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1. I n t r o d u c t i o n  

This paper  a t tempts  to provide further insight into properties of records, ex- 
ceedances and placement statistics for the case of arbitrary distributions. The  impor- 
tance of these concepts in construction of non-parametric tests of equality (identity) 
of distributions has been demonstrated by Katzenbeisser (1985), (1986), Matveychuk 
and Petunin (1990), Johnson and Kotz (1991), (1994). The concept of exceedances is 
closely connected with the negative (inverse) hypergeometric distribution; it is orig- 
inally due to Condorcet in 1785 (see Todhunter (1865)) and was developed in the 
works of Gumbel and Schelling (1950) and Sarkadi (1957). 

Let X = (X1, X2, ..., Xn)  be a random sample of size n from an absolutely contin- 
uous distribution with a common cumulative distribution function (c.d.f) F x ( . ) .  De- 
note the order statistics of X by Xl:n <_ X2..n ~_ ... ~_ Xn..n. Let Xn+l,  Xn+2, ..., Xn+m 
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be  another sample of size rn from the same distribution, independent from X. It  is 
well known and can easily be derived that  for 1 _< i < j <_ n, 

P { X . + a  E (Xi:n,Xj:n)} = j -- i 
n + l  

i.e. (Xi:n, Xj:n) is a distribution free confidence interval containing a future obser- 
vat ion in the class of all absolutely continuous distr ibution functions ~c. It is also 
known that  if f l  and )'2 are two continuous and symmetric  functions of  n arguments 
satisfying 

f l(Ul,  U2, ..., Un) g f2(~i,U2, ...,Un) for all (ul, u2, ...,u~) E R n, 

then  the probability P { X n + I  E ( f x (X1 ,X2 ,  . . . , X n ) , f 2 ( X l , X 2 ,  . . . ,Xn))} is the same 
for all absolutely continuous distributions if and only if f l ( X 1 ,  3(2 .... , Xn)  = Xi:n 
and  f 2 (X1 ,X2 , . . . ,Xn )  = Xj:n for some 1 < i < j < n (see, e.g., Bairamov and 
Petunin  (1990)). Matveychuk and Petunin (1991) and Johnson  and Kotz (1991) 
studied a generalized Bernoulli model defined in terms of placement statistics from 
two random samples. Let additionally Y1, Y2, ..., Ym be a r andom sample of size m 
from a populat ion with the e.d.f. Fy(.) .  Define the interval J/,q = (Xi:n, Xi+q:n). Let 
T be the number  of Y's  falling into Ji,q. When  Fx( . )  = Fy( . ) ,  the distribution of T 
is 

( 7 )  -t- t - 1 ) ( n  -l- i - q). . .(n -l- ra - t - q) 
P { T =  t}  = q!q + l ) " ' ( q ( n  + l ) ( n  + 2). . .(n + m)  

(t = 0,1,  ..., m) .  

Katzenbeisser (1985), (1986) obtained a formula for the distribution of T when the 
interval Ji,q is one sided interval ( -oo ,  Xq:n) and proposed a test criterion for testing 
the  nun hypothesis  ~ 0 :  g x ( x )  = F r ( x )  v e n u s  the L e h m a ~  alter-at ives  F r ( x )  = 
[Fx(x)] a ,0 # 1. Next, he extended these results to shift alternatives. Matveychuk 
and  Petlmin (1991) suggested a test criterion for testing the hypothesis H0 : Fx  (x) = 
F y ( x )  using T. The critical region of the test is of the form 

IT - E IT I H0]l 
a(TI H0) > t~, 

where ta is chosen in such a manner  tha t  an approximate  level of significance of the 
test  equals 2~J. Johnson and Kotz  (1994) analyzed the test of  homogeneity for two 
populat ion introduced by Matveychuk and Petunin (1990) and provided a symmet-  
rical test criterion. 

