy <+ <ux,,
i=1

where c=N(N—-R,—1)---(N—R,— R, —---— R, — n+ 1). Itis not difficult to
observe that this is a special case of (1) fork =R, + 1, m;=R;, i=1,2,...,m—1
andy,=N—ZIT:_11R,»—r—i—1,r=2,3,...,n—landy1 =N.
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Another choice of parameters in (1) gives a well studied in the literature model
of record values. For m; = -1, i=1,2,...,n—1, k =1 we have the joint pdf

fl,z,m,n(xl, Xy ovns X,) = 1(x)r(xy) - - - (3, ) f(x,)

for—co<x;<x; < <x,_ | <X, <00
where r(x) = ; S (;()X), for 0 < F(x) < 1. The random variables having this joint pdf
are record values that can be described as follows. Let {X,},., be a sequence of
independent and identically distributed (i.i.d) r.v.’s with continuous distribution
function F. Define a record times of this sequence as follows: u(1) =1, u(n) =
min{j:j>u(n—1),X; > X,,_n}.n> 1., Let X,), X,@.... be corresponding
record values.
The details of the theory of records can be found in Galambos (1978), Nagaraja
(1988), Nevzorov (1988), Ahsanullah (1995), and Arnold et al. (1998), among others.
There are also other special cases of generalized order statistics such as
sequential order statistics, kth records, Pfiefer’s record model, etc.

1.2. Exceedances

Let X=(X,,X,,....X,) be a random sample of size n from an absolutely
continuous distribution with a common cumulative distribution function (cdf) Fy(-).
Denote the ordinary order statistics of X;, X,,..., X, by X;,<X,,<--- <X,
Let X, .1, X2, ..., X, be another sample of size m from the same distribution
independent from X. It is well known that for 1 <i<j<n

j—i
P{Xn-H € (Xi:n? Xj:n)} = n+ 1’ (2)

nn’
observation in the class of all absolutely continuous distribution functions J,. Let
X, X5 ..., X, X015 - ., X4, be the sample from the distribution with continuous
df F. Denote

ie., (X;,,X;,) is a distribution free confidence interval containing the future

Mo k=1,2,...,m

‘= 1, if X, <X, <X
k 0, otherwise

and

S, =Y ¢,

=l

(=]

It is clear that the exceedance statistic S,, is the number of observations X, ,,
X425 -+ +» X4 falling into random interval (X;,, X;,). The distribution of S, is

nn’

=k} = Jj—i (T)(/El)

P(S, = k) = :
B =8 = )

k=0,1,2,....m 3)
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and

nl(m+j—i—1)

P{Xn+1’ Xn+2’ teeo Xn+m € (Xi:n’ Xj:n)} = (J —i— l)'(m + n)|

(see e.g., Bairamov and Petunin, 1990; Johnson and Kotz, 1991; Matveychuk and
Petunin, 1990/1991). The asymptotic distribution of S, is

lim sup

m—0<x<| m

S
P{lsx}—lx(j—i,n—j—i—i—i—l) =0,

where

1

LU =bn =it ) = g =i

/ TN = ),
0

1
B(a, b) = /0 11— )P ar.

Bairamov (1997) considered the exceedance statistics in record model. Let X,
be nth record and Xy, ., is the next observation coming after X, . For any
k=1,2,...,mand r =1, 2, ... it is true that

1
P{Xyms1 < Xyt =1- 2
and
1 1
P{Xyy < Xy < Xyt = T
It is clear that X, and the next m observations Xy, 1> Xyg42s - - - » Xyny1m COMING

after Xy, are independent.
Let us define the following r.v. for given r:

E(N =1 if Xyt < Xy and &) =0 if Xypy = Xy i=1,2,...,m

and denote S,,(r) = >_., &(r). It is clear that S,,(r) is the number of observations
Xvey+1> Xvy+2s - -+ » Xygmy+m Which are less than Xy,. Note that the random
variables &,(r), &(r), ..., €, (r) are dependent as well as the random variables
&,&,...,¢,, above. Bairamov (1997) derived the finite and asymptotic distri-
butions of S,,. In particular, for any m,r =1,2,...

P{S,(r) =k} = &) /Oooe‘z('"—kH)(l — e )k ldz

r—1)
:<’£)§<’;)% k=0,1,2,....m.

Wesolowski and Ahsanullah (1998) considered more general models of exceedances
based on records of two independent sequences {X,} and {Y,}  with

n>1 n

distribution functions Fy and F,, respectively. They apply their results for
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characterizing equidistributions. Bairamov and Eryilmaz (2000) consider the
exceedance model based on spacing having minimal length. Stepanov (2004)
considered the multiple exceedance statistics in a record model and derived the joint
distributions.

