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SUMMARY

An additional insight to the distributional properties of statistics based
on minimal spacing and record exceedances is provided. Behaviour of a
sequence of independent identically distributed random variables with re-
spect to a random threshold constructed by the help of minimal spacing
and records is studied.

1. INTRODUCTION

This paper attempts to provide an additional insight into properties of
exceedances and placement statistics described in Bairamov and Eryilmaz
(2000). The importance of these concepts in construction of non-parametric
tests of equality (identity) of distributions has been demonstrated by Katzen-
beisser (1985), (1986), Matveychuk and Petunin (1990), Johnson and Kotz
(1991), (1994), Wesolowsky and Ahsanullah (1998), Bairamov, Gebizlioglu
and Kaya (1999). Our study is also related to the theory of invariant confi-
dence intervals which contain the main distributed mass or future observa-
tions. Invariant confidence intervals which involve future observations are
similar to, but not identical with, the approach of tolerance limits. Toler-
ance limits are originally introduced by Shewart (1931). Tolerance limits
and exceedance statistics are widely discussed be Wilks (1941), Robbins
(1944), Gumbel and Shelling (1950), Epstein (1954), Sarkadi (1957), Sid-
diqui (1977) along with others. Further detailed discussion can be found in



David (1981), Leadbetter at all (1983), Johnson at all (1992). A recent in-
terest in the subject lies in the work of Wesolowsky and Ahsanullah (1998),
Bairamov and Kotz (2000).

Invariant confidence intervals containing the main distributed mass were
introduced in 1990 (c.f., Bairamov and Petunin (1991)). We mention here
the definition and some results concerning invariant intervals. Let Xi,
X, ..., X, be a random sample of size n with distribution function (d.f.)
F € 3, S is some class of d.f.’s. fi(.)and fa(.) are assumed to be two Borel
functions satisfying fi(z1,z2,...,zn) < fo(z1, 22, ..., 2p), V(z1, T2, ..., Ty) €
R™. The random interval (f1(X1, X2, ..., Xpn), f2(X1, X9, ..., X},)) is called an
invariant confidence interval containing the main distributed mass (or invari-
ant confidence interval containing the future observations) for class S, if 3
8 € (0, 1) such that P{Xn+1 S (fl(Xl,XQ, ...,Xn), fQ(Xl,XQ, ,Xn)>} =
B, VF € & The quantity § is the same for all F' € Sand is called a confi-
dence level of an invariant interval. Let & = .. be the class of all continuous
d.f’s. It is known that under some natural conditions any invariant confi-
dence interval for the class &, can be generated only by the order statistics,
so that fl(Xl,XQ, ...,Xn) = X(z)7 fQ(Xl,XQ, ,Xn) = X(j), 1<t <y <n,
where X (1) < X(9) < ... < X, are order statistics generated by X1, Xo, ...,
X, , which is defined with probability 1 (c.f., Bairamov and Petunin (1991)),
and P{Xn+1 S (X(z)vX(]))} = (] - z)/(n+ 1).

Let {X,},~; be a sequence of i.i.d. random variables with continu-
ous d.f. F(x). Let Xa)y < Xy < ... < X() be the almost sure (a.s.)
defined order statistics generated by Xi, Xo, ..., X,,. Consider the spacings
X(l) — X(O), X(Q) - X(l)v X(g) - X(2)7 ceey X(n) - X(n—l) with X(O) = a(F) =
inf {x : F(r) > 0} . Define a random variable v as follows: v = k iff X, —
Xi-1) < Xy — X(i—1), ¢ = 1,2,..,n. It is clear that v is the index of a
spacing having minimal length. Bairamov and Eryilmaz (2000) show that if
F(x) =1—exp(—Ax), x > 0,\ > 0, then, for s =0,1,...,m,

P {Xn+17Xn+27 vy Xnts € (X(V—1)7X(I/))7Xn+8+17 ooy Xngm ¢ (X(I/—l)?X(I/))}

_ -1
2 = i(m—s\n+s+i+1 w+s+i
= > (1) ) . (1)
n+ P 1 s+1+2 s+t
s = 0,1,2,...,m,

where X(g) = 0. Let Sy, be the number of k, k € {n+1,...,n+m}, such
that X € (X(,—1), X(1))- Denote by A(m,n,s) the right hand side (r.h.s.)



in (1). An almost straightforward consequence of (1) is that

P{S, = s} = <7:>A(m,n,s), §=0,1,2,....,m. (2)