The test of homogeneity described above is applicable when the underlying dis- 
tr ibutions are absolutely continuous. The results obtained in this paper extend the 
range of applicability of these tests to include da ta  generated by not necessary con- 
t inuous distributions. This da ta  is of course known to  be widespread in engineering 
and  especial social sciences. Consider now a more general situation when the dis- 
t r ibut ion functions Fx(u)  and Fy(u)  possess atoms, i.e. there exist on the real line 
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points  of d i scont inu i ty  a l , a 2 ,  . . . ,al ,  where F ( a i  - 0 )  < F(a~) .  For  these poin ts  prob-  
abil i ty of the  event  " t he  sample  value X exact ly  equals a~ " is not  zero, while for the  
points  of cont inui ty  this  p robab i l i ty  equals zero. Of course if  a sample  is sufficiently 
large these a t o m s  can  be  de te rmined  from the  sample.  In  th is  case a toms  a re  those  
sample values which occur  in the  sample more than  ones. In  Section 2 of th is  p a p e r  
we shall invest igate  the  d i s t r ibu t ion  of T when the  interval  J~,q is one s ided interval  
(-oo, Xq:n) as i t  is the  case in Katzenbeisser  (1985) .  

Let X1, X2, ..., Xn, ... be a sequence of independent ,  ident ical ly  d i s t r ibu ted  r a n d o m  
variables with a common c.d.f. Fx(.). The sequences of  record t imes  V(n) and 
record values Xu(n) are defined remn~ively as follows: U(1) = 1,Xv(1) = X1,U(n + 

1) = m i n { i  : i  > U(n),X~ > Xv( ,o} ,n  > 1. A substant ia l  in teres t  in records is due  

perhaps to  the  fact  t ha t  we of ten come across t hem in our eve ryday  life and  the  record  
values are usual ly  single out .  Numerous results  on record theo ry  have been  reviewed in 
Arnold,  Ba lakr i shnan  and  N a g a r a j a  (1998). Distr ibut ions of  record  values, which is of 
substant ia l  theore t ica l  as well as pract ical  interest  have been  s tud ied  in the  l i t e r a tu re  
only for e i ther  cont inuous  or  discrete  dis t r ibut ions.  But in m a n y  prac t ica l  app l ica t ions  
we encounter  the  s i tua t ion  when some observed values are  being repea ted .  This  
a t tes ts  tha t  the  under ly ing  d is t r ibut ion  function possesses poin t  of discontinuity.  
Such an exper iment  can be  model led  by the  dis t r ibut ion having  s imul taneously  b o t h  
continuous and  discrete  components .  In Section 3 we ob t a in  the  d i s t r ibu t ion  of the  
second record value for d is t r ibut ions  possessing atoms. 

Let Xv(r) be the  r th  record value, Xu(r)+l, Xu(r)+2, ..., Xv(r)+m be the  obser-  
vations following Xv(r). I t  is known tha t  Xv(r )+l ,  Xv(r)+2, ..., Xv(r)+m are  mutua l ly  
independent  and  ident ical ly  d i s t r ibu ted  with  the  c.d.f Fx(.) for any r .  Fur thermore ,  
Xv(r) and Xv@)+ k are  independent  for k = 1, 2, ... and 

P (r) <Xv(r)+l<Xu(s) =2r  2s , r < 8 .  

Denote by Sin(r)  the  number  of Xu(r)+l  , Xv@)+2, ..., Xv(~)+, n falling into t he  interval  
(-oo, Xv(r)). For any m, r = 1, 2, ... 

= 0, 1 , . . . ,m,  

P {Sin(r) = k} 

k 

and  for any r 

1 [ 1 ]r-I ] 

(see Balramov (1997)). Numerous aspects of exceedances in record threshold mod- 
els have been inves t iga ted  in Wesolowsky and Ahsanul lah  (1998). In  Sect ion 4 of  
the  present p a p e r  we shall  also s tudy  the  d is t r ibut ion  of record  exceedance s ta t i s t ics  
Sin(r) when the  under ly ing  d is t r ibu t ion  function contains an  a t o m  a t  some po in t  
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a E R. The  s implici ty  of the  models  coupled wi th  high level of universali ty of results  
presented in th is  paper  provide a basis to  expect  the i r  wide  applicabi l i ty  in many  
different fields such as mixture  models, approx imat ions  to  dis t r ibut ions,  character i-  
zat ions  as well as  es t imat ion and hypothesis  test ing.  

