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Abstract. The set of dependent random variables with multivariate Farlie-
Gumbel-Morgenstern (FGM) distribution is considered. For the simple multivariate
FGM distributions the admissible range of association parameters are investigated.
Distributional properties of some exceedance statistics of finite FGM sequences with
respect to a random threshold are studied. Some results characterizing symmetry of
the generalized simple FGM distributions through the properties of ranks are pre-
sented.
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1. INTRODUCTION

In this paper we consider Farlie-Gumbel-Morgenstern class of multivariate
distributions which was discussed by Morgenstern (1956), Gumbel (1960) and
Farlie (1960). The FGM distributions are improved essentially in the works
of Johnson and Kotz (1975), (1977), who introduced an additional parameter
to achieve stronger correlation structure. Recent discussion of this family are
due to Lin (1987), Kotz and Seeger (1991), Cambanis (1993), Huang and Kotz
(1999), , Lai and Xie (2000), Bairamov and Kotz (2002).

Because of their simple analytical form, FGM distributions and their modi-
fications have been widely used in many applications, one can see, e.g. Conway
(1983), Hutchinson and Lai (1990), Kemp (1995). There are many papers on
FGM distributions and their extensions. For more details we refer recent books
of Nelsen (1998) and Kotz, Balakrishnan and Johnson (2000). A FGM random
sequence {X;},5, is defined by the univariate marginals F; ~ X;, ¢ > 1, and a
symmetric function a(.,.) (a(j, k) = a(k, 7)) such that the joint distribution of
X, X X; is
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where F(z) = 1—F(z), x = (21,22, ...,7,). The FGM sequence is stationary iff
the univariate marginals are all equal, F; = F;, i > 1, and the function «a(j, k)
depends on j, k only through their difference a(j, k) = a(j — k) for all j # k.

In this paper we consider some special cases and modifications of FGM
distribution H in R™, for n > 1, which is defined with respect to given univariate
distributions Fj;, i < n, by

n

Hx)=[[F@) {1+ > onlk)F(a;) Felar) (2)

i=1 1<j<k<n

for all vectors x = (21,2, ...,2,) € R"™, where the n(n — 1)/2 terms ay,(j, k)
are suitable constants, such that H is a distribution function. The univariate
marginals of H are the F;. The constants «,(j, k) are admissible if the inequal-
ities

1+ > an(fk)ejer >0 (3)

1<j<k<n

hold, for all ; = —M or 1—m;, where M; = sup {Fj(z), —oo < z < 00} \ {0,1}
and m; = inf {F}(z), —oo < x < oo} \{0,1} . If Fj is absolutely continuous,
then M; =1 and m; = 0, hence £; = £1.

In statistical literature there are many papers appeared in last years dealing
with this class of distributions which has form (2). But there not exist results
about exact bounds of association parameters «,(j,k) allowing (2) to be a
n—dimensional distibution function. The knowledge about the exact bounds
of a,(j,k) is very important from the point of view of applications. Because
if we want to use (2) for modeling we must know exact bounds of association
parameters ., (J, k), otherwise the model will not be applicable. In our paper
we have considered slightly simple model, where association parameters o, (j, k)
do not depend on j and k, but on n:

n

H(x)=[[Fi@){1+an > Fjx;)Fr(ar)

i=1 1<j<k<n

In the present paper we show that the constants «,, must satisfy the inequal-
ities
_ 1o
(2)
where [z] denotes the integer part of x.

In section 2, we introduce a simple multivariate FGM distribution and pro-
vide the admissible range of the association parameter. In Section 3 we consider
ranks of dependent random variables whose finite dimensional distributions are
multivariate generalized simple FGM distribution. Let X3, Xs, ..., X,, be arbi-
trary dependent random variables and

oz<i
" 3]

Rjn = Z I{Xi <X;}
=1



be the rank of random variable X; in a collection X, X»,..., X,,. Define the
random variables

(1 it Ryn=n
5] B { 0 otherwise y J = 1,2,...n

and M,, = max(Xy, Xo, ..., X;,).