2. ASYMPTOTIC DISTRIBUTION OF STATISTICS BASED
ON MINIMAL SPACING

Let X1, Xo, ..., X,, be an independent copies of nonnegative random vari-
able having continuous distribution with d.f. F. Also, let X(1) < X(9) < ... <
X(n) be order statistics constructed on the basis of X1, X3, ..., X5,. Consider
the spacings X(l) — X(0)7 X(2) — X(l), X(3) — X(Q), ey X(n) — X(nfl) with
X(0) = 0. Define a random variable v as follows: v =k iff X(3) — X_1) <
Xy — X@-1), 1 = 1,2,..,n. It is clear that v is the index of a spacing hav-
ing minimal length. Let Y7,Ys, ..., Y, be another sample from nonnegative
random variable Y with continuous d.f. G.

It is clear that Sy, (r, s) denotes the number of X/ ’s falling above the
threshold X, and below the threshold X, .

Let S), be a number of observations Y7, Ys, ..., Y}, falling above the ran-
dom threshold X(,_;) and below the threshold X(,). It is clear that in case
F' = G the second sample Y1, Yo, ..., Yy, can be interpreted as a continuation
Xn+1, Xn+2, ooy Xptm of the first sample X1, Xo, ..., X,,.

Theorem 1. The asymptotic distribution of Sﬁ for large m is

lim sup

P {Sm < x} - P{G(X)) = G(X(_1)) <z} =0.
Proof. By definition

Sm = Zfl = ZI(X(V71)7X(V))(XTL+I)7 (3)
i=1 =1



where Ip(x

1if B
{ nres Using the representation (3) one has

0ifz ¢ B

Sm 1 &
P {m = x} =r {m gl(x(ul)vX(u))(Xn‘f’i) < w}

=P8 [ T G () < 2 (4)

—00
where G, (u) is the empirical distribution function constructed by the sam-
ple X,11, Xn+t2, ...y Xpym of size m. Note that G}, and X, Xo, ..., X, are in-
dependent random variables and X (w), Xo(w), ..., Xpn(w), Xpt1(w), Xpt2(w), ...
is considered as a sequence of i.i.d. random variables defined in probability
space {2, 3, P}, where Q is a set of points, S is a o— field of subsets of (2,
and P is a probability measure given in &. Denote

H*(G) = / I3y (w)dG(u), (x <y, =,y are fixed)

—00

H(G):/ I(X(k—l)vX(k))(u)dG(u)'

H(G) = H(G)(w) is arandom variable defined in a probability space {2, ¥, P} .
By using Glivenko-Cantelli theorem one can observe that H*(G},) — H*(G)
almost surely. From (4) it follows that

P{ <x} ZP / (X1 X o) (WG, (u) S @ v =k

— 00
o0

ZP / (X1, X ) (WG (1) < @, Xy — X1y < Xy — X(i-1),
=1

—0o0
oo Yy [e's)

i—L2emp=3 [ / P Tty (004G, (0) < . Xy = X <

k=1_"o

SX(Z)— (i— 1)1—12,.,77,|Xk, 1)—.112'X —y}dFk 1k(.%'y) (5)

where Fy_1x(z,y) is the joint distribution function of (X_1y, X()). After
simplifying (5) it follows that

,Xn+m(LU),



1 a.s.

- dFy 1z,
) y}P{X(k—1)=:E,X(k):y} k-1, (2, ) =

oo Y o
@5 / / P { / gy (u)dG(u) < x} Plo—y < X = X1y i =1,2,.,m,

1
X _ — ,X - dF — ’
h—1) ==, Xy =y} G a—") k—1.k(7,Y)
n o ¥ 00
= / / P / I(Ly)(u)dG(’UJ) <z,z-— Yy < X(z) — X(l_l),z = 1,2, , T,
k=1" " —00
Xy =2, Xy =y} ! dFy_1x(z,y)
P{Xp-1y=2Xp=y} =

—00

= ZP { / T(X o1y X ) (WAG (1) < @, Xy — X1y < Xy — X1y, 0 = 1,2, --,n}

_ { / Lo X (WdG(u) < $} — P{G(X) ~ G(X(1) < 7}

— 00
1
P{X(x—1y=2.X(r)=y}

lim ! ).
h—>OP{{E < X(kfl) <x+hy< X(k) <y+ h}

above should be under-

(Note that expressions of type

stood as

Theorem thus proved.
Remark 1. Let F(z) = G(z) =1 —exp(—Azx) , x > 0. Then

n(n+1)