2. D i s t r i b u t i o n a l  p r o p e r t i e s  o f  s t a t i s t i c s  b a s e d  o n  o r d e r  
stat is t ics  for arbitrary distribution 

Let X be  a r andom variable defined on a p robab i l i ty  space {f~, 9 ,  P}  wi th  c.d.f. 
F(x) = P { X  << x}.  Throughout  this pape r  we will  assume tha t  F is an a rb i t r a ry  
d is t r ibut ion ,  i.e. F may conta in  a discrete, absolu te ly  cont inuous and singular com- 
ponents  simultaneously.  Let  M = {aa, a2, ..., at}, (al < a2 < ... < at) be the  set of 
a toms  of the  d is t r ibut ion .  The  following l emma will  be  useful for our investigations. 

L e m m  2.1 .  Let A C ~ and  P {A I X = x} exist  for all x E R. Then 

l a k + l - - 0  1 

P { A } = ~ - - ~  / P { A I X = x } d F ( x ) + ~ - ~ P { A I X = a ~ } P { X = a k } ,  (2.1) 
k=:O a k  k = l  

where  a0 = --oo, a~+l = oo. 
The  proof  is a direct  appl ica t ion  of the  t o t a l  p robab i l i t y  rule. 
I t  is clear t h a t  if we have only one a tom,  say a then  (2.1) becomes 

a - 0  oo 

P { A } =  ] P { A I X = x } d F ( x ) + / P { A I X = x } d F ( x )  

- - 0 0  f~ 

+ P { A  I X = a } P { X  = a } .  (2.2) 

Now let Xa, X2, ..., Xn be a sample from d i s t r ibu t ion  wi th  the  c.d.f. F,  and  Xn+l, 
Xn+2, ..., Xn+m be the another  sample from the  same d i s t r ibu t ion  independent  of the  
first. Let Xa:n, X2.~, ..., Xn:n be the order  s ta t i s t ics  of  X1, X2, ..., Xn. Consider  the  
r andom v~riables ~1 (r), ~2(r), ..., ~m(r) defined as follows: 

~,(,.) = [ 1, i f  
0 i f  t 

Fina l ly  define as above 

Xn+i < Xr:n 
Xn+i~Xr:n , i = l , 2 , . . . , m ;  l < r < n .  

S~(r)=~(r). 
i = 1  

Evident ly  Sin(r) is the number  of observat ions Xn+l, Xn+2, ..., Xn+m falling into the  
interval  (--oo, Xr.~). I t  is well known tha t  the  d i s t r i bu t ion  funct ion of Xr:n is 
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p 
where Ip(c, d) = f t e - l (1  - - t ) d - l d t / B ( c , d )  is the incomplete b e t a  function rat io (see, 

0 
e.g. David (1981)). 

T h e o r e m  2.1.  Using the  nota t ion  above: 

( k ) (  l ~ l P{S,(r) = k} = B(r, nZr+l )  
F(a)) 

} + ~ : ( ~ j  - o )  (1  - F ( ~ j  - 011 m - ~  ( F . ( . j )  - F . ( . j  - 0 ) )  , 
j = l  

k = 0, 1, ..., re. 

( 2 . 3 )  

P r o o f .  For simplicity we shall provide a proof in the case when the  set M contains 
one element a only. I t  follows from the definition of Sin(r) tha t  

P {Sin(r) = k} 

= ~ P {A, 1 n A~2 n ...hA, h n ~h+l  n ~ + ~  n ... n k ~  },  (2.4) 

where Aij are the events {Xn+i,  < Xr .~},  ij �9 {1 ,2 , . . . ,m}  ; i j  # il if j 

I and ~.a denotes the  complement  of event A~a. Moreover 

P {A~I n A~ n . . .nA~ n ~.~+~ n &,+~ n ... n A~. } = 

= P {X,+i l  < Xr:n, ..., Xn+ik < Xr: , ,  X,~+ik+ I _> Xr:,~, ..., X,~+i,. _> Xr:,~}. (2.5) 

Consider the probabi l i ty  appear ing  on the r.h.s, side of (2.5). By the s y m m e t r y  

P {Xn+il < Xr:n,...,Xn+ik < Xr:n, Xn+ih+l )__ Xr:n, ...,Xn+im )_~ Xr:n} 

= P{X,+I < Xr.~, ..., Xn+k < Xr: , ,  X ,+k+l  _> Xr : , ,  ..., Xn+m _> Xr : .}  �9 

Denote C = {X.+I  < X.: . ,  . . . ,X.+k < X,: . ,X.+k+I  > X~...,---,X.+m ___ X~: .} .  Uti- 
lizing (2.2) one can  write 