In this article we consider the generalized order statistics X(1, n, m, k), ...,
X(n,n, m, k) based on the continuous distribution function F and observations
Xoi1» Xp42r o> Xy, from the population having distribution function F.
Form; =0,i=1,2,...,n—1 the random variables X(1, n, m, k), ..., X(n, n, m, k)
are ordinary order statistics X, X5, ..., X,, of the sample X,,X,,...,X,
and we assume that X,.,,X,.,,...,X,,, are new observations independent
from X;,X,,...,X,; for k=R, +1, m;=R;,, i=1,2,...,m—1 and y, =N —
SR —r,r=2,3,...,n—1 and y, = N the X(1,n, i, k), ..., X(n, n, in, k) are
progressive Type-1I censored order statistics based on the sample X,, X, ..., X, with
distribution function F and we assume that X, ., X, .», ..., X,,,, are new observations
from F independent from X, X,, ..., X,; form,=—1,i=1,2,...,n—1, k=1 the
random variables X(1, n, m, k), ..., X(n, n, in, k) are records Xvays Xvays > X
of the sequence X, X,, ..., X,, ... and we assume that X, ., X, », ..., X,,,,, are new

observations Xy, 1> Xymy+2s - - - » Xy +m cOMing after the rth record, ete.

n+m

2. Exceedances in Generalized Order Statistics Models

Let X(1,n,m,k),...,X(n,n,m, k) are generalized order statistics based on
continuous df F. with pdf f. Denote

" 1
0= 1 ()
! i=1,itj \Vi TV

forl<j<r<n,

; N 1
a’(s)= I :
i=rtlizj 1j Vi
for r+l1<i<s=<n, [ly=1, neN, n>2, k>0, m=(m;,my,...,m,_;) €

R, M,:Z;:rlmj, =k+tn—r+M >0, c_=[l_y, r=12,...,
n—1,and y, = k.

Lemma 2.1. Let X, .\, X, .5, ..., X,,,, are m iLi.d. random variables with distribution
function F. We assume that generalized order statistics X(1, n, im, k), ..., X(n, n, m, k)
based on F and X, |, X, 5, ..., X,,,, are independent. Then, for 1 <r <s <n,

P.(I,m):=P{X, 1, X2, .., Xy € (X(r,n,m, k), X(s, n, m, k)),
Xosivts Xugizos - s Xgw & (X (7, n, 1, k), X(s, n, m, k)1)}

n+m

m—1 r
=c_ Y, <m t_ l) (Zaj(r)B(t + 1Ly, +m— t))
=0 j=1

x ( Z dV($BG+m—1—11+ 1)). (4)

i=r+l1



1484 Bairamov and Tanil

Proof. To avoid cumbersome expressions, denote X
X(s,n,m, k) =Y, (—o0,Y,] =1,[Y,,00) =1, and (¥,

wrj = X X(r,n,m, k) =Y,
Y,) = I . It is clear that,

r’ 5

P{Xl’ XZ’ R Xl € Ir,s’ Xl+1’ Xl+2’ R Xm ¢ Ir,s}

= ( )P{Xl,Xz,...,X, € I, and exactly ¢ from X, ,,..., X

t=0

m

belong to I, and (m — I —1) of X,,,,..., X, belong to I}
m—I o0 o0
= ( ) ] o0 = Foy EOy
=0 T
x (L= FG)" "' f15 (3,0 y)dy, dy,

=ZO< )Zza(r>a”<s> [ @00 = oy oy

j=li=r+1

x (1= F(y,))7 (1 = F(y)™" =" dF(y,) dF(y,)

= ¢y r["X_—é <m t_ l> <Xr:a.f(r)3(f + 1Ly +m— t))

j=1

><< Z a (B +m—1—11+ 1)).

i=r+1

Thus the lemma proved.
Consider now special cases for which the formula (4) has simple form.

1. For m = I, we have
Pr,s(m’ m) = P{Xn+l’ Xn+2’ st n+m € (X(r n, m k) X(S n, m k))}

. (Z 0 081.3,+D)( T 0BG 1+1)

i=r+1

= I(Z “"(r)>< S (9)BG, L+ 1)).

j=1 Vj +1 i=r+1

2. Form=1=1, from Lemma 2.1 we have
P.,(1,1) =P{X,,, € (X(r,n,in, k), X(s, n, m, k))}

= ,._il“-f“)B“’ 3+0)( T ' 0se.2)

i=r+1

—o(5A0)( 5 A

! ) (s)
oG+ D <,§+1 2. + 1)) ©)
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3. Form=I1=1,k=1,and m = (0,0, ...,0), from (4) we have

n! "oa(r d —1)/
o = y 4 5 =D

(n=9)"Zy+1 S =D =Din—j+2)

