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Abstract

Let Xi,Xo,...,X,,... is a sequence of independent and identically dis-
tributed (i.i.d.) random variables (r.v.) with continuous distribution func-
tion (d.f.) F. Define a sequence of record times U(n) as follows: U(1) = 1,
Un) =min{j:j>Un-1), X;> XU(,L_U} ,n > 1. Let Xy, be upper
record values, n = 1,2,... . Suppose that Xj, X} ..., X/ ... is an another se-
quence of i.i.d. r.v.-s with d.f. F. In this paper we investigate some statistics
based on Xy, U(n) and X7, X3, ..., X/, .... A characterization of the uniform
distribution is given based on Xy () -
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1. INTRODUCTION

Let X = (X1, Xa,..., Xp,...) be an infinite sample from continuous distri-
butions with d.f. F(z), 0 < F(z) < 1. X =[ X, is the first n coordinates.
As infinite sample, X, we consider an element of sample space (**°, B®, P>°),
where R is the space of (X1, X, ..., X,, ...) sequences; the c—algebra, B>, is a
o—algebra arising from sets (| {X; € B;}, B; € B, N=1,2,...,such that B

<N
is the Borel o—algebra over ]tl_le subset of R; and P is a probability measure
according to F'(z) distribution function on (R°°, B>). Here the symbol [.],
denotes the operator of projection from R in R™.

Let U(n) and Xy () be upper record times and record values , respectively.
It is known that the d.f. of record value is (see Ahsanullah ;,1995)



1 v 1!
Fn(x):P{XU(n)gx}:m[w [lnl—F(u)] dF (u), —00 < x < 0.
The details on the theory of records can be found in the works of Ahsanullah
(1995), (1992), Galambos (1978), Nagaraja (1988), Nevzorov (1988), among
others.

Suppose that X/ = (X1,X},...,X/ ...) be an another infinite sample
from the distribution with d.f. F and X/, is obtained independently from
Xoo- Let (X1, = (X{,X5,...,X],). We are interested in the behavior of
(X..],, and X/  related to Xy(y, r=1,2,... .

m

2. DISTRIBUTION FREE PROPERTIES

Consider Xy 1y, Xu(2),-» Xvun),-,and X7, X35, ..., X/ .
Lemma 2.1. For any k=1,2,....m and r =1,2,... it is true that

1
Proof..

1 1 1 17t 1 o 1
= 7/ w {In —— du = 7/ yrfl(lfefy)efydy: 1——.
(r=1"J, 1—u (r=1"J, 27

(2.1)
Corollary 2.1. For any k,r =1,2,... and s > 7, it is true that
, 1 1
P {XU(T') < Xk < XU(s)} = ? — ; . (22)

Let us define the following r.v. for given 7 :
&(T‘) =1 if Xz, < XU(r) and gi(’/’) =0 lell > XU(r) s 1= 1,2, ey

and denote Sy, (r) = i, &(r). Tt is clear that S,,(r) is the number of
observations X7, X5, ..., X/, which are less than X (,). Note that the random

variables &;(r),&2(r),...,&m(r) are generally dependent, therefore, we do not
have Bernoulli trials here.
Theorem 2.1. For any m,r =1,2,...

()

(r—1)

P{Su(r) =k} = / Tk () L gmnyhrlg, (23)



k=0,1,2,....m.
Proof. From the definition of S,,(r) immediately follows
P{Sm(’l") = k/’} = Z P {Ail N Aiz N ...ﬂAik N Aik+1 N Aik+2 N...N Aim } 5
01,82;--0m
B (2.4)
where 4;, = {X{k < XU(T)} k=0,1,2,....m and A;, denotes the com-
plements of event A;,. One has

P{A; NA;,N. N4, NA,,, N4, ,N..NA;, }=

_ P{Xgl < Xppryr oo Xty < Xy Xo > Xyyrys oo X > XU(T)} -

!/
Tk+1

- (7"—11)‘/0; /Zo (k) /voo /:O <7*%..k>/voo {lnl_lF(v)y1dF(ul)dF(uQ)...dF(um)dF(v)
1

= o= /oo (1 - F(v))™ *F*(v) [m 1_111(1])]1 dF(v)

—0o0

_1>!/01(1y)mkyk {m ! ]T_ dy | (2.5)

(r—1 1—y

The number of summands in (2.4) is equal to () and all of them have the same
probability (2.5), hence

B B (m) 1 - 1 r—1
_ (T) = efz(mfk 1)1 _ e % krzrfl P
= i /0 (1 ez, (Q.E.D.)