In Section 3 of this paper we define multivariate generalized simple FGM
distributions and provide some results characterizing symmetry of this distri-
butions using properties of R; ,,§; and M,.

In Section 4 of this paper we discuss the behaviour of some placement statis-
tics and exceedances for dependent random variables with common multivariate
FGM distribution. The importance of these concepts in construction of non-
parametric tests of equality (identity) of distributions has been demonstrated
by Katzenbeisser (1985), (1986), Matveychuk and Petunin (1990), Johnson and
Kotz (1991), (1994) in case of independent random variables. Exceedances are
also applicable in reliability studies. The concept of exceedances is closely con-
nected with the negative (inverse) hypergeometric distribution which was devel-
oped in the works of Gumbel and Schelling (1950) and Sarkadi (1957). Further
detailed discussion can be found in David (1981), Leadbetter et al. (1983),
Johnson et al. (1992). A recent interest in the subject lies in the work of
Bairamov (1997), Wesolowski and Ahsanullah (1998), Bairamov and Eryilmaz
(2000), Bairamov and Kotz (2001), Eryilmaz (2002).

2. MULTIVARIATE SIMPLE FGM DISTRIBUTIONS

Let us define a n variate FGM random vector (X1, Xa, ..., X,;) by the uni-
variate marginals F; ~ X;, i = 1,2,...,n and a real number «, such that the
joint distribution of X7, X5, ..., X,, is given by the FGM distribution

H1,2,...,n(X)=HFi(JJi) 14+« Z Fi(z;)Fi(z) p . (4)

1<j<lI<n

where x = (21,22, ...,2,) € R", Fj(zj) = 1 — Fj(z;). For a given n the real
number «,, is admissible if

1+ ap, Z gje1 20 (5)
1<j<i<n
hold for all e; = £1 (as a consequence each parameter must satisfy |a| < 1).

Definition 2.1. We call the random variables whose joint distribution is
defined by (4) a simple- FGM (or s-FGM) random variables. (If it will not
confuse the readers we will also use the term ”finite s-FGM sequence”)



It follows from the Lemma 2.1 below that if n tends to infinity, i.e. if we
consider infinite sequence of random variables whose finite dimensional distri-
butions are given in (4) then we have only a sequence of independent random
variables. We will deal in this paper with finite FGM sequences.

Lemma 2.1. The admissible range of a,, n > 1 allowing (4) to be a n
variate distribution function is

1 1
————<a, < —, 6
=" =T )

where [z] denotes the integer part of the real number z.

Proof. The lemma is a consequence of condition (5). Denote

D =< (e1,69,..,6n) 16i = £1,i =1,2,...n, E gig; >0
1<i<j<n

and

D, =< (e1,89,..,6n) 16, =210 =1,2,..,n, E €ig; <0
1<i<j<n

Then from (5) it follows that the admissible range for «,, is

1 < < 1
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max > EiE; max (= > egy)
(61,82,-,6n)EDY 1<i<j<n (e1,62,--,En)EDy  1<i<j<n

It is clear that the maximum value of Y.  £;e; in D;! is achieved when

1<i<j<n
g;=1,j=1,2,..,nor -1, j=1,2,...,n, and equal to (g) Therefore
S 1
ay > ———.
(2)

For the upper bound of «, we have to investigate the minimum value of
Y. &gjin D, . By symmetry,

1<i<j<n
1
E Ei€5 = 5 E €€y

1<i<j<n i£j

- %[51(52+53+...+sn) (7)

+€2(61 +ée3+ .+ En) + ...
+en(er+es+ .o ten1)].



Let m of €;’s are equal to 1 and n — m of ¢;’s are equal to —1. Then
Zai:m—(n—m):2m—n. (8)
i=1

From (7) and (8) we have

1
Z €igj = 5 [e1(2m —n—e1) +e2(2m —n —e9) + ...
1<i<j<n

+e,(2m —n—g,)] = % l(Qm— n)ZEl — 25,2] = % [(2m —n)? —n]. (9)

Then from (9) it follows that

-2 if nis even n
: P 2 1 __ |
mn D e { a2l if s odd [2]'

(e1,€2,08n)€D0 S5y, 2
The lemma is thus proved.