_ (=D! (= (=1°
S D0+ D)  r—mm T T - D —r+2)
=D =D =+ 1) (n=r £ 1) ©)
- (r—Dl(n + 1)! T (1)
and
v @O (=D
Pt :(y; + 1) ! s=D)GE—-r—Dn—i+2)(n—i+1)
_ (-1 (-1
S G D0 —r+ D=7 | G—r=)Mn =N —r—1)
(=1 _ (=9
e G D —s D —s ) D D
Thus, taking into account (6) and (7) in (5) we obtain
n (n—r+1)! (n—ys)
P{X,., € (X(r,n,0,1),X(s,n,0,1))} = =9l i 1t 1)!(s -7

S—r

n+1’

which agrees with the formula (2), when the generalized order statistics X(r, n, m, k)
and X(s, n, im, k) are ordinary order statistics X,., and X,,, respectively.
Now define the following random variables

£ = 1, X, € X(r,n,m, k), X(s, n, m, k)),
! 0, otherwise
i=1,2...,mand let S,=>",¢. It is clear that S, represents the number of

those X, 1, X, 12, .-, X random variables that fall into interval (X(r, n, m, k),
X(s, n, m, k)).

n+m

Theorem 2.1. The probability function of exceedance statistic S, is

P(S, =1} = (’7) csllj;:(mt_’) (Jéaj(r)B(wr 1y, +m— t))

x ( 3 al@(s)B(yi—i-m—l—t,l—i-l)), 1=0,1,....,m. (8)

i=r+1
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Proof. From the definition of §,, and from the Lemma 2.1 one can write

P{Sm=}= Z P, =1,....,=1¢ ,=0,....¢ =0}
oim)

) P{X, 1 X, s -, X,y € (X(r,n,m, k), X(s, n, in, k)),

Xn+1+1’Xn+l+2""’ n+m ¢ (X(” n, m, k) X(S n,m, k))}
m—1 r
( ) 1y <m t_ l) (Zaj(r)B(t + Ly, +m— t))
t=0 j=1

X ( XS: a"()B(y; +m—1—1,1+ 1))

i=r+1

Thus the theorem proved.

Corollary 2.1. For k=1, m;=0,i=1,2,...,n—1, and p,=n+1—1i the
generalized order statistics X(r,n,m, k) and X(s,n,m,k) are ordinary rth and
sth order statistics of the sample X, X,, ..., X, from population with df F and
X, 11> X425 o> X, are the new observations from F coming after X, X,, ..., X,,.
For this case (8) coincides with the formula (3).

Corollary 2.2. Fork=R,+1,m;=R,, i=1,2,...,m—1,andy, =N — Y/_| R, —
r+1,r=2,3,...,n—1and y, = N the generalized order statistics X(r, n, m, k) and
X(s, n, m, k) are progressive Type-II censored rth and sth progressive Type-II censored
order statistics XEE:N and Xf,:n:,\, with censoring scheme (R, R,, ..., R,) and in this case

5

Co 1 =H<n—i+1+2R”>,
i=1

u=i

B(t—i—l,yj—l—m—t)=B(t+1,n+m—j—t+l+ZRu>,

u=j

B(yi+m—l—t,l+1)=B(n+m—i—t+1—l+ZRu,l+1).

u=i

Then,

P(S, = =(7>li!(n—i+l+iRu>

u=i

X

( )( (=)' B(t+1L,n+m—j—t+1+Y_ Ru))
) W
( XY: (—1)*~ tB(n+m—i—t+1—I+Zﬁ=iRu,l+1)>]

X
1 2
=r+l q,i(fifl ‘Ps(f)i

©)

Where \Ifél) = H;I:l Z{t:l (Ra+1 u 1) and \II(Z) = l_[j 1 Zu I(erafH»u + 1)
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Proof. By definition we have

r n n _l
o= TI (j—i+ZRu—ZRu>
i=1,i#j u=i u=j
(TT2 X Ry + DY) X (R + 1))

where Il =1and 1 <j<r.
For the constant a;(s) we have

p n n -1
a’( =TI (i TIt LR ZR“)
J=rl, ki u=j u=i
. n (_1)S_i j
(M2 Xt Ry + D) (I Xy (Rigy + 1)

where IIy=1and r+1 <i <s.
Denote

a j a
\Pa(l) = 1_[ Z(Ra+lfu + 1)’ q,a(Z) = l_[ Z(erafH»u + 1)
j=lu=l j=lu=1

where a € {0,1,2,...} and Il = 1.
Then one can write

_ =Dy (=D
e
J r=J i—r s—i
and from Theorem 2.1 we obtain (9). O

Remark 2.1. If m=/=1 and R=(0,0,...,0), then, ¥) = 4! and ¥® = q.
Then from (9) for ordinary order statistics one has