3. THE ASYMPTOTIC DISTRIBUTIONS

Now, we investigate the behavior of the distribution, S,,(r), for large m.
First of all we compute the expected value and the variance of Sy, (r). By using
Lemma 2.1 we have E¢;(r) = 1—5-, i =1,2,...,m. Hence ES,,(r) = m(1—3-).
For the variance of S, (r) we get

m m

var((Sm(r)) = E(Z &(r)? —m?(1 - %)2 = ZE(&(T))2 + 2ZE€i(T)€j(T)
1
—m2(1 — 5)2. (3.1)

It is clear that



1 1

E(&(r)? =1~ o E(&(r)? =1~ o (3.2)

Let us consider

B&(r)E;(r) = PLX! < Xy, X! < Xy} = [ [ [ AP () dF (ug)dF (v) =

= ﬁ /_O:o F?(v) {m 11F(U)y_l dF(v) = ﬁ /01 z? [m . i xy_l dx

Consequently we obtain

> BEi(n)g(r) = —— + 3

L or T3
1<J

m(m —1) {1_ 2 1}.

By using (3.2) and (3.3) in (3.1) we obtain

1 1 1 1

var((Sm(r)) = m2(3—r — 2?) + m(Q—T - 3—7)

Let us denote

Sm (T) - ESnL (T)

Sp(r) = . Then ES} (r)=0, wvar(S;(r)) =1
() e o) m(r) (S5 (1))
Denote a:Q%,b: 3%72%

Theorem 3.1. A statistic Sk, (r) has a continuous limiting distribution as
m — oo, with probability density function f* defined as follows

r—1
b 1 : a=1 a
f(z) = { =11 [ln a—bac} Zf RS [Tlﬂ E]
0 if ¢ [5%
Proof. Consider the characteristic function of Sy, (r) :

m

() = Bexp(itS(r) = 3 €™ P{S,(r) = k}

k=0

1 - itk (T > —z(m—k) —=z —z\k r—1
:(T_l)!Ze k) ) e e F(1—e *)%2" " dz
k=0

i e S ) e e

k=0




= 1 I /000 Zr e [1 + (e = 1)1 - e*Z)]mdz

(r—1)!
= H([1+ (" = 1)(1—e )], (3.4)
where ) -
H - - r—1_-—=z dz.
=g [ e ren
It is clear that the functional H(f) has the following properties:
1. H1) =1
2. H(lel + Cgfg) = ClH(fl) + CQH(fQ) , C1,C2 = const.
Denote @7 (t) = E exp(itS;,(r)) . We clearly obtain

) ¥

P(t) = exp(— fjfgﬁi))mm( )" exp<%>x
<H(|1+ <exp<m> — (- exp(—z»] ) H(exp(—m
« |1+ (exp(m) — 1)1 - eXp(—z))‘| m). (3.5)
Denote
g(t) = exp(—%> L ()~ 1)(1 - exp(—z»] .
In g (t) = —%)—Fm In |1+ (exp(m) - exp(—z))]
— tEfgignm S mfimw» ol var(gmm)))“ ) eXp(_z))]
ST Ve O
As a result it becomes from above as
(1) = exp(it ™= exfi;(z)i(;ﬁsm(”) + 0(%). (3.6)

By taking (3.6) into consideration in (3.5) we have

m(1 —exp(—z)) — ES;,(r)
var(Sy,(r))

H(guu(t)) = H(explit
and by having the limit

lim ¢ (t) = lim H(gm(t)) = lim H(exp(it—




a—e *

) (3.7)

Let us rename ¢(t) = lim ¢ (¢). One can prove that ¢(t) is continuous at the
m—00

= H(exp(it

point t = 0 . In fact, by using the expansion
t2
el = 1+t—|—§+0(t2)

one obtains from (3.7)

go(t)zexp(ita_be ):H_a—e Z.t_(a—e )

2
; o7 2 +o(t?) . (3.8)

From (3.7) and (3.8) it follows

o(t) = 1+ itH(al)— e_z) B H((a Z—b:—z)2)t2 . O(tQ).