P{c} = 

= f P{C[X,:,=x}dF,(,)+fP{ClX,:,=z}dF,(z) 
- - 0 0  G 
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+ P  {C [ Xr:n ---- a} P {Xr:n = a} 

a - - 0  

= / P{X,+I < x,...,xn+k < x,x ,+k+l  _> x, . . . ,x,+m >_ x} dF~(x) 
- - ( x )  

+ ] P {X,+l < x, ...,x,+~ < x,x,+~+l >_ x , . . . , x . + ~  >_ x }  d F , ( x )  

+ P { X n + I  < a .... ,X,~+k < a, Xn+k+l  >_ a , . . . , X n + m  >_ a} P {Xr:,~ = a}  

a--O 

__- 1 / b_~(x)(1 _ f ( x ) ) m _ k F r _ l ( x ) ( 1  _ f ( x ) ) , ~ _ r d F ( x )  
B ( r ,  n - r + 1) 

- - 0 0  

OO 

1 / F k ( x ) ( 1  _ F ( x ) ) m _ k F r _ l ( x ) ( 1  _ F ( x ) ) , , _ r d F ( x )  
-~ B ( r , n -  r -t- 1) 

Q 

+ F k ( a  -- 0)(1 -- F ( a  - 0)) m - k  [Fr(a) - Fr(a  - 0)] 

Combining the terms we have 

F(a/O) 
1 t k+r-1 (1 - t , ) r "+ ' - k - rd t  

P {C} = B ( r ,  n - r + 1) o 

+ f tk+~-l( 1 _ t ) '~+n-k-rdt  
F(O 

+ F k ( a  -- 0)(1 -- F ( a  -- 0)) m - k  [Fr(a) - Fr(a  - 0)1. (2.6) 

The  number  of snmmarlds in (2.4) is equal to (r~) each having the same probabil i ty 
(2.6). Hence 

( k ) {  1 P {Sin(r) = k} = B(r ,  n -- r + 1) x 

I- F(a-O) I ] 
x [  : t k + r - l ( 1 - - o r n + n - ' - r d t + F ( a ) / t ' + r - l ( 1 - - t ) r n + n - ' - r  

+ : ( a  - 0)(1 - F ( a  - 0 ) )  ~ - ~  [ f , ( a )  - F , ( ,  - 0 ) ] } .  

The theorem is thus proved. 
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3. D i s t r i b u t i o n  o f  t h e  second  r eco rd  value  when  u n d e r l y i n g  
d i s t r i bu t ion  func t ion  con ta ins  an  a t o m  

Let F has an atom at the point a and be continuous otherwise in R.  We shall 
define the record times in the usual manner (see, e.g. Arnold, Balakrishnan and 

Nagaraja (1998)): U(1) = 1 and U(n) = rain{i: i > U(n-  1),Xi > Xu(n-1)} > 

1 and Xv(1),Xv(2), ... be corresponding record values. Xv0)  = X1 is a first (trivial) 
record value by definition. Denote R(u) = - In(1 - F(u)), r(a) = R(a) - R(a - 0), 
f(a) -= F(a) - F(a - 0). We shall investigate the distribution of the second (first 
nontrivial) record value. 

T h e o r e m  3.1. Under assumptions stipulated above the distribution of second 
record value is 

a - O  c o  

I R(v)dF(,,) + I R(,,)dF(v) -,-(~) • 

= • [ F ( ~ )  - F ( @  + [ F ( ~ )  - F ( ~ ) l  I ( ~ ) / [ 1  - F ( a ) ]  

+ R ( , ~  - O I f ( ~ ) ,  i f  x _> ~ 

n(v)dF(v), i f  x < a. 
--00 

Proof .  By definition of the second record value 

P{Xu(2) <-x}=Y~P{Xk <-x, XI >_X2,...,XI>_Xk-I,XI<Xk}. (3.11 
k = 2  

Denote 

A k  = { X k  ~_~ x ,  X 1  ~ X 2 , . . . , X  1 >_ X k _ I ,  X 1  < X k } .  (3.1a) 