P{Sl = 1} = P{Xn-H € (Xr:n’ Xs:n)}

- (o) (£ S s

o =D =)
(= SEEESD)
g (T e ) S )

which agrees with the well-known formula (2).
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Table 1
Progressively censored sample generated from times to breakdown data on
insulating fluid tested at 34kV by Nelson (1982)

i 1 2 3 4 5 6 7 8
xE, 019 078 09 131 278 485 65 7.35
0 0 3 0 3 0 0 5

i

The following example is useful for numerical illustration of the result
of Theorem 2.1 for important special case when generalized order statistics
X(r,n,im, k) =X® and X(s, n, m, k) = XN, r<s,and R= (R, R,,.... R)).
Example 2.1 (Exceedance Statistics for Progressively Type-1I Censored Order
Statistics). Nelson (1982, p. 105, Table 1.1) presents the results of a life-test
experiment in which specimens of a type of electrical insulating fluid were subject
to a constant voltage stress. The length of time until each specimen failed (or
breakdown) was observed. (Table 1) (see also Fernandez, 2004).

We provide the probability mass functions of the exceedance statistics S5 for
different censoring schemes (Table 2).

Table 2
The probability mass functions of the exceedance statistics for
different censoring schemes

=
S
=
=
=
&
=
&
zF
=

P(S, = 1)

0.4434
0.3818
0.1492
0.0256
0.3769
0.3952
0.1884
0.0395
0.3925
0.3927
0.1789
0.0359
0.4293
0.3861
0.1568
0.0278
0.4040
0.3899
0.1723
0.0338

19 8 0 0 3 0 3 0 0 5

19 8 3 3 0 0 0 0 0 5

19 8 3 0 3 0 0 0 0 5

19 8 2 0 2 1 0 2 0 4

19 8 2 0 2 1 2 1 1 2

WP OWN P OWND—OWN—OWN—~O




Exceedances in Generalized Order Statistics 1489

3. Asymptotic Distributions

In this section we investigate asymptotic behavior of the exceedance statistics S,
and 7,,. The following lemma is essential for further results.

Lemma 3.1. Let X, X,, ..., X,, be iid random variables with distribution function F.
Assume that Z, and Z, are two continuous random variables with joint distribution
function Fy , (t,s) such that Z, < Z, a.s. and X, Z, and , have common support R.
Denote

v(im) =#{X;: X, € (Z,, Z,)}.
Then

lim sup

m— o0

P{VTM) = x} — P{F(Zy) = F(Z,) < x}| = 0.

The proof is similar to the proof of the Lemma 3.1 of Bairamov and Eryilmaz
(2000).
The following theorems are consequences of the Lemma 3.1.

Theorem 3.1. The asymptotic distribution of S,,/m for large m is

lim sup =0.

n—00

Theorem 3.2. The asymptotic distribution of T,,/m for large m is

lim sup

n—00 oy

T,

P{—m < x} — P{F(X(v,n,m, k) — F(X(v—1,n,m, k)) < x)}‘ =0,
m

where v is the index of spacing having minimal length and T,, = >"I, {;, and

[ = {1, X,W-e(X(v,n,;h,k),X(v—1,n,ﬁ1,k))’ el

0, otherwise

For ordinary order statistics X,, and X,, the limiting distribution function
P{F(Xsn) - F(Xr:n) = x} is

1
B(s—rn—s+r—1)

P(F(X,,) - F(X,,) < x} = [ oerta—peiar,

which is a Beta(s — r,n — s + r — 1) distribution. For record values X,y and Xy,
the limiting df is

P{F(XU(Y)) - F(XU(r)) = x} = P{Urs = x}’
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where U,; = F(X,,)) — F(X,,) has df

1 x pleg 1 =
P{U, = 1
(U = 2 (r—l)!(s—r—l)!-/ofo |:n1—t2:| -1

1 —¢ s—r—1
X [ln —l} dtz dtl,
l—t—1,

and pdf

1 l—x 1 r—1
fu, (%) = (r—l)!(s—r—l)!/O [lnl_t2i|

1 1_ s—r—1
X |-ln a i| dt,, 0<x<l1.
1—1,|

l—x—1t,

Furthermore, U;_, ;, = F(X,4)) — F(X,4_1)) has df (see Bairamov and Eryilmaz,
2000)

1

Dy(x) = P{U,_,, < x} = T /0 [111

174!
—:| du, 0<x<1
u

and pdf

1 1 k—1
dk(x) = fUH'k(x) = m[ln ;il s 0<x<l.
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