P{F(Xy)—F( X)) <z|lv=1}=1-(1-2)" = ,0<z <1



Proof. In fact by definition of v one has

P{F(Xy)) — F(X4_1) <zv=1}
P{v=1} '

P{F(Xy)) - F(Xq_y) <z|v=1}=

Consider

P{F(X(V)) - F(X(,/_l)) S r,V = 1} = P{F(X(l)) - F(X(O)) < T,V = 1}

=P{F(Xq) <z,Xq) < X — Xy, X1y < Xy — X))
=P{F(Xu) <z, X0) < X~ X),.. X0) < X = Xy | X = ) dF1(E)

20y

n(n _l — n(n
= mAra(e ) dt = nag X" )
2 n(n+1)
= —H0-(-2) >) L 0<z<1.
After some algebra, using P{v =1} = ni—i—l one obtains
n(n+1)
P{F(Xy) - F(Xy-1) <wz|lv=1}=1-(1-2) 2z ,0<z<L

Lemma 1. Let Xy, X5, X3 i.i.d. random variables with continuous d.f.
F. Let X,y — X(,—1) < X(3)-X(i-1), ¢ = 2,3. The p.d.f. of random variable
F(X@) = F(X(-1) s

1
() = 6/ [1-FQ2F '(v) - F'(v—t)+ FQF '(v—t)— F '(v))] dv
t

0<t<l.

Proof. The d.f. of random variable F'(X(,)) — F'(X(,_1)) can be found
as follows :

FH(t) = P{F(X()) = F(X( 1) <t} = / / fooro(@,y)dedy  (6)
C

where C' = {(z,y) 1z <y,F(y) — F(z) <t} and f,—1,(z,y) is the joint
p.d.f. of X(,_1) and X,. It is known that

frw(@,y) =6f(2)f(y) 1 - FQRy—2)+ FQRz —y)] , z<y (7)

6



(c.£., David (1981)).

Let us take in (6) F(z) =u and F(y) =
mation is equal to (f(F~!(u) (v ) . Then from (6) using (7) one
has

v. The Jacobian of this transfor-

v

_ _ 1) — FYu “L(u) — F~Y(v))] dudv
_60//[1 FQ2F '(v) — F Y u) + F2F ' (u) — F(v))] dud

+6 ) — FYu) + FF ' (u) — F_l(v))] dudv.

~—

v—t

The proof is completed by differentiating F*(t) with respect to ¢.

Example. Let X1, X5, X3 be a sample from uniform on (0,1) distribu-
tion. Then

e 6(2t—1)%, 0<t<3
7t = { 0 , otherwise ’ (8)

In fact, from Lemma 1 we have

1 1 1
1) :6/dv—6/F(v+t)dv+6/F(v—2t)dv. (9)
t t t
It is evident that
0 if v<—t 0 if v<2t
Flo+t) =< v+t if —t<v<l—t Flo=2t)=< v—2t if 2t<v<1+4+2t .
1 if v>1-—t 1 if v>142t

Let0<t<%. Then t < 1 — ¢ and one has

1 1— 1
6/Fv+t = 6/v+tdv+ /dv—3—12t2+6t, (10)
t t 1—t
1
6/Fv—2t = 6/(v—2t)dv:3—12t+12t2.
t 2t



Let 3 <t<1 Thent>1—t F(v+t)=1, F(v—2t) =0 and one has

1 1
6/Fv+t = 6/dv:6(1t), (11)
t t
1
6/Fv—2t = 0.
t

Using (10) and (11) in (9) one obtains (8).
It is clear that in this case the d.f. of F(X(,)) — F'(X(,_y)) is

Fe(t) = 8t3 — 1262 46t, 0<t<1/2
1, t>1/2

Lemma 2. Let X, Xo,..., X, i.idr.v’swithd.f. F(z) =1—exp{—Az},z >
0,A > 0 and (X(,_1), X(;)) is minimal spacing of this sample. In this case
the d.f. of random variable X(,) — X(,_1) is

n(n+1)

P{X(l,) - X(ufl) < LL’} =1- exXp {— D)

)\x} , x>0.

Remark 2. Let X7, Xo, ..., X, iidr.v.’s with d.f. F. If F is exponential
d.f. with parameter \ then

n+1
2

d
(Xo) = X)) = X

3. RECORD STATISTICS

Let {X,},~; be a sequence of i.i.d r.v.’s with continuous distribution
function F. Define a record times of this sequence as follows: u(1) = 1, u(n) =
min j: j > u(n—1), X;> Xy@p_1),n > 1}. Let X1y, Xu(2), --- be corre-
sponding record values.