It is easy to see that H(27" —e %) =0, H((27" — e *)?) = b. Hence

Thus, if t — 0, then

2 2
[6t) = 9(0)] = [1 = T +0(?) ~ 1] = T +0(#?) = 0.

Let F,,(z) be the d.f. of the statistic S}, (1), where
— E(S*
p= EEBR0) 1o m
var(Sk, (r))

Using the Levy-Cramer theorem for characteristic functions (see Petrov ,1975,
Theorem 10, P.15) we obtain that F,,(z) — F(z) as m — oo,z € [%51, 4] and
F has a characteristic function ¢(t), that is

o(t) = / AP ().

a—exp(—z 1 0o o
plt) = H(" =) = / il it P
0




Hence F(x) has the density function

a—1 a

F(@) = (Tbl)! [111 ! ]T_l it we [“;“ﬂ and f*(x) = 0if o ¢ {b,b]

a—bx

The following theorem clearly may be obtained from Theorem 3.1. However
we adduce a different proof which is interesting in our opineon.
Theorem 3.2. It is true that ,

P{S”;ET) <w} - (74_11),/; {m(liu)yldu

Proof. We have

lim sup =0.

M= 0<z<1

Sm(r) =D &(r) = D Tr(C e xpe )} (XD (3.9)
=1 i=1

where  Iray(z) = 1if x € A and Igay(x) =0 if x ¢ A. Using the
representation (3.9) we may write

P{Smm(r) < .CE} = P{;;I{(oo,XU(T))}(XZ{) < :17}

_p {/Z It oo} (WAF () < x} , (3.10)

where F* (u) denotes the empirical distribution function of sample X7, X}, ..., X/ .
Note that any infinite sample Xo, = (X1, Xs,..., X,,...) may be considered
also as a sequence of ii.d. random variables X;(w), X2(w),..., Xp(w),... de-
fined in probability space {Q, S, P}, where Q is a set of points, S is a o—field

of subsets of €2, and P is a probability distribution of the elements of <,
F(z) = P{w: X;(w) < z}. Denote

G*(F) = / b [{(—oomy (WdF(u), (x is fixed) (3.11)

G(F) = /O:O I{ (oo xpy)} WAF (). (3.12)

where G(F) = G(F)(w) is a random variable defined in the probability space
{Q, S, P}. Using (3.12), one can write (3.10) as follows

P { Sm(r) x} _p {/Z I oo} (FA () < a:} — P{G(F) <z}

m

The functional (3.11) is continuous according to uniform metric. One can follow
from the Glivenko-Cantelli Theorem (P {w ssup | Fi(u) — F(u)| — O} =1,)
G*(F}) — G*(F) almost sure (see Borovkov,1984). It is clear that

P{w: lim G(E) = G(F)}

m—00



= / P{lim G*(F}) =G*(F)}dF.(z) =1,
where F,.(z) = P{Xy@) <z}. So G(F},) — G(F) almost sure in (Q,S, P).
Thus, G(F)) — G(F) in distribution. We have

o0

Xu(r
ool{(*oonUm)}(u)dF(u) : x} - {/ | )dF(“) < 90}

— 00

P{G(F) gx}:P{/

— P{FXu) <0} = oy [ |l )]Hdu.

1—u

Above uniform convergence is the consequence of convergence in distribution

and continuty of d.f. U,.(z) = ﬁ Iy [hﬂﬁ)] du .

Remark 3.1. Let r = 1, Xy(q) = X1.Then &(1) = 1 if X] < X; and
&) =0if X/ > X; ,i=1,2,..,m. And S,,(1) = > ", &(1) is the number
of observations X{, X}, ..., X/, which are less than X; From Theorem 3.2.

follows that g (1
P{ m(1) Sx} -z

lim sup =0.