We shell use the following total probability formula which is a direct application of 
Lemma 1.1 : 

a-Oa--O 

P { A k } =  f f P{Ak ]Xl  =u, Xk=v}dF(u)dF(v) 
--(20 - - 0 0  

a - O  o o  

+ f f P {Ak I X l  m ~ t , X  k = v}dF(u)dF(v) 
--00 {g 

oo a - O  

+ f / P{Ak ]Xl=u,X~=v}dF(u)dF(v) 
--oo 

,30 oo 

+ f / P {Ak I X 1  = t t ,  X k = vIdF(u)dF(v) 
Q 
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However, 

and  

a - O  

+ f P {Ak I X l  = a ,  X k = V} P {Xa = a} dF(v) 
--00 

O0 

+ f P{A I x~ = a,x~ = v}P{X1 = a}dF(v) 

a--O 

+ f P {Ak [ X 1  = u ,  X k = a} P {Xk = a} dR(u) 

oo 

+ f P {Ak I X1 = u, X k = a} P {Xk = a} dF(u) 

+P {Ak [ X1 = a, X~ = a} P {X1 = a, Xk = a} (3.2) 

a--0oO 

f f P {Ak I Xl  = u, Xk = v} dF(u)dF(v) = 0, 
--OO 

tl--0 

f P{Ak I X1 = a, Xk = v }P{X1  = a}dF(v) = O, 
--00 

P {Ak J X l  = a, Xk = a} P {X1 = a, Xk = a} = 0 

(3.3) 

(3.4) 

(3.5) 
oo 

P {Ak I X l  "= 'tt, X k ----- a} P {Xk = a} dF(u) = 0 (3.6) 
tl 

Consider the first integral on the r.h.8, of (3.2). The contr ibution to (3.1) f rom this 
probabili ty is: 

a-O a-O 

I--~ ~ f f P { A  k I X  1 = ' t t ,  X k  ="o}d.~(u)dF(v) 
k=2--oo - o o  

min(a-O,z) v min(a-O,z) 

oo f f f = Z Fk-2(u)dF(u)dF(v) = dF(v) (3.7) 
k = 2  k = 2  --oo - c o  --(~o 

z k Because of F(a-O)  < 1 the series )-~~ 1 -k- converges uniformly on E -- {z : 0 < z < 
F(min (x ,a -  0))} due to the Weierstrass theorem (see, e.g. Rudin, Theorem 7.10, 
P. 119). Tha t  is the  series in (3.7) can be integrated term by term. Hence from (3.7) 
it follows 

=in(a-o,:,) R(v)dF(v) i f  x < a 
I = / R(v)dF(v) = (3.8) 

- ~  Joo R(v)df(v) i f  x >_ a 
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Recalling the  def ini t ion of  the  event Ak in (3.1a) one observes tha t  t he  second  a n d  
the  fifth p robab i l i ty  con t r ibu te  zero. ~ o m  the  th i rd  probabi l i ty  on the  r ight  h a n d  
side of (3.2) we have  the  contr ibut ion:  

c o  a - - O  x a - O  

E f /  P { A I X 1  = u, Xk = v}dF(u)dF(v)  = Fk-2(u)dF(u)dF(v)  
k 2 a c o  k 2 a o o  

x 

= R(a - O) / dF(v) = R(a - 0) [F(x)  - F ( a ) ] ,  x > a. 

Analogously  t he  four th  one  yields 

(3.9) 

k=2 k=2 a a 

= ] [R(v) - R(a)]  dF(v) = ] R(v)dF(v) - R(a)IF(x)  - F(a)] ,x  ~_ a. 
Q 

In  the same  m a n n e r  for the  sixth probabi l i ty  in (3.2) we have: 

(3.10) 

o o  x 

k~=2fa= P ( A I X  1 = a , g  k = v} P{.X1 = a}dF(v)  

o o  ~g 

= ~ / F k - 2 ( a ) d F ( v )  [F(a)  - F(a - 0)] 
k = 2  a 

IF(x)  - F(a)]  [F(a)  - F(a - 0 ) l , x  > a .  

1 -- F(a) 

For the seventh  probabi l i ty  in (3.2) one  obtains:  

(3.11) 

a - 0  o o  

k~=2_f P {A l X l  = u 'Xk  = a} P {Xk = a} dF(u) 

0, i f  x < a 
a - - 0  

= E~=~ Y Fk-2(~')dF(u)P{Xk = a }  
- - o o  

= R(a -- 0) [F(a)  - F(a - 0)] i f  x >_ a. 