The d.f. and probability density function (p.d.f.) of record values can
be expressed in terms of

R(z)=—-In(1-F(z)) and r(z)=-—R(z)=-—"——.



It is known that the distribution of n th record value is

Y n—1 U
Fo(z) = P{X ) <} = / Hdﬁ’(u) ,—00 < & < 00.

—00

The joint p.d.f. of X, ;) and X, ) is

(R(z:))"! (R(z;) — R(z;)) !
(i —1)! (G—i—1)

The details of record theory can be found in Galambos (1987), Nagaraja
(1988), Nevzorov (1988), Ahsanullah (1995), Arnold, Balakrishnan and Na-
garaja (1998) among others.

Let Xy(n) be the n th record value of a sequence of i.i.d. r.v.’s.

Suppose that X, )11, Xum)+2, s Xu(n)+m be the m observations that
succeed Xy (p).

Fort:=1,2,...mand 1 <r < s <n, it is known that

T(SUZ)

flxj) ,—o0<a; <xj <00

1 1
P {Xu(n)—i-z € (Xu(r)>Xu(s))} = 27 - 5

(c.f., Bairamov (1997)).

Define the random variables &1, o, ..., &, as follows:

. , om o, r<s.
0 if Xu(n)Jrz ¢ (Xu(r)aXu(s))

Denote m
VUm = Z gl
i=1

Vi is the number of observations X )11, Xu(n)+2,s Xu(n)+m falling into
interval (X, (), Xu(s)) It is clear that the r.v.’s &1, &, ..., & are dependent.
Bairamov and Eryilmaz (2000) show that for r = k — 1 and s = k(k =

2,...n) | |
rm=it=(5) S0 (") g

1=

7=0,1,....m.



Let {X,},~;be a sequence of i.i.d. r.v.’s with continuous d.f. F ,
Xu), Xu2), ... is a sequence of record values. Let X}, X5, ... X! be ii.d.
random variables with continuous d.f. G. Define the following random
variables

) (1 if X! € (Xupy Xus))
& (rvs)—{ 0 it X ¢ ( Xy Xu)

and let

1=1,2,....m , r<s.

)= &l(rs).
i=1

It is clear that Sy, (r, s) denotes the number of X ’s falling above the thresh-
old X, () and below the threshold X, . It is true that

. Sm(r,8)
Zmio 7/ — < = 0.
lim sup P{ - } P {G u(s) ) G(Xu(r)) > x} 0

m—oop<z<1

The case F' = G is of interest on its own and we have the following
results for this case:

Let F = G. Then

Sm(r, s

lim sup

where U,,«s = F(Xu(s)) — F(Xu(r)) has d.f.

1 1 177t
P{Urs < = 1
{Urs <} (r—l)!(s—r—l)!//[nl—tJ 1ty
0 0

1—1t1 —to
and p.d.f.
1—x
-1 s—r—1
1 11—z
= | dt
fUrs(x) (7,._1 8_74_1‘/|: 1—t2:| 1—t2 |:n1—.73—t2:| 2
0
0 < z<1.

Now let again F' = G and r = k — 1,s = k (k = 2,...,n). Then the
expected value and the variance of S, (r, s) is:

ES,(k—1,k) =m/2",

10



VarSy(k—1,k) = m(1/2F —1/3F) 4+ m?(1/3% — 1/22%).
Let F=G. Forr=k—1and s=k (k=2,3,...,n). Then

lim sup
m—000<p<1

=0,

P{S’”g’ 9) < ;p} — P{Uj_1p < 2}

where U1 = F'(Xym)) — F(Xyx-1)) has d.f.

1 Y 17k1
Dk(.%') = P{Uk,l}k S m} = (k‘-l)'/ [ln u:| du s O<z <.
0

and p.d.f.

1 1 k—1
di() = fu,_, (%) = [ln w] , O<z <1,
Also it is true that

P{Sm(k —Lk) = ESu(k—1,k) _ x}
VVarSy,(k—1,k) N

/1 1 1
a = 37—2% and b:27

Remark 3. Let {X,},-, be a sequence of i.i.d. r.v.’s with contin-
wous d.f. F, Xya1), Xy@),... be corresponding upper record values and
X171y, X1(2); --- be corresponding lower record values of this sequence. If
F' is uniform d.f. on (0, 1) then

where

d

Xrk)y = Xuk) — Xuk—1)
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