77L—>OOOS3:§1 m

Remark 3.2. We may similarly obtain the following result for order statis-
tics. Let X1, X5, ..., X,, be a sample from the distribution with continuous d.f.
F and Y7,Y5,...,Y,, be a sample from the distribution with continuous d.f. G.
Alsolet X1y, X(2), ..., X(n) be order statistics constructed by Xi, X2, ..., X,,. Consider
the hypothesis Ho : F'(u) = G(u). Let & =1if X,y <Y < X(,) and
& =0 if X(w>Y, vV X)) <Y;, 1=12,..,m, 1<r<s<n . Denote
Vm = 2111 &

Theorem 3.3. If Hy is true, then

sup’P{% Sx}—P{WTS <z} — 0, as m — oo,
where Wrs = F(X(S))— F(X(T)) .
It is known that W,.; has the probability density function (see David, 1970)

f(wrs) — B(s—r,n—s+r+1) —'rs

éws—r—l(l - wrs)n—s-&-r Zf 0 S Wy S 1
otherwise



4. CHARACTERIZATION OF UNIFORM DISTRIBUTION BY
RECORDS

Let X, be an infinite sample from the distribution with d.f. F(z), X’
denotes one observation from F(z)and X’ does not depend on X, . Denote
by A aclassof continuous distribution functions F(x),—oc0 < = < oo with
property

Flz)>z,0<xz<1 or Fz)<z,0<z<l1.

For example let

0 if <0 0 if <0
F.(z) = 2" aif 0<z<l1 , Gr(z) = 1-1—-z)™ if 0<z<l |
1 if z>1 1 if  x>1

n =1,2,.... Denote by U, p(z)the d.f. of uniform distribution on [a,b]. It is
clear that F,,(z) € A, G (z) e A, n=1,2,... and Uy 411(x) € A, a € R.

Theorem 4.1. Let F(x) € A. Then F(x) is same with uniform distribution on
[0,1] if and only if

EXy@py=1-2"" forsomen > 1. (4.1)
Proof. Let F(x) = Up,(x). Clearly one can write

1 1 T 1
EXy,) = ——— ] du=1-— —.
Un) (n—1)!/0 “[n(1—u)} b on

To proof the rest of the Theorem suppose that  EXy(,,) =1 — 27" for some n > 1.
From the Lemma 2.1 it follows

1—2%=P{X’<XU(n)}:ﬁ[mF(x) [111(1_11:(@)} dF (z)

Tt follows from (4.1) for some n > 1

S A ) pa e L

— 00

_ ﬁ /Oo (¢ - F(x)) {m 1_111(3:)} e =0, @2

— 00
It follows with the assumption on F' that F(z) — « has the same sign in the
above integral within the integration limits. Let F(z) > 2,0 < = < 1. Then

F(z) =1 if x > 1. Thereforeone can write the following expression with the
help of (4.2)

n i D! /100(33 — F(z)) {ln 1_117(95)} " dF(z)




+ﬁ /Ol(x ~F(x)) [m 1_1%] "R @) 0.

Hence F(z) =z if 0 <2 <1 and F(z) =0 if x < 0. The case F(z) < xz,
0 <z <1 is investigated analoguously. (Q.E.D.) .

5. APPENDIX

In this section we are giving some results in order to explain why we are
considering two independent samples X, and X/ from the same distribution
with the d.f. F. Let us define Xoo = (X1, Xo,..., Xy, ...) and Xy, be the r
th upper record value. Xy (41, Xu(r)425 - Xv(r)4m are observations which
comes after Xy (). It is not difficult to see that, random variables X ()41,
Xv@ry+25 > XU(r)4m,--- are mutually independent and identically distributed
with d.f. F), for any r . Furthermore Xy ()4, and Xy () are independent for
k=1,2,... In fact, (for simplisity, consider the case of r = 2)

P{Xyp1 St}=> P{Xyp <t.UQR) =i}
=2

=Y P{Xin <, X2 < X1, X1 < X1 X5 > X}
i=2

o0
= ZP{Xi+1 St P{Xe < Xy, X1 X XG> X0}
i—2

= P{Xipy <t} iP{U(?) =i} = P{X;1 <t} =F()

i=2
Then from the Lemma 2.1. we have
1
P{Xvpy1 < Xup p=1-5-
With the analogy let  Xy(r)41, Xu@r)42, s Xu(r)4m are observations which
comes after Xy;(,y. Then

" (m |
P{XU(T)+1 < XU(r)7 "‘7XU('I”)+77L < XU(?") } = P{Sn(r)=m} = Z < >(1)Z -

(Sm(r) is defined in section 1).
Remark 5.1. It is clear that in all theorems above we may replace X/ by

Xvu(r)+i-

10
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