Combin ing  (3.3)-(3.12) in (3.1)  we  have 

(3.12) 

a - - O  x 
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- -  [ R ( a )  - -  R ( a  - 0)1 I F ( x )  - F ( a ) ]  + [ F ( x )  - F(a)l x 

• IF(a)  - F(a - 0)1/[1 - F(a)] + R(a - O) IF(a)  - F(a - 0)], 

for x > a and 
z 

F2(x)---- f R(v)df(v) 
- - ( 3 O  

for x < a. 
The theorem is thus proved. 
Evidently F2 ( - co )  = 0 and F2(co) = 1. In fact 

F2(co) = --R(a) (1 -- F(a)) + R(a - 0) [1 - f ( a  -- 0)1 

a - 0  c ~  

4- IF(a) - F(a - 0)1 4- / R(v)dF(v) .4- / R(v)dF(v) 
- - 0 0  

a-of__ R(v)dF(v) [__~176 ] , 4 - ,  R(v)dF(v) 4- R(y)dF(y) = 1. 
--~3 a a--O 

4 .  D i s t r i b u t i o n  o f  e x c e e d a n c e s  i n  a r e c o r d  m o d e l  

Let F has an a tom at the point a and is continuous otherwise in R. Let Xu(2) 
be the second record value, Xv(2)+I,Xu(2)+2 , ...,Xu(2)+m be the observations fol- 
lowing Xu(2). Evidently Xu(2)+a , Xu(2)+2 , ...,Xv(2)+m are mutual ly  independent and 
identically distr ibuted with c.d.f F(x). Furthermore Xu(2) and Xu(2)+I are also in- 

dependent.  Denote by Sm the number of Xv(2)+I,X~r(2)+2, ..., Xv(2)+m falling into 

(-oo, Xu(2)). Sm denotes the number of Xv(2)+~'s falling below the threshold Xu(2). 

The  following theorem gives a distribution of Sm in an integral form. 

T h e o r e m  4.1.  Under the assumptions st ipulated above for any m > 1 

F(a-o) a 

o F(O 

1 

O) - R(a)l f t ' (1 - t)'~-tdt + [R(a 
f ( a )  

1 

4 F(a) -- F(a - O) f t~(1 - t)m-~dt + Fl(a -- O) (1 - F(a - 0)) m-I x 
1 F(a) 

F(a) 

• R(a -- O) IF(a) - F(a - 0)1}, l = 0, 1, 2, ..., m.  
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Proof .  Analogously to the proof of Theorem 2.1 

= ~_, P{A,~nA~n...nA~,nA~,+,n&,+,n...n&,,,}, 
il,i2,...,im 

whereA,~ = {X,+~ < X~r(,)}, ij E {1,2,. . . ,m} and A,j denotes the complement 
of event A~. By the symmetry 

P {A~ 1 0  Ai2 n ...nAi~ n/1i~+1 n/ti~+2 n ... n f i ~  } 

= P {xv(2)+l < Xu(~.), ..., Xv(2)+~ < Xu(2), Xv(2)+~+l _> Xv(2), ..., Xv(2)+m >_ Xv(2)} 

Thus 

{Xu(2)+I < XU(2), ..., Xv(2)+l < XU(2), XU(2)+|+I _> XU(2), ..., Xv(2)+m _> XU(2)} x P  
(4.1) 

Evidently by definition of X~(2) , 

P {x~(~)+, < x~(2),.., x~(2)+, < x~(~), x~(~)+,+l _> x~(,), ..., x~(~)+~ >_ x~(,)} 

oo 
= E P {Xk+l  < x k '  ""' Xk-{-I < x k '  Xk+l-I-1 --~ x k '  "'" Xk-]-~ k Xk ,  

k=2 

X1 k X2, . . . ,X l  ~_ X k - l , X 1  < X k }  (4.2) 
Denote 

B k = {Xk+ 1 < Xk , . . .  , Xk+l < Xk,  Xk+l+l >_ Xk , . . .  , Xk+m >_ Xk ,  

X1 _> X2, ..., X1 > Xk-, ,  X1 < Xk}. 