3. CHARACTERIZATION OF SYMMETRY OF THE
GENERALIZED s-FGM DISTRIBUTION

Consider s-FGM random variables X7, X5, ..., X,, with joint distribution
given as in (4). It is clear that if the marginal distributions are all equal
then the random variables X7, Xs, ..., X,, are exchangeable (symmetrically de-
pendent). Now consider the following generalization of uniform s-FGM ran-
dom variables: let us define a random variables X, X5, ..., X,; by the uniform
marginals F; ~ U(0,1), i = 1,2,...,n and a real number «,, such that the joint
distribution of X, Xs, ..., X,, is given by the n variate distribution

n

H(ml,xg,...,xn):er 1+ ay, Z A(z;)B(z5) ¢, (10)

r=1 1<i<j<n

O<ai<l, i=12 .n,
where A(x) and B(x) , x € (0, 1) are differentiable functions satisfying 1im1 A(z) =

0, 1im1 B(x) = 0. For the given n the «, is admissible if

1 1

Thax Y A@)By) T -
maxlgkjgn Ti)PAg max{—1<l;'< A(ﬂcz)B(l‘J)}
where p p
A(x):%(xA(x)) and B(m):%(ch(x)). (12)



Definition 3.1. The sequence of random variables having finite dimensional
distribution given by (10) is called Generalized- s-FGM sequence.
The p.d.f. of (X1, X, ..., X,,) is given by

h(@1, @2, n) = Lban Y A(z;)B(z)) ¢ . (13)

1<i<j<n

Example 3.1. . R
a) Let A(z) = B(z) =1 —2P,0 < p,x < 1. In this case A(z) = B(z) =
1—(1+p)zP and

OrgnxlrgllA(x) - 025213(”;) TP Alw) = 01%13%(13(@ =1

Takinge; =1, j=1,2,...,n0r —p, j =1,2,...,nin (5), we obtain the max-
imum value of )7 ;e whene; =1, j =1,2,...,n since p < 1. Therefore,
1<i<j<n
1

Qpn > AR For the upper bound of o, let m of ¢;’s are equal to 1 and n —m of
2
€;’s are equal to —p, by using same arguments in Lemma 2.1 we obtain

Z €€ 2%{[m—p(n—m)]2— [m+(n—m)p2]}.

1<i<j<n
Then it follows that

) B [m +(n— m)pQ]
min Z €i€j = — 5

1<i<j<n

_ _bn
where m = 5 So

b) A(z) =1—2P, B(y) = 1 —y?. Then repeating the same arguments above
one has

1 2
—— < a, <

(5) — "~ nmax(p,q)’

Definition 3.2. Denote
A(x)  B(z)
A'(x) B'(x)

We say that the Generalized-s-FGM distribution defined by (10) belongs to
the class & if

1. A(0)=B(0)=1

2. W(z)>0or W(z) <0forall0 <z <1.
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X, be a generalized s-FGM sequence and

Rjn = Z I{Xing}
=1

be the rank of random variable X; in a collection X, Xo,

Let Xl,XQ, ceny

, X,,. Define the

random variables

. 1 if ij =n .
& { 0 otherwise ’ =12.n
and M,, = max(X1, Xo,..., X,,).
Lemma 3.1. It is true that
1 2r—m—1
P& =1} =+ an%E{X{”W(Xl)},r =1,2,.., (14)
n
Proof. It easy to see that
Xr 1< erXrJrl < er 7Xn < XT}

P& =1} =P{X, < X,, X2 < X, ...,

dl’ldl’g...dl‘n

1<i<j<n

1z, Ty Ty
:/ 1+ oy Z A(z;)B(z
0

z, Ty Tp
xj Ydxydxs...dx,

1
1
o] []] 5 e
00 0 o 1si<yj<n

(n—l /xn LA(z)B(z)da

== +tay,
0
1 1
+Hr=1) [ @A) s + (1) [ ) Bt
) 0
1 1
— Lo, |-t / " Ae) Ble)de — "= / "V A(a) Bx)da
s 0



Hence the result.

Theorem 3.1. Let Xq, X5,..., X,, be a Generalized-s-FGM random vari-
ables whose joint distribution are given by (10) and belongs to . Then the
following statements are equivalent:

a) A(x) = B(zx), i.e. the Generalized-s- FGM random variables are ex-
changeable

b) P{¢&, =1} =1 for some r <n.

Proof.

Let A(z) = B(). It can be easily seen that from (14) P{,, =1} = 1 | ie.
a) =b).

Now let P{¢, =1} = L | for some < n. Then from the Lemma 3.1 one has
E(XTW(X1)) =0
or
1
/ 2" [A(2) B (z) — A'(2)B(x)] dz = 0. (15)
0

From (15) one obtains A(z)B’(xz) — A'(z)B(x) = 0 for all z. Using the condition
A(0) =1 and B(0) =1 one has A(x) = B(z) for all .

Corollary 3.1. Let X7, X5, ..., X,, be a Generalized-s-FGM random vari-
ables whose joint distribution are given by (10) for A(z) = (1 — )™ and

B(z) = (1 —x)",v1,v2 > 1. (For bivariate case see Huang and Kotz (1999)) .
The assertion v, = 9 is valid, if and only if

Ple=1}=1

for some r < n.
Proof. Consider A(z) = (1 — )" and B(z) = (1 — ). We then have

A(z)B'(x) = A'(2)B(x) = (71 —72)(1 — a)=t 1 { i(()) ZZJJ: :11 2122

for all 0 < z < 1. An application of Theorem 3.1 concludes the proof.

In conditions of Theorem 3.1 the restriction asserting that the distribution
must belong into class & can be changed by the independence of &,. and M, for
some r < n. This fact has been expressed in the following.



Theorem 3.2. Let Xq, Xs,..., X,, be a Generalized-s-FGM random vari-
ables whose joint distribution are given by (10). Then the following statements
are equivalent:

a) A(z) = B(x), i.e. X1,Xo,..., X, are symmetrically dependent
b) For some r < n the rv’s & and M,, are independent and P {§, = 1} = L.
Proof. For 1 <r < n one can write

P{gr:]-aMn S:E}
= P{Xl <Xy, Xo < Xpy o, X1 < XTaXr+1 <Xy ooy X < X, X < JJ}

n

/ / / 1 + ap, Z A :Cz ;L'J dxndl'gdl'l = x7+
n

21=0 zo= £n=0 1<i<j<n
n—1 , 2r—n—1 [ n , ,
+a, 2" A(z)B(x) + — t" [A(t)B'(t) — A'(¢t)B(t)] dt

Let A(x) = B(x). Then consider the r.h.s. of (16)

P{& =1,M, <}

= % + oy —— 11:"A2(x)
Since
P{& =1} P{M, <z}
- % {1—|—an<g)A2(x)} (17)
a) =b).

Now let & and M, are independent and P{¢ =1} = 1. Then from (16)
one has

% + o %x"A(a:)B(z) + % / " [A(t)B'(t) — A'(t)B(t)] dt
0
_ an”; 2" A(z)B(z), 0<z <1 (18)

Then it follows from (18) that



A(z)B'(z) — A'(z)B(z) = 0,
which yields A(z) = B(x).

4. EXCEEDANCE MODELS IN MULTIVARIATE SIMPLE FGM
DISTRIBUTIONS

Consider a random variable X with the continuous distribution function F’
and s-FGM random variables Y7, Y5, ..., Y;, independent of X and fitting to the
model (4) with equal marginal distributions G(z;) and pdf g(z;), —oco < z; <
00, j = 1,2,...m. The joint pdf of (Y1,Y5,...,Y,,) is given as follows:

m

h(z1, 2, m) = [[9@) S 1+ am D (1—2G(x;))(1 - 2G(x)) ¢,

i=1 1<j<i<m
=00 S X1, X2, ey Tip < OO

with a, satisfying
1
< am < (19)

L
(5) ~ 3]
Definition 4.1. For any integer m > 1
Sm=#{k<m:Y, <X}
denotes the number of Y’s falling below the random threshold X.
The exact distribution of Sy, is given in the following theorem.