Analogously to the probability P{Ak} in the proof of Theorem 3.1 we have 

a--Oa--O 

P{Bk} = / / P{Bk ]Xl=u, Xk=v}dF(u)dF(v) 
--~ --00 

a--O o o  

+ / /P{Bk  I Xl=u, Xk=v}dF(u)dF(v) 

oo a-O 

+ / / P {B. IXt ----u, Xk =vIdF(u)dF(v) 
Q --00 
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o o o o  

+ f f P {Bk ] Xl = u, Xk = v}dF(u)dF(v) 
G Q 

a--O 

+ f P {B~ I X1 = a, Xk = v} P {Xl = a} dF(v) 
- o o  

oo 

+ f P { B  I X,  = a, Xk = v } P { X l  = a}dF(v) 
11 

a - - O  

+ / P {Bk I X1 = u, X~ = a} P {Xk = a} dF(u) 
--00 

O0 

+ f P {nk I Xa = u, Xk = a} P {Xk = a}dF(u)  
(l 

+ P  { B k  I X l  = a ,  X k  = a }  P {X1 = a ,  Xk = a } .  

We shall evaluate each snmmand in (4.3) separately. 
1) 

a - O  a - O  

~: _f~ _~f P {Bk ' Xl  = u' Xk = v} dF(u)dF(v) 

a -O  v 

= ~ f f F*(v)(1-F(v))m-lFk-2(u)dF(u)dF(v) 
k 2 oo co 

a-O F(a-O) 

= f ~(,,1 (1 - F(v/) m-'R(v)dF(,,I = f t ~ (~ - t) "~-' R(t)dt. 

2) 

3) 

a-O oo oo 

oo a - - O  

oo a - O  

= ~ : 2 ~ a f  F l ( v ) ( 1 - F ( v ) ) m - l F k - 2 ( u ) d F ( u ) d F ( v ) =  _ 

co 1 

= n(a -- 01 f Fl(vl (1 -- F(vl) m-' dF(v) = R(a - O) f t ~ (1 - t) m-l dt 
a F(a)  

(4.3) 

(4.4) 

(4.5) 

(4.61 



183 

4) 

~) 

6) 

~') 

s )  

oo co 

f f P {Bk IX1----u, Xk = v}dF(u)dF(v) 
k : 2  a a 

oo oo t) 

1 oo 

= f F'(v) (1 - F(v)) m-t JR(v) - R(a)] dF(v) = f t' (1 -- t) m-' R(t)dt 
a F(a) 

1 

-R(a) f t' (1 -- t) m-' dt 
F(a) 

a - 0  oo 

y~ f P {Bk ] XI = a, Xk = v} P {XI = a} dF(v) ---- 0 
k 2oo 

oo 

k~=2af= P { B k  I X 1  = a, X k  = v }  P { X l  = a}dF(v) 

oo 

= k=2~ af Fi(v)(1 -- F(v)) m-' Fk-a(a)dF(v)P {X1 ---- a} 

1 

F(a) - F(a -- O) _ t)m_ t 
= 1 - F(a) f t t  (1 dt 

F(.) 

a - O  

~ f P { B k [ X 1 - - - - u ,  X k = a } P { X k - - - - a } d F ( u ) = _  

a--O 

= ~= _ f  Fl(a --0)(1 -- F(a-O))  m-' F~-'(u)dF(u)[F(a) - F(a  - 0)1 

= F ' ( ~  - O) (1 - F ( ~  - 01) ~ - ~  R ( ~  - O ) [ F ( ~ )  - F ( ~  - O)l 

oo 

P {B~ I Xl  ---- u, Xk = a} P (Xk = a} dF(u) = 0 
Q 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 
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9) 
P {Bk [ X1 = a, Xk = a} P {X1 = a, Xk = a} = 0 (4.12) 

Upon using (4.4)-(4.12) in (4.3) and (4.2) one obtains the assertion of the theorem. 

1 N o t e .  One can easily verify that  Y~k--0 P = = 

m a - 0  co 

k=0 -oo a 

+ [ / t (a  - 0) - R(a ) ]  [1 - F ( a ) ]  + F ( a )  - F ( a  - O) 

+R(a - O) IF(a) - F(a - 0)] 

a-o[~ R(v)dF(v)  f__~176 / ! + ! R(v)dF(v)  + R ( v ) d f ( v )  = 1. 
-oo a a - O  
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