Theorem 4.1. For any integer m > 1 and real number «,, satisfying (19)
P{S,, =k}
= (m) [E(Gk(X)Gm—k(X)) + (’“(Z_DE(G’f(X)Gm—W(X))
—k(m — k)B(GFTH(X)G™ X))+

(m —k)(m—k—1) 2 ~m—
==Y B e ) )|

k=0,1,...,m,

+

where G(z) = 1 — G().

Proof. From the definition of 5, it immediately follows that

P{Sm = k} = Z P {Ai1 N Aiz n..nN Aik N Aik+1 N Aik+2"' N Aik+7rL}
91,82, y0m

(20)

10



where A;, = {Yij < X}, i; €{1,2,...,m}; ¢; #qif j #1 and flij denotes
the complement of event A, ;.

P{A;, NA,N..NA, NA;,  NA, .0 A}

=PV <X, Vi <X, Yiy1 > X, ...,V > X}

= /P{Yl <z, Yy <a,Yip >ax,..,Y,, >z}dF(x)
= / /// h17,,.)k,m7m($1,...,J}k,...,xm)dxl...dl‘mdF(l‘)
:///// [To@)1+am > (1-2G(x)1-2G(xx)) ¢ | x
—00—00 —00 T z =1 1<j<k<m

xdxy...dx, dF (x)

By changing variable G(z;) = u;,i = 1,2, ..., m.

oo G(zr) G(z) 1

:/ // //1 ll—l—am > (1—2uj))(1—2uk)] duy ...duy, dF (z)
)

e 0 ¢y ¢ 1<j<k<m

- / [G(x)k(l —G(x)™ "+ ay, <k(k21)G(:c)k(l — G(x))m 2

(m—k:)(m—k—l)><
2
xG(z)F (1 — G(x))™*)] dF (z). (21)

—k(m — k)G(2)*™ (1 - G(z))" ! +

The number of summands in (20) is equal to (') each having the same

probability (21). Hence proof is completed.

Corollary 4.1. Let F = G, then
P{S,, =k}

11



::CO[Bw+Lm—k+U+am(Mﬁ;DB%+Lm—k+$

—k(m —k)B(k +2,m — k + 2)+

—k k-1
Lm X? )Bw+&m—k+nﬂ (22)
1 1
k:(),l,...’m, —TgamST
(2) [5]
where B(a,b) is a beta function.
Remark 4.1. Since (,",) = (') and B(a,b) is a symmetric function

of its arguments it is not difficult to observe from (22) that P{S,, =k} =
P{S, =m—k}.

Let Xy, Xo,...,X,, be the finite s-FGM sequence having marginal d.f. F
and Y7,Ys,...,Y,,, ... be a sequence of i.i.d. random variables with d.f. G. Let
Xin < Xo., < ... < X, be the order statistics of X1, Xo, ..., X,,.

Definition 4.2. For any integer m > 1 and 1 <r <n

Vm:#{kgmyk ng:n}
denotes the number of Y’s falling below the random threshold X,.,,.

The exact distribution of v, is given in the following theorem.

Theorem 4.2. If Hy : F = G is true then for any integer m > 1 and
1<r<n

P{v, =k}

<Z>§E(U5T<i_1><z>bB@;%hnzk+1)

S=T

ﬂ%(§ﬁ5”33+hm—k+$—s@—UB@+k+Lm—k+m>
(23)
1

., m —

o 6)

<a, <

m\:‘ —
i

12



Proof. Analogously to the proof of Theorem 4.1

P{v,, =k}

= (Z)P{Yl S XT‘:YL7~.~7Yk S XT:nka—i-l > XT:nw'vY;n > XTZ?L} (24)

One can write
P{Yl < Xr:ru ~--7Yk < Xr:quk-i-l > Xr:ru ---aYm > Xr:n}

= / P{Vi <z, ..Vi <z, Vi1 >z, ..V, >c}dF.,(z). (25)

It is known that for symmetrically dependent random variables

P{Xm <z} = zn:(_mﬂ (i - 1) <Z>P{Xs:s <z} (26)

S=r

(see, e.g. David (1981)).

Since for any s - variate marginals of X7, X5, ..., X, the a is equal to «,, one
can write P { Xy, <} = P{X1 < 2, ..., X, < 2} = F(z)° {1 +a, el - F(x))2} .
Then from (25) and (26) one obtains

P{Yl < Xr:na"'ayk < Xr:n7Yk+l > Xr:na-”aYm > Xr:n}

r—1

x 522(—1)” o) () @ s +a, 2 rw 0 - ey

—ans(s —1)F(z)*(1 - F(z)) f(z)} do
Since F' =G

P{Yl S Xr:n7~-~7Yk S Xr:’quk-i-l > Xr:n7~--7Ym > Xr:n}

e () - /<>

s=r

13



1 1
-1
(s /u‘”}C YA —w)™ 2 du — ay,s(s — 1) /us+k(1 u)™ gy,
0

0
(27)

After some algebra using (24) from (27) one obtains (23).
The theorem is thus proved.

Corollary 4.2. Let r = n in Theorem 4.2., in this case the exact distribution
of v, is

P{v, =k}

_ (7;) [nB(n+k,m—k+1)

+a, (712(72_1)3(n+k:,m—k+3)—n(n—l)B(n+k+1,m—k+2))].

Below we provide some numerical values for the distributions of S,, and v, :

m | k| P{Sm=k}|m|an, |k|P{S, =k}
2 1-02510]0.325 2 1050 |0 | 0.350
2 [-0.25 |1 | 0.350 2 /050 |1 |0.300
2 1-025 2| 0.325 2 1050 |21 0.350
3 /060 |0 |0.280 5 1030 |0 0.185
3 1060 |1]0.220 5 1030 |1]|0.163
3 /060 |2|0.220 5 1030 | 2| 0.152
3 /060 |3 ]0.280 5 1030 |3 | 0.152
5 030 | 4] 0.163
5 1030 |5 0.185

Table 1. Some numerical values for P {S,, = k} when F = G.

14



n|ml|a, |k|P{vm=k}
312 0500 0.121
312 |050 (1] 0.307
312 0502|0572
412 ]-0.1 |0 | 0.062
412 1-01]1]0.264
412 |-0.11]2]0.674
5113 |01 |0 0.020
513 |01 11 0.094
513 |01 |2]0.269
513 |01 3| 0.617

Table 2. Some numerical values for P {v,, = k} when F = G and r = n.

Numerical example. Consider a system consisting of m dependent com-
ponents. Suppose that ¥; (i = 1,2, ...,m) is the strength of a component subject
to a stress X. The component fails if at any moment the applied stress exceeds
its strength, i.e. if ¥; < X then the ith component fails. In this case S,, shows
the number of failured components.

For a system consisting of m = 5 dependent components let Y7,Y5,..., Y5
follow s-FGM distribution with F' marginals and a,,, = 0.30. Assume that X
has a distribution function F. In such a system if at least three components fail
then system fails. Under these assumptions what is the probability that system
does not fail?

By using table 1, the required probability is found as
p=1—-P{S,, >3} =1-10.152+0.163 4+ 0.185] = 0.5.

Remark 4.2. Let in Theorem 4.1 «,, = 0 ie. Yi,Y5,...,Y,, are ii.d.
random variables. Then from Theorem 4.1 one obtains

m

P (S =k} = ( k)E(Gk(X)G“(X))

which coincides with the Theorem 1 of Wesolowski and Ahsanullah (1998). From
Theorem 4.2 in this case one has

(r+k:7 1) (m+n7k—r)

r—1 n—r
(")
which coincides with Corollary 1 (b) of Wesolowski and Ahsanullah (1998) (see

also Katzenbeisser (1985), (1986), Matveychuk and Petunin (1990), Johnson
and Kotz (1991), (1994) ).

Pl{v, =k} =

15
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